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Abstract
The aim of this paper is to study the right dual of left C-wrpp semigroup, that is, the
strongly wrpp semigroup whose set of idempotents forms a right regular band and the

relation L' OR is a congruence. We call this kind of strongly wrpp semigroups right
C-wrpp semigroups. This paper generalizes results of right C-rpp semigroups. Some
properties and characterizations of right C-wrpp semigroups are investigated.

1. Introduction

A semigroup S is an rpp semigroup if all of its principal right ideals aS' regarded as
right S'-systems, are projective (see [3]-[5]). These classes of semigroups and its special
subclasses have been studied by Fountain. He also defined a generalized Green’s relation
L” onasemigroup S by alLb ifand only if the elements a,b of S are related by the
Green’s relation L in some oversemigroup of S in [5]. In particular, if (e, ) OL" for
some idempotent elements e, f [0S , then (e, f) UL . Next, he showed that a monoid §

isrpp if and only if each L”-class of S contains an idempotent. Thus, a semigroup S is
an rpp semigroup if each L’ -class of S contains at least one idempotent. An rpp
semigroup having all of its idempotents lying in its center is called a C-rpp semigroup. It is
well known that a semigroup S is a C-rpp semigroup if and only if S is a strongly
semilattice of left cancellative monoids. Thus, C-rpp semigroups are natural
generalizations of Clifford semigroups.

For rpp semigroups, the concept of strongly rpp semigroups was first introduced by
Guo-Shum-Zhu, that is, an rpp semigroup in which each L] contains a unique

idempotent a* 0L} n E(S) suchthat a’a =a,where E(S) issetofidempotentsof S .

Strongly rpp semigroups and their special cases have been extensively studied by many
authors (see [6]-[10], [14]-[17]). In particular, we call a strongly rpp semigroup S left
C-rpp semigroup if L’ is a congruence and eS [0 Se for all edE(S). For such
semigroups, Guo has proved that an rpp semigroup is a left C-rpp semigroup if and only if
S is a semilattce of direct products of left cancellative monoids and left zero bands. Thus,
a left C-rpp semigroup is clearly a generalized C-rpp semigroup and left C-semigroup.
On the other hand, we call a strongly an rpp semigroup S a right C-rpp semigroup if
L’0OR is acongruence and Se [ eS forall e[ E(S). It was observed that the concept
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of right C-rpp semigroups is not a dual of left C-rpp
semigroups by Guo [9]. The structure of right C-rpp
semigroups has been recently described by Shum and Ren in
[17]. Tt is noteworthy that many properties of left C-rpp
semigroups are not dual to those of right C-rpp semigroups
(see [9], [17]).

Tang [18] has introduced a new set of Green’s two stars
relations on a semigroup S by modifying Green’s one star
relations on semigroups. Let R be a Green’s relation on a
semigroup S. A relation L™ on S by: for some a,b0S,
(a,p)0L" if and only if (ax,ay)OR < (bx,by)OR for all
x,y0S". In view of this new Green’s two stars relation, he
defined the concept of wrpp semigroups, that is, a wrpp
semigroup in which each L™ -class contains at least one
idempotent. A wrpp semigroup is a C-wrpp semigroup if all
the idempotents of S are central. We have known that a
C-wrpp semigroup can be expressed as a strongly semilattice
of left R -cancellative monoids. Recently, C-wrpp
semigroups have been extended to left C-wrpp semigroups by
Du-Shum [2]. A wrpp semigroups S is called a left C-wrpp
semigroup if S satisfies the following conditions: (i)for all
e0E(L]),a=ae, where E(L') is set of idempotents in

LT, (ihfor all a0S, there exists a unique idempotent a”
satisfying al™a® and a=a'a ; (i) for all «0S ,
aS 0 L'"(a) , where L(a) is the smallest left **-ideal of §

generated by a . if the condition (i) only holds, then S is
called quasi strong wrpp semigroup, if conditions (i) and (ii)
hold, then S is called strong wrpp semigroup. For left
C-wrpp semigroups, Du-Shum [3] have obtained a description
of curler structure. In fact, left C-wrpp semigroups are indeed
a common generalizations on left C-semigroups and left C-rpp
semigroups.

Naturally, one would ask whether we can describe the kind
of wrpp semigroup as an analogy of right C-rpp semigroups.
In this paper, we generalize right C-rpp semigroups to right
C-wrpp semigroups. We first introduce the concept of right
C-wrpp semigroups, and some properties on right C-wrpp
semigroups are given. We shall show that a right C-wrpp
semigroup can be described as a semilattice of the direct
product of left- R cancellative monoids and left zero bands,
but the task is not simple as we need to consider the
semilattice congruence on abundant wrpp semigroups.
Anyway, our results clearly further generalizes both results of
Shum-Ren on right C-rpp semigroups and Guo on a notes on
right dual of left C-rpp semigroups. Last, the characterizations
of a C-wrpp semigroup are given.

For the notations and terminology not given in this paper,
the reader is referred to [2], [13], [18].

2. Basic Definitions and Results

We first introduce some definitions and results that are
useful in the sequel.

In order to describe wrpp semigroups, Du-Shum introduced
the following (+)-Green’s relations. For elements a,b in a
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semigroup S, we define:

V=" RY =R, ()
DM =D OR™M, 2)
H® = [ ORM. 3)

JO O=J%(a)=J7(b) 4)

where J(a) is the smallest ideal of S containing «
such that J™(a) is the union of some L™ -classes or some

R™ classes. For the sake of simplicity, we denote the L
-class (resp., R -class, H® -class, D -class and J* -class)
of § containing a by L (resp., R\",H”,D{” and
J{). The Green’s “egg box™ diagram for Green’s relation
still holds for these Green’s (+) relations. We have

Lemma 1 [2] The equalities L oR™ =R™ o[ and
DY =1%o R™ hold on a semigroup.

On the other hand, the Green’s (+) relations on S are also
similar to the Green’s relations on S, for instance, we have
D™ 0 JY . Moreover, we have the following lemma:

Lemma 2 [2] Let S be a semigroup, a,b0S . Then
b0J"(a) if and only if there exists a,,q,,---,a, 0S with
a=a,b=a, and x,x,,*,X,;¥,,Y,,-y, 0S" such that
a,lxa,_y, forall i=12,,n.

A L™ -class may contain more than one regular L -class.
This is because if eL™”a for some idempotent e E(S) and
a S, then the relation a =ae need not always hold. For
example, if §=M(G;I,/\;P) is a Rees matrix semigroup
over a group G with |A[22, then it is not difficult to see
that S isan L -simple semigroup containing |A| regular

L -classes. Butif S is a quasi strongly wrpp semigroup, then
we have
Lemma 3 Let S be a quasi strongly wrpp semigroup and

a,b0RegS . Then al'™b if and only if aLb .

Proof Necessity. We only need verify that a*Lb* . If
al'”b, then a*L'"b* . By the quasi strong wrpp property of
S,wehave a* =a*b*,b" =b*a*,so a'Lb". Thus alb .

Sufficiency. It is clear and we omit the proof.

Lemma 4 Let S be a quasi strongly wrpp semigroup. Then

each D' -class contains at most one regular D -class.
Proof  According to Lemma 1, we have

DWW =R®o[® =RoL™ Let a,bORegS. If aD"b, then
there exists ¢ such that aRcL'™b . By regularity of a, we
obtain that ¢ is a regular element of S . According to
Lemma 3, we know that c¢Lb . Hence aDb , so
D(+) |RegS: D |RegS N

Definiton 1 A wrpp semigroup S is called a right C-wrpp
semigroup, if § satisfies the following conditions:
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(1). S 1is a quasi strong wrpp semigroup;

(2). D' is a congruence on S ;

3).(BeQE(S)) SeOeS.

We call a band a right regular band if it satisfies the identity
ef = fef . We now cite the following lemma:

Lemma 5 [15] The following statements are equivalent on a
band B :

(1). B is aright regular band,

(2). R is a congruence;

(3). B is a semilattice of right zero bands.

An immediate result of this lemma is:

Corollary 1 If B is a right regular band, then each L
-class of B contains precisely one idempotent.

3. Characterizations of Right C-wrpp
Semigroups

In this section, we shall describe some characterizations of
right C-wrpp semigroups and hence generalize the main
results of right C-rpp semigroups obtained by Guo in [9]. The
results obtained in [9] will be amplified and strengthened.

Lemma 6 Let S be a right C-wrpp semigroup. Then the
following hold:

(1). E(S) is aright regular band;

(2). Reg S is aright C-semigroup.

Proof (1) Let e, fUE(S) . Since SeUeS , then there
exists x such that fe=ex, so efe=eex =ex = fe. Hence
(ef ) =ef , it implies that E(S) is a band and a right regular
band.

(2) According to (1), E(S) isaband,soRegS isaregular
subsemigroup of §. And for all e E(S), (RegS)eUeS n
Reg S=e( Reg § ), consequently, Reg S is a right
C-semigroup (see [20]).

Theorem I The following statements are equivalent:

(1). S is aright C-wrpp semigroup;

(2).S is a strong wrpp semigroup such that D is a

semilattice congruence, and D [p,,= R [g.u 5

(3).S is a semilattice of D' -simple strong wrpp
semigroups, and D |RegS: R |Reg5 ;

(4).S isasemilattice of S, =M, xA, for aOY , where
M, is a left =R cancellative monoid, A, is a right
zero band.

Proof (1)= (2). Let S be a right wrpp semigroup. Then

DY is a congruence of S. Let a,b08S,e, f OE(S), and
ale,bl'" f . Then clearly aD™e,bD™ f . But D is a
congruence, we have a’D™e, so a’D™a . Notice that
E(S) is a right regular band, it leads to abD™ef = fefDfe
D"ba. Consequently, D is a semilattice congruence.
According to Lemma 6, Reg S is a right C-semigroup.

Therefore, Reg S/ R is a semilattice, and D" = R**° by
Lemma 6, We easily prove that D [y,,¢= R |, - By quasi

wrpp property of S, and Lemma 4, we know that each D"

~class exactly contains one regular D -class, and each D™
-class exactly contains one regular R -class, it means that

each [ -class in each D' -class contains a unique
idempotent which is a left identity of this L™ -class. Again,
Se O eS forall eldE(S), so this unique idempotent is also a
right identity of above L' -class. Hence S is a strongly
WrIpp semigroup.

2)= (3).Let § =0, S, be asemilattice decomposition
corresponding to the semilattice congruence D . Obviously,
for an arbitrary subsemigroup 7 of S , we have
IV%1,01%" . Hence the elements of S, having L
in S

D |geys = R lreys » and Lemma 4, it implies that each S, only

relation also have [ relation in S, . By

contains one regular R -class. Therefore, the elements of S,
having R relation in § and also have R relation in §,,
so each D" -class S, is D' -simple, and is a strongly

WIpp semigroup.
(3) = (4). Let
s=0,S

alY Ya »

S be a semilattice decomposition
where S, is a D" -simple strong wrpp
semigroup. Let A, = E(S,) . According t0 D |y = R |peys »
we know that each L) -class L of S, contains a unique
idempotent e, and A, is a right zero band. Next we shall
verify that S,e=L". Let aS,. Then aD™e, so aDe.
Since D lyeys = R leys » it leads to a”Re. Hence e =a’elae,
so S,e0 L . Conversely, if al'”e (eOE(A,)), then
a=ae, and aDVe , it is easily observed that a S, , it
means L 0 S,e. Thus L) =S,e. By strong wrpp property
of S

a

identity element e forall e E(A,). We claim that S e is

we have L) =S,e=eS,e, which is a monoid with

left- R cancellative. In fact, for all eae,ebe,eceeS, e=S,e,

if ((ece)(eae),(ece)(ebe)) IR , notice that ecel e , then
(eae,ebe) O R . Now define a mapping:

D:Se,xN, - S,,P(a,e)=ae (5)

for any fixed e 0A, Then we deduce that
D[(a,e)(d, f)]=P(ab, f) =abf =aebf =P(a,e)P(, ()

Thus, ® isa semigroup homomorphism.

We now show that @ is a semigroup isomorphism. By
virtue of the strongly wrpp property of S,, for all xOS,,
eUA, such that By the

definition of @, this means that ®(xe,,e) =x, and hence

there exists X =xe=xee .

® is an epimorphism. To prove @ is a monomorphism, we
assume that ®P(a,e) =P(b, f) . Then we have ae=>bf.

Since A, is a right zero band, we have

ae, = aee, = bfe, =be, . This implies that a =5 for all

a,bS,e,. Invoking the strongly wrpp property of S,, we
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obtain that e = f. This shows that ® is a monomorphism
as well. Thus S, 0S,e, XA\, . The proofis completed.

lem (4)= (1). Let S is a semilattice of S, =M, XA,
for a¢0OY , where M, isaleft-R cancellative monoid, A,
is a right Zero band. Then

EWM, xN,)=E, ={(1,.,i,)|i, OA,}, where 1, is unique
identity of left- R monoid M, . We now show that
S,=M,xN, is a D <lass. Let a0S,,b0S, , and
aD'™”b . Then there exists ¢S, such that aL™cRb . Since
cR°b if and only if B=y, so cOS, . Hence we have
cRe(l,,j,) for any (1,,/,)UE(S;*A,), it implies that
aRa(ly, jg) . This means that @ < [ . Similarly, we can verify
that S <a . Hence we conclude that @ = 3. Because S, is

just a D —class of §, D must be a semilattice
congruence on S .
lemNext, we need verify that SeleS . Let

(,,i,)0E,,(4,j,)0E, and a,f0Y with a=/. Then
(g i)y j)OE, . In fact, (1,.0,) (15,/,) 08,5 =5,
then (1ﬁ1jp)(la’ia)(1ﬁijp):(la’ia)(lp!j/?)7SO

(la’ia)(lﬂ’jﬂ)(la'ia)(lﬂljﬂ)
= (o i)(gs ) 1asia )1 g, )]
= (1a'ia)(la!ia)(lﬂ!jﬂ) = (1a'ia)(1ﬂ!jﬂ)!

thatis, (1,,4,)(1,,j,) D E,. Clearly, B=af3,by using above
analogous methods, we obtain that (15, 7,)(1,5.k.5) 0 Ep
forany k,;, OA,, . Hence, we have

(lﬂljﬂ)(la’ia)(lﬂljﬂ)
= (lﬂ’jﬂ)(laﬂ’kaﬂ)(la’ia)(lﬂijﬂ)
SRR A

This means that E(S) is a right regular band. Now let
(a,i,)0ds,, then

(a,i ), j5) = Uyprkap)a,ig)g, jg)
= (s ) gp kap )i )15, )]
=g jp)asi ) g, jig)-

This verifies that Se [ eS .

Summing up the above results, then S is a right C-wrpp
semigroup.

Corollary 2 Let S is a right C-wrpp semigroup. Then

DY = J»

Proof Because D' 0 J™ | we only need to prove that
JP 0D . Suppose that aJb. Then b0J™(a) . By
Lemma 2, there exists a,,q,,~--,a, 0S with a=aq,,b=a,

and xl,x2,~-~,xn;y1.y2,~--ynDSI such that aiL(+)xiai—1yi'
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L£70D" and DY
we have bDx x _ ---xa yy,-y, . By

n

for all i=1,2,---,n. Since is a
congruence,
Theorem 1, we know that D™ is a semilattice congruence.
We denote semilattice S/D™ by Y. Index D' -class in
virtue of the elements {a, 3,---} inthe semilattice Y, and let
a DD;“,bDD;'). We are not difficult to see that @ = [3.

Similarly, a <. Hence aD'"b.

Lemma 7 Let S be a strongly wrpp semigroup whose set
of idempotents is a semilattice Y. Then (ab)" =a"(ab)*b"
forall a,b01S.

Lemma 8 Let S be a strongly wrpp semigroup whose set
of idempotents is a semilattice Y , and a,p00S . If
a® = (ab)", then the following statements are hold:

(1).L” isaleft- R cancellative monoid,;

(2).If A,u00Y ,and A=, then the mapping @,

Ly - L(;),x XU (6)

is a semigroup homomorphism. Moreover, with respect to the
following multiplication “o”:

aob= aq3a+‘a+b+bq3b+‘a+b+ ) @)

bo is

§ form a C-wrpp semigroup, where a® . . .b®P . .

the product in L, ;

]
(3).ab= a¢d+y(db)+b¢

a and b in S.
Proof (1) Let x,yOL". Notice that there is exactly one

b ey ? where ab is the product of

idempotent in L”, we have x" =y". By the fact that S
being a strongly wrpp semigroup, we have x'y =y y=y.
Since L' is a right know that
xyL™x"y =y . Hence L") is a subsemigroup of S . Notice

congruence, Wwe

that yx* = yy* =y, it follows that x" is the identity of L(".
Now put u,vOS, and xuRxv. Then x'uRx™v. Thus uRv,
thatis, L” isaleft-R cancellative monoid.

(2)Let xOL,” . Since L™ is aright congruence, we have
XULDAp = pp = i, that is, xOL) . By (1), we know that
L) is a left- R cancellative monoid with identity 4 .

Consequently, for all y 0L, we have
(P, , =xyU=x(YU) =xpyd =x®, y®, . (8

Thus ®,  is a semigroup homomorphism. It is not
difficult to verify that @,  is a strongly semilattice structure

homomorphism on L’ (A0Y) . Therefore, S is a C-wrpp

semigroup.
(3) Since L is a right congruence, we have
b(ab) Lb* (ab)* By Lemma 7, we obtain that
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b*(ab)* =(ab)" . It means that b(ab)" DLE:;)+ . Because
(ab)* is the identity of L((;;f , we have
ab =a(ab)" b(ab)" = b )

a* (ab)* b (ab)" "

Lemma 9 Let S be a semigroup satisfying the conditions
in Lemma 8. Then every regular element of S is completely
regular, that is, a regular element is H -related to an
idempotent element.

Proof'Let a be aregular element of S . Then there exists

bOS suchthat aba=a,so b* 2a" . Hence b®, . OL".

As it is argued in Lemma 3.5,
a=a®, b®, .a®, ,=ab®P ., .a.Hence a isaregular
a ,a b"a a ,a b a

b*a*

(

element of L and ab® . . is an idempotent of L. But

a

there is only one idempotent in L), so a* = ab®,, .. Thus

a

aHa" , thatis, a is a completely regular element.

Lemma 10 Let S be a strongly semigroup whose set of
idempotents is a band. Then every regular element of S is a
completely regular element

Proof Since E(S) is a band, Reg S
semigroups. Since S is a strongly wrpp semigroup, we can
easily see that Reg.S is a strongly wrpp semigroup. Hence
Reg S/y is a strongly wrpp semigroup, where y is the

is a orthodox

smallest inverse semigroup congruence on Reg S . According
to Lemma 9, we can follow that Reg S/y is a Clofford

semigroup. Let alJRegS . Then there exists e, f OE(S)
such that eLaRf . Tt follows that eyLayRfy. By RegS/y
being a Clifford semigroup, ey = f). On the other hand,
since ¥|;5,= D", we have eD"® f and hence eLefRf .

Therefore efHa, thatis, a is a completely regular element.

As an application of above results, we now give some
conditions which lead to a C-wrpp semigroup S/¢ for some

congruence ¢ defined on a right C-wrpp semigroup S. In
fact, all we need to find a congruence & on S so that &
preserves the L™ -classes of S.

For convenience, we denote the rectangular band B, by
E(a") if the idempotent @" is in B, . Also, we write
B,<B, if B,B,UB,.

We now characterize right C-wrpp semigroups.

Theorem 2 The following conditions are equivalent for a
strongly wrpp semigroup S :

(1). S is aright C-wrpp semigroup;

(2). E(S) is aright regular band and D' is a semilattice

congruence on S ;

(3).The relation &= {(x,») [(F DE(Y )x =}

congruence on S such that S/& is a C-wrpp

IS a

semigroup.
Proof (1)= (2). This part is an immediate consequence of
Lemma 6 and Theorem 1.

(2)= (1). Let E(S) be a right regular band and suppose
that D' is a congruence on S. To show that S is a right
C-wrpp semigroup, we only need to verify that
D |yegs = R lyeys - By Lemma 5, we have D** = R On the
other hand, for all a.bUJRegS with aDb, by Lemma 10,
there exists e, f U E(S) such that aHe,bHf . Clearly, eDf ,
and then there exists some c[JRegS such that eLcRf .
Again by Lemma 10, there exists g [ E(S) such that cHg .
Thus, eLgRf ,thatis, eD*® f . Consequently, eR*® f and
aRb . Thus, we have proved that D [y, = R |, - The proof'is
completed.

(2) = (3). We can assume that S is a right C-wrpp
semigroup. Then we have Se [l eS for every el E(S) and
al'Va*  for

a* OE(a*). Thus, a =aa” . This means that & is reflexive.

because S is a strongly wrpp semigroup,
To see that & is symmetric, we let aéb . Then, by the
definition of &, we have a=bf for fOE(b") . Since
BLVb" | we also have bfLVb*f . Consequently, we get
a’ LY f and E(a')=E(b' f)=E®}"). Thus b* OE(a").
From a =bf , we immediately get ab” =b. This shows that
& is symmetric. To see that ¢ is transitive, we let aéb and
béc . Then there exists g E(c") such that b=cg . By
repeating the arguments given above, we have
E(B")=E(c")=E(a") . This leads to gf OE(c") . By
a=cgf , we have aéc. Hence ¢ is indeed an equivalent

relation on S'.
lemTo see that & is a congruence on S, we let aéb .

Then, by the definition of &, there exists f O E(b") such
that a =bf . Hence ca=chf =cb(chb)" f . By invoking
Theorem 1 (4), c"fOE((ch)") , that is,
E(b*)= E((cb)") . This leads to (cb)* f OE((ch)") . In other
words, we have calch and hence & is left compatible.

we have

Similarly, we can verify that & is right compatible. Thus ¢
is indeed a congruence on .

We still need to show that & preserve the L'* -classes of
S . For this purpose, we let (a,b) OL™ for some a,b0S.If
there are x,y0S"' such that ((ax)&,(ay)é)OR(S/E), then
such that (ax)é(ué)=(ay)¢ and
find
that

there exists u,v0S"
()¢ (v§) = (ax)¢
e0E((ay)"), fOE((ax)")

axu = (ay)e,ayv =(ax)f . By DY

congruence, we can deduce that E((ax)")= E((ay)") and

Hence, we can
such

being a semilattice

similarly, E((ay)") = E((ax)") This  leads to
E((ax)") = E((ay)") Clearly, ef0E((ax)") and
consequently, axef (ax) uf = ayef and
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ayef (ay)"v = axfef = axef , that is, (axef,ayef)OR . So we
also have (bxef,byef)OR . Therefore, by the definition of
R , there exists k,/00S' such that bxefk =byef and
byefl = bxef . On the other hand, since (a,b) L™, we have
(ax,bx) 0 L™ and deduce that
E((ax)") = E((bx)") . Similarly, E((ay)*) = E((by)") .
E((ax)") = E((ay)") ; we

E((ax)") = E((by)") and hence ef OE((by)"). This leads to
(b)E(f)E = (by)E . Similarly, (by)&(ef)E = (bx)E . Thus,
we have ((bx)¢,(by)EUR(S/E) . From this relation and its
dual, we conclude that (a&,6&) 0L (S /). This shows that
the relation (a,b) LY (S/&) on S is preserved in the
quotient semigroup S/¢&, and hence S/¢& is a wrpp

hence we

Since have

semigroup.
Finally, we show that the idempotents of S/¢ are central.

It suffices to show that (ea,ae)1& for all edE(S) and

alS Since by Theorem 1 4),
E(a)E(e) DE((ae)’)=E((ea)’) , it is clear that
e(ae)" UE((ae)") Thus, by

ae = (ae)" e(ae) (ae)(ae)” =e(ae)* ae(ae)’ = eae(ae)” , we
obtain that (ea,ae) & . This shows that S/¢ is a C-wrpp

semigroup.
(3)= (1). Suppose that & is a congruence on S such that

S/& is a C-wrpp semigroup. we can easily see that
§ lis)= Ris) and hence E(S/$)=E(S)/$=E(S)/R is a
semilattice. Hence R is a semilattice congruence on S, and
so E(S) isaright regular band. Now let E(S)=0,, A, be
the semilattcie decomposition of E(S) into right zero bands
A, . Clearly, Y is isomorphic to E(S/§)=E(S)/R. We
identify ¥ with E(S/&)=E(S)/R.By S/¢ is a C-wrpp
SIE=0,,M,
decomposition of the C-wrpp semigroup S/¢ into left- R

semigroup, we let be the semilattice

cancellative monoids M, .
Put 7=0,,M,%N\, . Then we define ¢:S - T by
x - (x&,x7) . Clearly, ¢ iswell defined, and we deduce that

()¢ = ()&, (x0)") = (xEpExTy™) = (xE,x)(¥Ey7) . (10)

Thus ¢ is asemigroup homomorphism.

Now we prove that ¢ is a semigroup isomorphism. For all
A OT , we have xOS such that xé =t and ARx". It
follows that (xA)é =x& =t . On the other hand, since
x[Px*, we have xALx*A=A. But E(S) is a right
regular band, we know that each L -class of E(S) contains
precisely one element, and thus (xA)" =A . Consequently,
(xA)¢ =(t,A) . This means that ¢ is an epimorphism. To

prove ¢ is a monomorphism, now let x,y0S and

Equivalent Characterizations and Structure Theorem of Right C-wrpp Semigroups

x¢=yp. Then x" =y* and x&=y¢. By using the latter
formula, we see that there exists fUE(y") such that
x=yf , and furthermore, x =xx" =yf" =yy" =y . This
shows that ¢ is also a monomorphism. On the other hand,
T is a semilattice of direct products M, XA, and hence §
is a right C-wrpp semigroup.

Now we define a new relation R ona strongly wrpp S as
follows:

aRb - a*Rb". (11)

It is easy to verify that R isa equivalent relation, and
ROD™ OJ™.

Theorem 3 Let S be a strongly wrpp semigroup. Then S
is a right C-wrpp semigroup if and only if R is a semilattice
congruence S and E(S) is aright regular band.

Proof Assume that S is a right C-wrpp semigroup. By

Lemma 6 (1), we only need to prove that R is a semilattice
congruence. For this purpose, we let S is a semilattice of the

direct products M, xA\, for a0Y, where M, is aleft-R
cancellative monoid and A, is a right zero band. We can
easily check that (a,i)=(l,,7) for any (a,))0M, XA,,
where 1, is the identity of M . Hence it is difficult to verify
that identical formula R =0, (M, xA,)x(M,x\,) . It

follows that R is a semilattice congruence.
Suppose that R is a semilattice congruence on S and

E(S) is a right regular band. Since R is a semilattice

congruence on S, S is a semilattice of some R -classes.

But «"0Of, ., each R -class of S is a strongly wrpp

semigroup, therefore it is R -simple. Next we shall show that

) _simple semigroup.

each R -simple semigroup is also D
For this purpose, we only need to prove D™ = ROL™ . Let
(a,b) D™ . Then a"D'"b" . Hence there exists ¢S such
that a*Rc'”b . By a'Rc, we can see that ¢ is a regular
element, and by Lemma 10, ¢ is completely regular. Hence,
we can follow that aRc . This means that (a,b)O ROL™ , so
D OROLY . Conversely, if (a,b)0ROLY , then there

exist X, X, X, Y Vo Y, US  with  a=x,b=y,,
such that x,Ry, L x,Ry,[---. Rx, [y, .From the above,

we have

le(+)x1+Ry1+L(+)x2Rx;Ry;L(+) 7y2L(+) . ‘L(+)x2nL(+)y2n ! (12)

This shows that aD™b . Hence ROL™ O D™. This

shows that D =ROL" . Thus, each R
semigroup is also D" -simple semigroup, it deduces that S

-simple

is a semilattice of D -simple strongly wrpp semigroups.
Also, Since E(S) is a right regular band, by the proof of



American Journal of Mathematical and Computational Sciences 2016; 1(1): 55-61 61

(2)= () in Theorem 2, we know that D[y =R | -
Therefore, S is a right C-wrpp semigroup.

Theorem 4 Let S be a strongly wrpp semigroup whose set
of idempotents forms a right regular band. Then the following
statements are equivalent:

(1). S is aright wrpp semigroup;

2).R=J";

(3). D" =J,

Proof (1)= (3) . By the Corollary 2, clearly.

(3)=(2). Let D =J"  Since E(S) is a right regular

band, we have Dy, = Ry, (see the proof of Theorem 2). Let

RegS
a,b0S and aJ™b. Then aD"”b and hence a*"D™b" .
This leads to a"Db* by Lemma 4. Thus a'Rb", that is,
a*Rb* . Consequently, J™ O R andso R=J",

(2)= (1). Assume that R =J . By Theorem 4, we only
need to verify that R is a semilattice congruence on S . For
this purpose, we prove that J is a semilattice congruence
on S.Let a0S. Since L' is a right congruence, we have
aIPata=a Hence a°J"a , this means that
JP@)=J%(@) . Thus, for any b,cJS , we have
T be) = T (be)?) = T (b(eb)e) O T (cb).
we have JY(cb)dJ(be) and so J(cb)=J" (bec) .
Now we let a,b,ul]S with aJb. Because L™ is a right
+)u+

Similarly,

congruence, we have aul'”a'uJua*IPu*a” . Similarly,
buJu*b* . According to E(S) being a right regular band,
we can follow that u*a"D™u’b*, thus auJbu . Therefore,

J is a semilattice congruence, that is, R is a semilattice
congruence. Consequently, S is a right C-wrpp.

4. Conclusions

In this paper, we show that a right C-wrpp semigroup can be
described as a semilattice of the direct product of left- R
cancellative monoids and left zero bands, our results further
generalizes both results of Shum-Ren on right C-rpp
semigroups and Guo on a notes on right dual of left C-rpp
semigroups. Last, the characterizations of a C-wrpp
semigroup are given, that is, S is a right wrpp semigroup if

and only if the relatons R =J" or D™ =J%.
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