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Abstract 

In this article, we obtained results which characterized 
* *

, , ,0p pQ and Qω ω  spaces of 

hyperbolic function using integral representation of Hadamard gaps are given. Moreover, 

we obtain a sufficient and necessary condition for the hyperbolic function *f  with 

Hadamard gaps to belong to 
* *

, , ,0p pQ and Qω ω  on the unite disc D . 

1. Introduction 

1.1. Analytic Function Spaces 

Let 1}|<:|{= zz CD ∈  be the open unit disc in the complex plane .C  Let )(DH  

denote the classes of analytic functions in the unit disc .D  A function )(DHf ∈  

belongs to α -Bloch space ∞<<0, αα
B  if 

.|<)(||)|(1sup= ∞−
∈

zfzf '

z

α
α

D
B

��  

The little α -Bloch space ,0αB  consisting of all αB∈f  such that 

0.|=)(|)||(1lim
2

1||

zfz '

z

−
−→

 

Definition 1 (see [3]) Let a right-continuous and nondecreasing function 

),(0,(0,1]: ∞→ω  the weighted Bloch space ωB  is defined as the set of all analytic 

functions f  on D  satisfying 

,|),|(1|)(||)|(1 D� ∈−− zzCzfz ' ω  

for some fixed 0.>= fCC  In the special case where ωω B1,≡  reduces to the 

classical Bloch space .B  

Definition 2 (see [13]) Let f  be an analytic function in D  and let .<<1 ∞p  If 
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,<)()||(1|)(|sup= 22 ∞−′ −

∈
∫ zdAzzff pp

z

p

p
B

D
D

��  

then f  belongs to the Besov space .pB  Moreover, if 

0,=)()||(1|)(|lim
22

1||

zdAzzf pp

a

−

→
−′∫

D

 

then .0

pBf ∈  

Let the Green’s function of D  with logarithmic singularity 

at D∈a  be 

, 
|)(|

1
log|=

1
|log=),(

zaz

za
azg

aϕ−
−

 

where, 

)(zaϕ  denote the Möbius transformations DD →:aϕ  

be defined by 

.,
1

=)( D∈
−
−

zfor
za

za
zaϕ  

Note that ,=))(( zzaa ϕϕ  thus ),(=)(1 zz aa ϕϕ −
 and it 

has the following useful property: 

,
|1|

)||)(1||(1
=|)(|1

2

22
2

za

za
za −

−−− ϕ  

).,(2<|)(|1 2 azgzaϕ−  

Definition 3 (see [1]) For ∞<0 p� , the spaces pQ  

and ,0pQ  are defined by 

},<)(),(|)(|sup:)({= 2 ∞′∈ ∫
∈

zdAazgzfHfQ p

a
p

D
D

D  

0}.=)(),(|)(|lim:)({= 2

1||
,0 zdAazgzfHfQ p

a
p

′∈ ∫→ D
D  

Proposition 1.1 [see [1]] Let 1,<0 �p  and f  be analytic in .D  Then, the following are equivalent: 

(I) ∞−′⇔∈ ∫
∈

<)(|))(|(1|)(|sup
2 zdAzzfQf p

a
a

p ϕ
D

D

, 

(II) 0.=)(|))(|(1|)(|lim
2

1||
,0 zdAzzfQf p

a
a

p ϕ−′⇔∈ ∫−→ D  

Definition 4 (see [11]) Let ),[0,)[0,: ∞→∞K  ),(0,(0,1]: ∞→ω  are right-continuous and nondecreasing functions. 

If ,<<2,<<0 ∞−∞ qp  then an analytic function f  in D  is said to belong to the space ),(, qpQK ω  if 

.<)()),((
|)|(1

|)|(1
|)(|sup=||||

),(,
∞

−
−

∫
∈

zdAazgK
z

z
zff

p

q
p'

a
qpK

Q ωω D
D

 

Definition 5 [see [17]] Let f  be an analytic function in D  and let ∞<<0 p , ∞− <<2 q  and ∞<<0 s . If 

,<)(),()||(1|)(|sup= 2

),,( ∞−′∫
∈

zdAazgzzff sqp

a

p

sqpF
D

D

��  

then ),,( sqpFf ∈  Moreover, if 

0,=)(),()||(1|)(|lim
2

1||

zdAazgzzf sqp

a

−′∫→ D
 

then ).,,(0 sqpFf ∈  

Now, we introduce the following definition of .,ωpQ  

Definition 6 Let ∞<0 p�  and a right-continuous and nondecreasing function ),(0,(0,1]: ∞→ω  the spaces ω,pQ  

and ,0,ωpQ  are defined by 
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},<)(
|)|(1

),(
|)(|sup:)({=

2

2

, ∞
−

′∈ ∫
∈

zdA
z

azg
zfHfQ

p

a
p ωω

D
D

D  

0}.=)(
|)|(1

),(
|)(|lim:)({=

2

2

11||
,0, zdA

z

azg
zfHfQ

p

a
p −

′∈ ∫−→ ωω
D

D  

Then, we state the following proposition without proof. 

Proposition 1.2 Let 1,<0 �p  and f  be analytic in .D  Then, the following are equivalent: 

(I) ∞
−

−′⇔∈ ∫
∈

<)(
|)|(1

|))(|(1
|)(|sup

2

2

, zdA
z

z
zfQf

p

a

a
p ω

ϕ
ω

D
D

, 

(II) 0.=)(
|)|(1

|))(|(1
|)(|lim 2

2

1||
,0, zdA

z

z
zfQf

p

a

a
p −

−′⇔∈ ∫−→ ω
ϕ

ω
D

 

Two quantities fA  and ,fB  both depending on an 

analytic function f  on ,D  are said to be equivalent, written 

as ,ff BA ≈  if there exists a finite positive constant λ  not 

depending on f  such that for every analytic function f  on 

D  we have: 

.
1

fff BAB λ
λ

��  

If the quantities fA  and ,fB  are equivalent, then in 

particular we have ∞<fA  if and only if .< ∞fB  

1.2. Hyperbolic Function Spaces 

Let )(DB  be a subset of )(DH  denote the classes of all 

the hyperbolic function classes in ,D  such that 1.|<)(| zf  

The hyperbolic function classes are usually defined by using 

either the hyperbolic derivative 2

*

|)(|1

|)(|
=)(

zf

zf
zf

−
′

 of 

),(DBf ∈  or the hyperbolic distance 

)
|)(|1

|)(|1
(log

2

1
:=),0)((

zf

zf
zf

−
+ρ  between )(zf  and zero. 

Now, we give some definitions of different classes of the 

hyperbolic functions which recently have been studied 

intensively in the theory of complex function spaces. 

Definition 7 [see [10]] For ,<<0 ∞α  a function 

)(DBf ∈  is said to belong to the hyperbolic α -Bloch 

class 
*

αB  if 

.<)||)(1(sup= 2*

* ∞−
∈

α

α
zzff

z D
B

��  

The little hyperbolic Bloch-type class 
*

,0αB  consists of all 

*

αB∈f  such that 

0.=)||)(1(lim
2*

1||

αzzf
z

−
→

 

Note that when 
*1,= Bα  is the hyperbolic Bloch class 

and 
*

0B  is the little hyperbolic Bloch class [see [12]]. The 

Schwarz-Pick lemma implies )(=*
DBαB  for all 1�α  

with 1.* �
αB

�� f  

Definition 8 (see [10]) Let ,<0 ∞p�  the hyperbolic class 

*

pQ  consists of those functions )(DBf ∈  for which 

.<)(),())((sup=
2*2

* ∞∫
∈

zdAazgzff
p

ap
Q D

D

��  

Moreover, we say that 
*

pQf ∈  belongs to the class 
*

,0pQ  

if 

0,=)(),())((lim
2*

1||

zdAazgzf p

a
∫→ D

 

Also, we introduce the following definition. 

Definition 9 Let 10 ≤< p  and a right-continuous and 

nondecreasing function ),(0,(0,1]: ∞→ω  the spaces 

*

,ωpQ  and 
*

,0,ωpQ  are defined by 

},<)(
|)|(1

),(
|)(|sup:)({=

2

2*

, ∞
−

′∈ ∫
∈

zdA
z

azg
zfHfQ

p

a
p ωω

D
D

D  

0}.=)(
|)|(1

),(
|)(|lim:)({=

2

2

11||

*

,0, zdA
z

azg
zfHfQ

p

a
p −

′∈ ∫−→ ωω
D

D  
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1.3. Lacunary Series Expansions 

Hadamard gaps are known to study some classes and spaces 

of analytic and hyperholomorphic functions. A wide variety of 

characterization not only in the type of function spaces, where 

functions are analytic and hyperholomorphic, but also in the 

coefficients which extend over Taylor or Fourier series 

expansions. It is one of the important tasks in the study of 

function spaces to seek for characterizations of functions by 

the help of their Taylor or Fourier series expansions. 

The analytic function 

),;(=)(
1=

NN ∈∈∑
∞

kallfornwithzazf k
k

n

k

k

 

is said to belong to the Hadamard gap class (also known as 

lacunary series) if there exists a constant 1>λ  such that 

λ�
k

k

n

n 1+
 for all N∈k  [see [8, 18]]. 

In the past few decades, both Taylor and Fourier series 

expansions were studied by the help of Hadamard gap class, 

also called Hadamard’s lacunarity condition [see [2, 4, 5, 6, 7, 

8] and others]. 

Recently, we obtain a sufficient condition for functions to 

be in ),(, qpQK ω  classes in terms of Taylor coefficients 

using the Hadamard gap class (see [6]) and gave the following 

result. 

Theorem 1.3 Let ,<<0 ∞p  .<<1 ∞− q  If 

),(=)(
0=

DHzazf k
n

k

k

∈∑
∞

 

has Hadamard gaps. Then the following statements are 

equivalent: 

)(i  );,(, qpQf K ω∈  

)(ii  );,(,0, qpQf K ω∈  

)(iii  .<

)
1

(

)
1

(

||1

0=

∞−−
∞

∑

k

p

kp

k

qp

k

k

n

n
K

an

ω
 

Miao (see [8]) studied a gap series with Hadamard 

condition as in the following theorems. 

Theorem 1.4 Let .<<0 ∞p  If k
n

k

k

zazf ∑
∞

1=

=)(  is 

analytic on D  and has Hadamard gaps, that is, if 

1,2,...),=(1,>1 k
n

n

k

k λ�+
 

then the following statements are equivalent: 

(I) .<||)(;)(;
1=

0 ∞∈∈ ∑
∞

p

k

k

pp aIIIBfIIBf  

Theorem 1.5 (see [14], theorem 1) For .<0 α  If 

k
n

k

k

zazf ∑
∞

1=

=)(  is analytic on D  and has Hadamard 

gaps, then the following two propositions hold. 

(I) 
α
B∈f  if and only if 

.<||limsup
1 ∞−

∞→

α
kk

k

na             (1) 

(II) 
α
B∈f  if and only if 

0.=||limsup
1 α−

∞→
kk

k

na             (2) 

Ruhan Zhao in [see [17]] studied a gap series with 

Hadamard condition in the following theorem. 

Theorem 1.6 Let ,<<0 ∞p  ,<<2 ∞− q  1,0 ��s  

and 1.> −+ sq  Suppose that k
n

k

k

zazf ∑
∞

0=

=)(  is 

analytic in D  and has Hadamard gaps, that is, if 

).1,2,=(1,>1
…k

n

n

k

k λ�+
 

Then, the following statements are equivalent: 

(I) .<||)();,,()();,,( 1

0=

0 ∞∈∈ −−−
∞

∑ p

k

sqp

k

k

anIIIsqpFfIIsqpFf  

2. Preliminaries 

We will need the following lemmas in the sequel: 

Lemma 2.1 Let .<<0 ∞p  If }{ kn  is an increasing sequence of positive integers satisfying 1>1 λ�
k

k

n

n +
 for all ,k  then 

there is a constant A  depending only on p  and λ  such that 
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2

1

2

1=

1

1=

2

0

2

1

2

1=

1 )||()||
2

1
()||( k

k

ppk
in

k

k

k

k

aAdeaaA ∑∑∫∑
∞∞∞

−
� � θ

π
θπ

 

for any number 1,2,...).=(kak  

The above lemma was due to Zygmund [see [18]]. 

Theorem 2.2 Let 

,=)(
1=

n

n

n

rarf ∑
∞

 

with 0.�na  If 0>0,> pα  and ),(0,(0,1]: ∞→ω  then 

)
2

1
(

1
2

)
1

log(

1
))(()(1

0=

1
1

0

n

p

p

n

n

np

p tdr

r

rfr

ωω
αα −

∞
− ∑∫ ≈−

,                       (3)

 

where ,,= N∈∑ ∈
nat k

n
Ikn  }.;2<2:{= 1

N� ∈+ kkkI nn

n  

The proof of this theorem can be obtained easily from 

Theorem 2.1 in [6] with the same steps, so it will be omitted. 

We can see that Theorem 2.2 is still satisfied for the 

function .=)( 1

1=

−
∞

∑ n

n

n

rarf  

Lemma 2.3 [see [1]] Let 1,<0 �p  D∈a  and 

,= D∈θirez  

,
)||(1|1| 2

2

0 ppi ra

C

rea

d

−−∫ �θ

π θ
 

where 0>C  is a constant. 

For our purpose we will use the following inequalities, 

which follow immediately from Holder’s inequality. Let 

0�na  and let N  be a positive integer. 

Then for 1,<0 �p  

);()()(
1

1=1=1=
1

p

n

N

n

p

n

N

n

p

n

N

n
p

aaa
N

∑∑∑− ��        (4) 

for ,<1 ∞p�  

).()()(
1=

1

1=1=

p

n

N

n

pp

n

N

n

p

n

N

n

aNaa ∑∑∑ −
��       (5) 

3. Main Results 

In this section, we obtain characterizations of the 

hyperbolic general family of function spaces 
*

,ωpQ  and 

*

,ωpQ  by the coefficients of certain lacunary series 

expansions in the unit disc. Now, we give the following 

theorem: 

Theorem 3.1 Let 1,<0 �p  and 

}.,2<2:{= 1
N∈+ kkkI nn

n �  Let 
n

n

n

zazf ∑
∞

0=

=)(  be 

analytic function on .D  

Let 

,||)||(
0=0=

n

n

k

nn

n

n

zaCza ∑∑
∞∞

�         (6) 

If 

,<)

)
2

1
(

||

(2
21)(

0=

∞
∑

∑
∈+−

∞

n

k

n
Ikpn

n

d

ω
 

where 

.||||=|,|||=
0=0=

jnj

n

j

nknk

n

k

k aabbakd −− ∑∑  

Then ,*

,ωpQf ∈  and .*

,0,ωpQf ∈  

Proof: 

Let 

).(
|)|(1

)|)(|(1
))((=

2

2
2* zdA

z

z
zfI

p

a

−
−

∫ ω
ϕ

D
 

From [see [14, 16]], we have 

,
|)|(1

||1)(,
|)|(1

1
=||

1
0=0=

+

∞∞

−
≈+

− ∑∑ α
α

z

C
zn

z
z n

n

n

n
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where C  positive constant. Since 
2

*

|)(|1

|)(|
=)(

zf

zf
zf

'

−
, we have 

.)||||(||||)( 2

0=

1

1=

* nn

n

n

n

n

n

zazanzf ∑∑
∞

−
∞

�                              (7) 

Using Cushy product, we have 

)||||(||||=)||||(
0=0=

2

0=

n

n

n

n

n

n

n

n

n

zazaza ∑∑∑
∞∞∞

 

n

jnj

n

jn

zaa |||)|||(=
0=0=

−

∞

∑∑  

.||||=
0=

n

n

n

zb∑
∞

                                              (8) 

Then, from above and using (6) and (8), we deduce that 

)|||||(|||||)( 1

0=

1

1=

* −
∞

−
∞

∑∑ n

n

n

n

n

n

zbzzanCzf �  

1

0=1=

1 |||)|||( −
−

∞

∑∑ n

knk

n

kn

zbakC�  

.|||| 1

1=

1

−
∞

∑ n

n

n

zdC�                                      (9) 

From Lemma 2.3, we have 

)(
|)|(1

1

|1|

)||(1)||(1
)||||(

22

22
21

1=

1 zdA
zza

az
zdCI

p

pp
n

n

n −−
−−−

∞

∑∫ ωD
�  

)(
|1|

1

|)|(1

)||(1
)||(1)||||(

22

2
221

1=

1 zdA
zaz

a
zzdC

p

p
pn

n

n −−
−−−

∞

∑∫ ωD
�  

rdr
rea

d
r

r

a
rdC

pi

p
p

n

n

n

)
|1|

()(1
)(1

)||(1
)||(

2

2

0

2

2

2
21

1=

1

0
1 θ

π θ
ω −

−
−

−
∫∑∫

−
∞

�  

rdrra
r

a
rrdMC p

p
pn

n

n

)||(1
)(1

)||(1
)(1)||(

2

2
221

1=

1

0
1 −

−
−−−

∞

∑∫ ω
�  

.
)||(1

|)|(1

)(1

)(1
)||(2

2

21

1=

1

0
1

2 rdr
ra

a

r

r
rdMC

p

pp
n

n

n

p

−
−

−
−−

∞

∑∫ ω
�                        (10) 

Where, 

2.||1||1||1,1||11 ����� araarrar +−−+−−                        (11) 

Then, we get 
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.
)(1

)(1
)||(2

2

21

1=

1

0
2

2 dr
r

r
rdMCI

p
n

n

n

p

−
−−

∞

∑∫ ω
�    (12) 

Using Theorem 2.2, we obtain 

)(
|)|(1

)|)(|(1
))((

2

2
2* zdA

z

z
zf

p

a

−
−

∫ ω
ϕ

D
 

,)

)
2

1
(

(22 21)(

0=

2

2

n

npn

n

p t
MC

ω
+−

∞

∑�
 

where 

.||= k

n
Ik

n dt ∑
∈

 

Then we get 

)(
|)|(1

)|)(|(1
))((=

2

2
2*2

*
,

zdA
z

z
zff

p

a

p
Q −

−
∫ ω

ϕ
ω D

��  

,<)

)
2

1
(

||

(22 21)(

0=

2 ∞
∑

∑
∈+−

∞

n

k

n
Ikpn

n

p

d

MC

ω
�  

that is, .*

,ωpQf ∈  

To prove that .*

,

*

,0, ωω pp QQf ⊂∈  If 0,=p  then 

.= *

,

*

,0, ωω pp QQ  

If 1,<0 �p  we note that the integral 

dr
r

r
rd

p
n

n

n )(1

)(1
)||(

2

21

1=

1

−
−−

∞

∑∫ ωδ
        (13) 

is convergent, for 

.<)

)
2

1
(

||

(2 21)(

0=

∞
∑

∑
∈+−

∞

n

k

nIkpn

n

d

ω
 

Then, for any 0,>ε  there is a (0,1)∈δ  such that 

.<
)(1

)(1
)||(

2

21

1=

1

ε
ωδ

dr
r

r
rd

p
n

n

n −
−−

∞

∑∫  

Then, 

)(
|)|(1

1

|1|

)||(1)||(1
)||||(

22

22
21

1=

1 zdA
zza

az
zdCI

p

pp
n

n

n −−
−−−

∞

∑∫ ωD
�  

rdr
ra

a

r

r
rdMC

p

pp
n

n

n

p

)||(1

|)|(1

)(1

)(1
)||(2

2

21

1=

1

0
1

2

−
−

−
−−

∞

∑∫ ω
�  

ε
ω

δ

2

2

2

21

1=
0

2

2 2
)||(1

|)|(1

)(1

)(1
)||(2 MCdr

ra

a

r

r
rdMC p

p

pp
n

n

n

p +
−
−

−
−−

∞

∑∫�  

ε
ωδ 2

2

2

21

1=

21

1=

1

0
2

2 2
)(1

)(1
)||()||(

)(1

|)|(1
2 MCdr

r

r
rdrd

a
MC p

p
n

n

n

n

n

n
p

p
p +

−
−

−
− −

∞
−

∞

∑∑∫�  

.2 2

12 εMCp+
�  

If ||1 a−  may be sufficiently small, hence 

0.=)(
|)|(1

)|)(|(1
))((lim 2

2
2*

1||

zdA
z

z
zf

p

a

a −
−

∫−→ ω
ϕ

D
 

According to the definition of the 
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Combining the above inequalities yields that ).(III  
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Thus, by Theorem 3.1 ,2
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ff ��∈  and the proof is complete. 

Corollary 3.4 Let 1,<0 �p  and k
n

k
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4. Conclusion 

Characterization for the hyperbolic general family of 

function spaces 
*

,ωpQ  using integral representation of 

lacunary series expansions are given. Moreover, we give a 

sufficient and necessary condition for the hyperbolic function 
*f  with Hadamard gaps to belong to ., *

,

*

, ωω pp QQ  
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