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Abstract
In this article, we obtained results which characterized Q;’w and Q;,w, o spaces of

hyperbolic function using integral representation of Hadamard gaps are given. Moreover,
we obtain a sufficient and necessary condition for the hyperbolic function f* with

Hadamard gaps to belong to Q;,w and Q;,a;,o on the unite disc 1) .

1. Introduction

1.1. Analytic Function Spaces

Let D={z[C:|z|<1} be the open unit disc in the complex plane C. Let H (D)
denote the classes of analytic functions in the unit disc ID. A function f [1H (D)
belongs to @ -Bloch space B?,0 < < oo if

1f s, =sup(1= 27| [ (2) < .
zD
The little @ -Bloch space B a0 consisting of all f OB, such that

lim (1=1z )| f (2)[= 0.

2] -17

Definition 1 (see [3]) Let a right-continuous and nondecreasing function
w:(0,1] - (0,00), the weighted Bloch space B, is defined as the set of all analytic

functions [ on ) satisfying
(1=1zD | f ()| <Cex1-|z|), zOD,

for some fixed C =C e 0. In the special case where W=1, B, reduces to the

classical Bloch space B.
Definition 2 (see [13]) Let [ be an analytic functionin ) andlet 1< p <oo, If
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17117, =sup [ £1(2))7 (1=| 2 )" dA(z) < oo,
zOOD D ¢ (Z) _

, for z[JD.

then f belongs to the Besov space B”. Moreover, if

Note that @, (@,(2)) =z, thus §.'(z2)= @ (z), andit

‘ll‘mJ. | f'(2) 1" (=] z ") dA(z) = 0, has the following useful property:
(I-laP)(1-|z[*)
then f OB, 1=14,(2)[= 1=a:p
Let the Green’s function of ) with logarithmic singularity 5
at a0 be 1-1¢,(2)['<2g(z,a).
2(z,a) = log| l-az =lo 1 , Definition 3 (see [1]) For 0<p <, the spaces Q,
z—a 1$,(2)] and Qp,o are defined by
where,
@.(z) denote the Mdbius transformations @, : 1) — I
be defined by

0, ={/THD):sup [ | f') g"(z,a)dA(z) < oo},

alD

0,y =t/ DH®D):lim [, | /'(2) " g" (z.a)dA(z) = 0}.

la| -
Proposition 1.1 [see [1]] Let 0 < p<l, and f be analytic in D). Then, the following are equivalent:
1 SO0, = sup| [ /()] (1=|¢,(2))"dA(z) <o
alD
/00,0 = lim [ |1/ (1=14,(2) )’ dd(z) =0.
la| -

Definition 4 (see [11]) Let K :[0,0) — [0,00), @ :(0,1] - (0,), are right-continuous and nondecreasing functions.
If 0< p<oo,—2<q <00, then an analytic function f in ) is said to belong to the space QK,w(p, q) if

1 oy =580 1S @F 20 Kz, (z) < oo

Definition 5 [see [17]] Let [ be an analytic functionin ) andlet 0<p<oo, —=2<g<o gnd 0<s<oo Jf
(WA —— SUPID | f' )" (1=]2]*)? g" (z,a)dA(z2) < oo,
adD
then f UF(p,q,s) Moreover, if

hmj | /()7 (=] z[")! g" (z,a)dA(z) = 0,

la] -

then £ OF,(p.q.s).

Now, we introduce the following definition of O bW
Definition 6 Let 0<p < 00 and a right-continuous and nondecreasing function & :(0,1] - (0,00), the spaces Qp,a,
and Qp,a),O are defined by
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0,0 = L/ DH@):swp ]| £GP £ ED aaz) <,

w(1-]z))

0o =L/ TH®): tim [ 17 F -5 EDaaz) =y,

la| -1~

Then, we state the following proposition without proof.

w (1= z|)

Proposition 1.2 Let 0< p<1, and [ be analyticin D. Then, the following are equivalent:

® 100,0 = sl P T 4 <o

w' (1] z))

0 /00,0 = 1im [ /@ P IOV )~
R

W' (1| z))
Two quantities Af and Bf, both depending on an
analytic function f on I, are said to be equivalent, written
as Af = Bf, if there exists a finite positive constant A not
depending on f  such that for every analytic function f on

D we have:

1
2 B./SA/'@B]' :
If the quantities Af and Bf, are equivalent, then in

particular we have Af < 0 jfand only if Bf < 00,

1.2. Hyperbolic Function Spaces

Let B(ID) be asubsetof H(ID) denote the classes of all

the hyperbolic function classes in I, such that | f(z)[<1.
The hyperbolic function classes are usually defined by using

. /(@]
either the hyperbolic derivative f (z)=———— of
=] f(2)
f UB(D), or the hyperbolic distance

L /@)
AU (20):= logl( = =

Now, we give some definitions of different classes of the
hyperbolic functions which recently have been studied
intensively in the theory of complex function spaces.

Definition 7 [see [10]] For 0<aQ <o, a function
fUB(D) is said to belong to the hyperbolic Q -Bloch

class B; if

) between f(z) and zero.

0,0={/DHM):sup[ | f'(2)]

adD

HfHB* =sup f (z)(1=|z ") < oo.

a z0OD

The little hyperbolic Bloch-type class B;’O consists of all
£ OB, such that

lim /" (2)(1=]z[})7 =0.

2/ =1

Note that when @ =1, B is the hyperbolic Bloch class
and BZ is the little hyperbolic Bloch class [see [12]]. The
Schwarz-Pick lemma implies B, = B(D) for all a1
with [/l <1.

Definition 8 (see [10]) Let 0<p < 00, the hyperbolic class
Q; consists of those functions f U B(D) for which

B

1/

5 =sup[(/(2)*g" (z,0)dA(z) <.
p alD
Moreover, we say that f [ Q; belongs to the class Q;,O
if

lim [ (f" () ¢” (z.a)dA() =0,

la] -1
Also, we introduce the following definition.
Definition 9 Let 0<p <1 and a right-continuous and
nondecreasing function @ :(0,1] - (0,00), the spaces

Q;’w and Q;,w,o are defined by

g’ (z,a)

W (-2 1O

0o = L/ DHD): tim [ 1) 5 EDigz) -0y,

la| 17

w (1-]z])
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1.3. Lacunary Series Expansions

Hadamard gaps are known to study some classes and spaces
of analytic and hyperholomorphic functions. A wide variety of
characterization not only in the type of function spaces, where
functions are analytic and hyperholomorphic, but also in the
coefficients which extend over Taylor or Fourier series
expansions. It is one of the important tasks in the study of
function spaces to seek for characterizations of functions by
the help of their Taylor or Fourier series expansions.

The analytic function

f(z)= Zakz"" (with n, UN; for all kUN),

k=1

is said to belong to the Hadamard gap class (also known as
lacunary series) if there exists a constant A >1 such that

n +
—1L>A forall kKON [see [8, 18]].
ny

In the past few decades, both Taylor and Fourier series
expansions were studied by the help of Hadamard gap class,
also called Hadamard’s lacunarity condition [see [2, 4, 5, 6, 7,

8] and others].
Recently, we obtain a sufficient condition for functions to

be in QK,w( P,q) classes in terms of Taylor coefficients

using the Hadamard gap class (see [6]) and gave the following
result.

Theorem 1.3 Let 0 < p <o, —]1<g<oo. Jf

£(2)=Ya, " OH(D),

has Hadamard gaps. Then the following statements are
equivalent:

(l) fDQK,w(paq)’
(i) S UOk wo(p-9);

n
K+l
SA> 1,
n;

Then, the following statements are equivalent:

1
. K(o)
@) 2 on " a | ——— <.
W)

k
Miao (see [8]) studied a gap series with Hadamard
condition as in the following theorems.

Theorem 1.4 Let 0<p<oo. [f f(z)= Zakznk is
k=1
analyticon 1) and has Hadamard gaps, that is, if

n

K+l
2> 1,
ny

(k=12,..),

then the following statements are equivalent:
o fOB% () fOB (DY |a, [P<o.
Theorem 1.5 (see [14], theorem 1) 1/:*; O<a. If
f(z)= iakznk is analytic on ) and has Hadamard
k=1

gaps, then the following two propositions hold.
() fOB? ifand only if

limsup | a, |n, @ < oo. )

k -
) OB ifand only if
. l-a _
11r:1foljp la, |n " =0. 2)

Ruhan Zhao in [see [17]] studied a gap series with
Hadamard condition in the following theorem.

Theorem 1.6 Let 0< p<oo, —2<g<oo, 0<s5<l,
and q+s>-1. Suppose that f(z)= Zakznk is

k=0
analyticin 1) and has Hadamard gaps, that is, if

(k=12,..).

M fOF(p,q,s); ) fOF,(p.q,s); () Zn,f’_‘"s'l |a, |7 < co.
k=0

2. Preliminaries

We will need the following lemmas in the sequel:

e

Lemma 2.1 Let 0 < p <oo. [f {n,} isan increasing sequence of positive integers satisfying 7+>/] >1 forall k, then

there is a constant A depending onlyon P and A such that

k
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1 .
a (Z|ak ’< j |
k=1
1,2,...).

The above lemma was due to Zygmund [see [18]].
Theorem 2.2 Let

for any number a, (k =

1

) 2z ® 1
"’ 1" de)’ <A |a, [*)?

k=1

)= 2a,",

with @, 20. if >0, p>0 and a:(0,1] -

[a=-n"rey

«’ (log—) n=0
r

= Y @nON. [ = (k2" <2™1; KON},

The proof of this theorem can be obtained easily from
Theorem 2.1 in [6] with the same steps, so it will be omitted.
We can see that Theorem 2.2 is still satisfied for the

function f(r)= Zanrn_l
n=1

Lemma 2.3 [see [1]] Let 0< p<l,
_ i
z=re'"” 0D,

J-ZIT
0

where C > 0 is a constant.
For our purpose we will use the following inequalities,
which follow immediately from Holder’s inequality. Let

where %

alD and

dé < C

1=are® 7~ (1=|a|r)"’

a,20 andlet N be apositive integer.
Then for 0< p <I,

Nl - (Za”)<(za )”<(za”) )

for 1< p <oo,

Z (Za )’ NP I(Za”) )

n=1

3. Main Results

In this section, we obtain characterizations of the

hyperbolic general family of function spaces Q;,w and

o 00

21zl

n=0 |) n=0

(0,00), then

B 1
"=y &

1

1.
W (—
)

dr=> 271" &)

*
pr by the coefficients of certain lacunary series

expansions in the unit disc. Now, we give the following
theorem:

Theorem 3.1 Let 0< p«l, and

I,=1{k:2"<k <2"" kON}. Let f(2)=Da,z" be

n=0
analytic function on 1.
Let
Qla,|z2)"< €Y la,|2", (6)
n=0 k=0
If
D ld, |
Y R CET
T g
where
= klag b b=, N, .
k=0 =0
Then fDQ;’w, and fDQ;,w,O'
Proof:
Let
* 1_ z 2yp
]:Jm(f (Z))Z( |¢a( )| ) dA(Z)

W' (1-|z])
From [see [14, 16]], we have

C

D)z ———
(1=|zp™

"=
=



15 Alaa Kamal Mohamed and Taha Ibrahim Yassen: Lacunary Series Expansions and Weighted Hyperbolic Class Q;,w

. (z
where C positive constant. Since f (z) :L)lz , we have
1=[f(2)]
@< nla,llzI™ Qla, 2™ ™
n=1 n=0

Using Cushy product, we have

0o 00 o)
Qla izl =2 1a, 2" QX la,llz[")
n=0 n=0 n=0

n

0
— n
=>Q lalla,; Dz
n=0

j=0

b, 11 2]" ®)

M

Il
(=]

n

Then, from above and using (6) and (8), we deduce that

[ @<y nla, 21" (21215, 112[")
n=1 n=0

éQZ(Zk la, 1D, Dz |n_1

n=1 k=0
<C Y ld, |z ©)

From Lemma 2.3, we have

(=12’ (A=[al)” 1

1G22 = s Ty UG

(=|al)” 1

(- z) 1-azpr A

<C1JD(Z d, |z (A= z[*)”
n=1

2 (1_|a|2)p (1_r2)p(L2”|1_ do

(-1 Yrdr

1 & _
< [ Qld, 17 T
n=1
, (-lal’)

S(-1) (1=|a|r)’ rdr

1 & _
WMC, [ 1d, |7 (1=r7)
n=1

» (I-r)" (-|a])”
Ga-n (=la[ry (10)

<2 MG (X 1d, |
n=1

Where,
1-r<l—|a|r<l+r, 1-|a|<l-|a|r<l+|a|<L2. 1)

Then, we get
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1<22PMCJ(Z|d P Al r)’ )dr. (12 thatis, /00w

a)2(1 To prove that f DQ;,w,o U Q;’w. If p=0, then
Using Theorem 2.2, we obtain Q; o = Q; o
. 1- 2) *)? If 0< p<l, we note that the integral
> @ (1-]z) 1oy
r
( Y ———dr (13)
< MC, S 2 (e y2 I Z' af(l ")
<2V MEY 2 (Y
0 a(zﬁ) is convergent, for

where k%‘, |d |
S (e <,

=2 ld ] "=
2.1 " )
Then we get Then, for any € >0, thereisa O[J(0,1) such that
2 o2 (=18, 1)
. = T dA - 1
e KO L ) I(ZI 2 Cf)z (lr—)r) dr <e.
2. 1d,|

<M, 32 () <o Then.
2"MC, Y 2 () < oo,

n=0 a{zn)

: ey (=12F)7(=[af)” 1
SIONCA T S TEET

» (1=n)" (=|a])”
(-1 (=lalr)’

<2 uc [(Y1d, |
n=1

LY MC, f(nildn % a(;(_lr_) ) ((11_‘ |aa‘ B)p +22" MC,&

<2 MG L [, 7P (S, 1 o dre 2 MCe

af(l
<L27MC.e.
If 1—|a| may be sufficiently small, hence . .
1.0y Saracgial
- n=0 n=0

lim J. (f ( ))Zafa—dA(z) =(.

la| - 17 1=z If
According to the definition of the Qp’w space, we deduce Zz n(p+1)(z d, |) <o,

that f [ Q;,w,O' This completes the proof. i

Corollary 3.2 For 0< p<l, and let f(z)=Ya,z", "

n=0

be analytic function on 1) with Hadamard gaps. If d, = Zk la, ||b,_, ], b, = Z | a, I a,_; |
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Then fDQ;’O.

Theorem 33 Let 0< p<l.

n
k+l
_+>/] > 1’
ny

Then, the following statements are equivalent:

Suppose  that

Lacunary Series Expansions and Weighted Hyperbolic Class Q,

is analytic in ) and has Hadamard

f()= Y

gaps, that is, if

k=12,..).

* * —k(p+l ZJD[ |d/ |2
oS00, (D fO0, . i 3 2 ) <
(. p)
2
Where Then, we deduced that
g(50) o LEp—
S 220 d4(z)=0. 20—
pro lahnl'lJ‘(f ( )) 0.)2(1_|Z|) (Z) pw A Z 0.)2( )

Since Qp,w,O O Qp,w,o )
(I). We first prove that (/II) follows from (/).
Applying Lemma 2.1, Theorem 2.2 and using (9), we have

It is clear that (/) implies

2 * » (-] z |2)p
g 20 @5 (=2 @)

R oty (=] 2
JD<;|dk||z| RO

2 20 1)) (1-r)? v

2707 ¢l &
>?jo<;|dk| P

Then, we obtain

g > J(Z|d|

2n, - 1) (1-7r%)?

a)2(1 )rdr

NOSY (1-x)”
f(ZI d. |’ x )af(l—f)dx (14)

Dld, |
22 k<p+1>(ﬂk
= )

Thus, by Theorem 3.1 fD||f||Q2*
4

Corollary 3.4 Let 0< p<l, and f(z)= Zakznk
k=1

m fOQ(p); (D) fOQ,;

= 0l
) <C 2—k(p+1) Sk
3; af(i

where

=214,

JOI,
Then, we have

D ld;r
u(”;* >_22 k(p+1)(JDIk

p,w k=0 1

0.)2(2k)

Combining the above inequalities yields that (/I]).
To prove that (II) follows from (/II). Assuming that

> ldl

07 J n

: k )2 <O and H2A>1 for
CU( ) M

all k. Then, by (4) and (5) we have,

*® 2—k(p+l)(

2 ld; !
] < 00,

2k)

o and the proof is complete.
w,

is analytic in ). Then, the following statements are equivalent:

® A =k(pH) 2
(HI) Zkzo2 ! (ijk |d/' | )< .
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4. Conclusion

Characterization for the hyperbolic general family of
function spaces Q;,w using integral representation of

lacunary series expansions are given. Moreover, we give a
sufficient and necessary condition for the hyperbolic function

/" with Hadamard gaps to belong to Q; " Q; o
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