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Abstract

In this paper, some new characterization of upper (lower) a-irresolute multifunctions due
to Neubrunn and each of Noiri and Nasef will be established. Also, other properties have
been presented and some results in are improved. The relationships between upper
a-irresolute functions and other related multifunctions are also investigated.

1. Introduction

In 1986, Neubrunn [1] extended the concepts of & -continuous functions (Mashhour et
al. [2]) and @ -irresolute functions (Maheshwari and Thakur [3]) to multifuntions.
Recently, many authors studied some continuity properties of set multifunctions [4, 5].
Noiri and Nasef [6] obtained several new characterizations and properties of upper (lower)
a -irresolute multifunctions. Also, Nasef [7] introduced and studied some properties of
a -continuity between topological spaces. The purpose of the present paper is devoted to
present other new characterizations upper (lower) @ -irresolute multifunctions. Moreover,
some results in [6] are improved and the relationships between @ -irresolute
multifunctions and other corresponding ones are discused.

2. Preliminaries

The topological spaces or simply spaces which will be used are (X,7) and (Y,0) (or
simply X and Y for shortly) without any separation axioms and whenever such
properties are needed they will be explicitly assumed. By f:(X,7) - (¥,0) (or simply

f:X - Y willrepresent a multivalued function. for a multifunction F:(X,7) - (Y,0),

the upper and the lower inverse of a subset G of Y are denoted by F*(G) and

F'(G)={(x0X:F(x)OG} and

F (G)={(x0X:F(x)nG#@} . In particular, F (y)={x0X:y0F(x)} for each

point y(OY . Foreach A0 X, F(4)= UF(x) . Then F is said to be a surjection if
x4

F(X)=7Y,orequivalently, if foreach y[Y ,thereexists x X suchthat yF(x).If

A 1is asubset of X, the closure and the interior of 4 with respectto T are denoted by
T—CIl(A) and 7-1Int(A), respectively. A subset 4 of X is said to be & -open [8]

(resp. semiopen [9], preopen [10], S-open[11])if A O 17— Int(r —CI(T — Int(A4))) (resp.
AOr-Cl(t—Int(A)) , AOTr-Int(r—CI(A)) , AOT-CI(T—Int(r —CI(A4)) ). The
family of all & -open sets of X containing a point x [0 X is denoted by a(X,x).

F(G) respectively. That is,
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The family of all a -open (resp. semiopen, preopen) sets in
(X,7) is donoted by aO(X,r) or 1% (resp. SO(X,T),
PO(X,1)).

The complement of an & -open (resp. semiopen, preopen,
[ -open) set is said to be & -closed (resp. semiclosed,
preclosed, S-closed). Since aO(X,T) is a topology for X
[[8] Proposition 2], by aCl(A) (resp. alnt(A)), we denote
the closure (resp. interior) of 4 with respect to aO(X). A
subset 4 of X is called an a -neighborhood of a point x
of X if there exists UUOaO(X) such that xOA40U .
Following Noiri and Nasef [6], a multifunction
F:(X,1) - (Y,0) is said to be upper @ - irresloute (resp.
lower « -irresolute) ata point x 0 X if for each & -open set
V' such that F(U)OV (resp. Fu)nV £¢ for every

udU ). If F is upper « - irresolute (resp. lower
-irresolute) at all points of its domain, then it is called upper
a -irresolute (resp. lower @ -irresolute).

3. Characterizations

Several characterizations of upper and lower @ -irresolute
functions have been given in [1, 6, 12] and we show a bit
more.

Definition 3.1 A multifunction F:(X,7) - (Y,0) is
called @ - irresolute at a point xOX if for each pair
W, 0a0(Y,0) i=1,2 such that F(x)OW, and
F(x)nW, Z@ , there exists HJa(X,x) with F(H)OW,
such that F(h)nW, #¢ forevery hOH .

Therefore, a multifunction F :(X,T) - (Y,0) is called
a - irresolute if it has the above property at each point
x0X.

Proposition 3.2 Any @ -irresolute multifunction
F:(X,1) - (Y,0) at any point xOX is both upper and
lower @ -irresolute at the same point.

Theorem 3.3 The following are equivalent
multifunction F:(X,7) - (Y,0):

(1) F isan & -irresolute at a point xJ X ;

(2) For any W,,W, 0aO(Y,0) suchthat F(x) W, and
F(x)nW, @ , we have
xOr—=Int(t = CI(T - Int[F* (W) n F~(W,)]))

(3) For each W,W,0aO0(Y,0) having F(x)OW, ,
F(x)nW, #¢ and for any open set U 0 X containing X,
there exists a nonempty open set G of X with GUU ,
F(G)OW, and F(g)nW, #¢ foreach g0G.

Proof. (1)=(2) : Let W;UJa0O,0) , i=1,2 with
F(x)OW, and F(x)nW, # ¢ . By hypothesis, there exists
HUOaO(Y,x) such that F(H)OW, and F(h)nW, ¢
hOH Thus xOHOF (W) and

xOHOF (W,)#¢ . Hence xOH OF (W,)n F-(W,) .

for a

for each

Since H is an d -open in X , then

xOHOr-Int(r-Cl(t—Int(H))) U1 —
Int(T = CI(T = Int[F* (W}) 0 F~(W,))))
(2)=@3): Let W,0a0(Y,0), i=1,2 with F(x)OW,

and Fx)nw, ¢ . But ®) gives
xO7=Int(t —Cl(T - Int[F*(W,) n F~(W,)])) . Also, let a
nonempty open set U  containing X , then

Un[r=Inf[F*W) n F-Wy)10U n[r-IntF* (W) nr—IntF~(W,)]= G
and GOr-ImF*(W,) and
GOr—-IntF~(W,) O F~ (W,) . Therefore F(G)UW, and
F(g)nW, #¢ foreach g0G .

(3)=(1) : Follows immediately from the observation
r(x)Ja(X,x).

Lemma 3.4 (Andrijvic’ [13]) For any subset 4 of a space
(X,1), aCl(A)=A0r1-CI1 - Int(T - CI(4))) .

Theorem 3.5 The following are equivalent for a
multifunction F:(X,7) - (Y,0):

(1) F isan @ -irresolute;

(2)For any pair

which is open also

w,w,0a0(Y,0) )
F*()n F~ (W) Da0(X,1) ;

(3)For each «a K,K, 00y
F™(K))OF*(K,) isan a-closed setin X ;

(4) for B,B,0Y ,
1 =Cl(t = Int(T = CI[F" (B,) D B*(B,)]))

O F~(aCIl(B)) O F* (aCl(B,))

(5) aCI[F~(B) O F*(B,)]0 F (aCIl(B,) O F* (aCI(B,)
for any subsets B,,B, Y ;

(6) F~(aInt(B)) n F*(alnt(B,) O alnt[F~(B,) n F*(B,)]
for any subsets B,,5, Y ;

(7)for any point x(O0 X and for each & - neighborhood
N of F(x), then every WaO(Y,o) such that
WnFx)z¢ , F' (N)nF (W) is an a
-neighborhood of x ;

(8)for any point x[(0X and for each @& - neighborhood
N of F(x), then every WUaO(Y,o) such that

WnF(x)#¢@ . There is & - neighborhood U of x
such that F(U)ON and Fu)nW #¢ for each
udU .

Proof. (1)=(2) : Let xOF (W))n F~(W,) for any
W, W, 0aO(Y,0) , thus F(x)OW, and F(x)nW, ¢ .
Since F is @ -irresolute, then Theorem 3.3, gives
xO7 = Int(t —=CI(T = Int[F* (W) n F~(W,)])) -

(2)= (3): Follows immediately from the fact if V' OY,
then F-(Y-V)=X-F*'(V) and F*(Y-V)=X-F (V).

(3)=(4) : Let B,,B, be any subsets of Y . Then

-closed  sets

every sets
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aCl(B)) , i=1,2 are @ -closed sets in Y . By (c¢),
F~(aCI(B))0 F*(aCI(B,)) isalso & -closedsetsin (X,7),
r—CI(t — Int(T - CI[F~ (aCl(B,) O F* (aCI(B,)]))
" O F (aCI(B)) O F*(aCl(B,) '
Since F*(B,)0F*(aCl(B,) and F (B)UF (aCl(B)) .
r—=Cl(r—Int(t -=CI[F~(B) O F*(B,)])
Consequently, 07 —CI7—Int(t—CI[F (aCl(B)OF"
(aCl(B,))) O F~(aCl(B) O F*(aCI(B,)
(4) = (5): Follows immediately from Lemma 3.4.
5)=(6):
X —ant[F~(B))n F*(B,)]0aCI[X -(F~((B)n F*(B,)]
=aCl[(X -F~(B) D(X - F"(B,))]
=aCIF*(Y-B)OF (Y-B,)OF*(aCl(Y - B))0 F (aCI(Y - B,))
=F"(Y—alnt(B) O F~ (Y —alnt(B,))
= (X —F (alnt(B) 0 (X - F* (alnt(B,))
= X -[F~(alnt(B))) n F* (ant(B,))]
and thus
alntf[F~(B) n F*(By)] O[F (alnt(B,) n F* (alnt(B,)].
(6)=(7):Let xOX, N bean O -neighborhood of
F(x) and W isan @ -opensetof ¥ with F(x)nW ¢,
then there exists two @ -open sets U; and U, such that
U/ ON and U, OW , F(x)OU, and F(x)nU, 2@ .
Thus xOF*(U;)n F~(U,) . By hypothesis,
xOF*(U,)n F~(U,y) = F*(alnt(Uy)) n F~(ant(U,))
OalntF*(U,)n F~(U,)] 0
alnt[F*(N)yn F-(W)]O F*(N)n F~(W).
From the above it follows that F*(N)n F~ (W) isan Q-
neighborhood of X .
8)=(8):Let xOX , N be O-neighborhood of F(x)
and W0OaOY,0) with FX)nW#¢ , then
U=F"(N)nF (W) is an @ - neighborhood of X ,
FU)ON and F)nW 2¢ forevery ul0U .
8)=(1) : It is clear from the hypothesis and this
completes the proof.
The following characterizations of upper a -irresolute and
lower @ -irresolute are due to Noiri and Nasef [6].
Theorem 3.6 The following are equivalent for a
multifunction F:(X,7) - (Y,0):
(1) F isupper @ -irresolute (resp. lower @ -irresolute);
(2) F*(W) (resp. F~(W))is an a-openin X for each
wUlaO(Y,o);
(3) F7(K) (resp. F*(K))isan a-closedin X foreach
a -closedset K of Y ;

(@) sInt(CI(F~(B)))) O F~(aCI(B)) (resp.

sInt(CI(F*(B))) O F*(aCl(B)) for each subset B of
Y

(5) aci(F~(B)) O F (aCl(B)) (resp. aCI(F*(B)) O F*(aCl(B))
for each subset B of Y.

Theorem 3.7 The following are equivalent for a
multifunction F:(X,7) - (Y,0):

(1) F islower « -irresolute;

(2) F(r—Cl(t —Int(t-CI(H)))) U F(H) for

HOaO(X,1);

(3) F(aCi(H)) O F(H) foreach HOaO(X,T).

Proof. (1) = (2) : Follows by the equivalence of (a) and
(e) of Theorem 3.6 and by considering W = F(H).

(2) = (3): Follows by using Lemma 3.4.

B)={): Let ygx and p be any g -open set of y
having F(x)nW #¢ . Then xOF (W) . By (c) ,
F(aCI(F*(Y-W))OF(F*(Y-W))OY-W . Therefore,
aCl(F*(Y-W)) O F* (Y -W)) This
F*(Y-W) is g-closed in (X,T). This implies F~ (W) is
H=F (W) , HUOaX,x) and
F(hynW #¢ for every g - Hence g is lower o

each

shows that

a -open. Set

-irresolute.
Lemma 3.8 (Popa and Noiri [14]) If p.-x vy is a
multifunction, then for each open set y of y ,

(aCIFy (") =F (V).

Proof. Let |y be anyopensetof y and xO(aCIF) (V).
Then (aCIF)x)nV=aCI(F(x))nV ¢
F(x)nV=#¢ . Since p
xOF (V) and hence (aCIF) (V)OO F (V). Conversely,
let¢ xOF (V). Then ¢#F(x)nV O(aCIF)(x)nV and
hence xO(aCIF) (V). Thus we have F~ (V) O (aCIF) (V).

Consequently, we obtain (aCIF) (V)=F (V).
Theorem 3.9 A multifunction g.x _ y is lower g

and hence

is open, then we obtain

-irresolute if and only if qcjp.-x Ly is lower g

-irresolute.
Proof. Necessity, suppose that g is lower g -irresolute.

Let ,gx
(@CIFYx)nV £ ¢ By Lemma 3.8, we

xO(aCIF) (V)=F (V) and hence F(x)nV #¢ . Since
F islower g -irresolute, there exists U 0a(X,x) such that
UOF (V)=(aCIF) (V) . Therefore gcyp is lower o

-irresolute.
Sufficiency, suppose that aCIF is lower  -irresolute,

and y be any open set of y with

have

xOx andlet 7 beanyopensetof y with F(x)nV #¢.
By Lemma 3.8, we have xOF (V)= (aCIF) (V). Since
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qCIF 1s lower g -irresolute, there exists U La(X,x)

such that U O (aCIF) (V)= F (V). Therefore g is lower
o -irresolute.

4. Some Miscellaneous Results

The following lemma was shown by Mashhour el al. [2] and
Rielly and Vamanamurthly [15].

Lemma 4.1 Let 4 and B be subsets of a topological
space X,

(DIf AOSOX)OPO(X) and BOaO(X) , then
An BOaO(A);

Q)If AOBOX , A0aO(B) and BOaO(X), then
ADa0(X).

Theorem 4.2 If a multifunction F:(X,7) - (Y,0) is
upper @ -irresolute (resp. lower a -irresolute) and
X, OPO(X, 1)U SO(X,1) , the restriction
F|X,:(X,,T|Xy) - (Y,0) is upper @ -irresolute (resp.
lower @ -irresolute).

Proof. We prove only the assertion for £ upper a
-irresolute, the proof for £ lower a -irresolute being
analogous. Let x( X, and V be any & -open set of ¥
such that (F|X,)(x) OV . Since ¥ is upper o -irresolute
and (F| X,)(x)=F(x),thereexists UJaO(X) containing
x such that F(U)UV . Set U, =U n X,, then by Lemma
4.1,wehave xUOU,0a0(X,) and (F|X,)(U,) OV .This
shows that F'| X, isupper & -irresolute.

Theorem 4.3 A multifunction F:(X,7) - (¥Y,0) is upper
a -irresolute (resp. lower a -irresolute) if for each xO X ,
there exists X,UaO(X) containing x such that the
F|Xy:(Xy,T| Xy - (Y,0) is
-irresolute (resp. lower @ -irresolute).

Proof. We prove only the assertion for F upper &
-irresolute, the proof for F lower & -irresolute being
analogous. Let xOX and ¥V be any & -open set of Y
such that F(x) OV . There exists X, Oa(X,x) such that
F|X, 1is upper
U,00a0(X,) containing x such that (F|X ) (U, OV .
By Lemma 3.4, U,0a0(X) and F(u)=(F|X,)(u) for

every u[JU,. This shows that F' is upper @ -irresolute.

restriction upper

a -irresolute. Therefore there exists

Corollary 4.4 Let {U, :AU0} bean a -open coverof X .

A multifunction F:(X,T) - (Y,0) is upper Q -irresolute
(resp. lower « -irresolute) if and only if the restriction
F|U,:(U,,T|U,) - (Y,0) is upper « -irresolute (resp.
lower @« -irresolute) for A00.

Proof. This is an immediate consequence of Theorems 4.2
and 4.3.

A subset 4 of a space (X,r) is called @ -compact if

every O -open cover of 4 in (X,7) has a finite subcover.

Hence the concept of an @ -compact space in [16] can be
restated as: A space (X,7) is @ -compact if and only if
(X,7) isan @ -compact subset of itself. From the definition
a subset 4 of (X,r) is a -compact if and only if 4 is
compact in (X,77).

Theorem 4.5 Let F:(X,T) - (Y,0) be an upper «a
-irresolute multifunction and F(x) is an a -compact
relative to Y for each xUOX . If A is an @ -compact
relative to X , then F(A) is an Q -compact relativeto Y .

Proof. Let {V,:A00} be any cover of F(A4) by «a
-open sets of Y . For each x4, there exists a finite subset
O(x) of O such that F(x)O U{VA :A00((x)} . Set
V(x)= U{VA :A00(x)}. Then F(x)OV(x)JaO(Y) and
there exists U(x)Ua(X,x) such that FU(x))UOV(x) .

Since {U(x):x0A4} isan a -open cover of A, there exists

a finite number of points of A4, say, x,X,,---,x, such that

A0 U{U(x,.):izl,z,---,n}

F(A)DF(L’JU(xi))DOV(xi)DO | 7 - This shows
i=1 =1

i=1A00(x)
that F(A4) is @ -compact relativeto Y .
Corollary 4.6 Let F:(X,T) - (Y,0) be an « -irresolute

Therefore we  obtain

multifunction and F(x) isan O -compact relativeto Y for

each xOX . If X is an Q -compact, then Y is an
-compact.

A space X is said to be & -normal if for any pair of
disjoint closed subsets 4, B of X, there exist disjoint
U,VOaO(X) suchthat AOU and BOV .

Theorem4.71If Y isan & -normalspaceand F;:X, - Y
is an upper @ -irresolute multifunction such that F; is
punctually closed for each i=1,2 , then the set
{(x,x%,)0X, xX, : Fj(x)) n Fy(x,) Z @} is an a -closed set
in X;xX,.

Proof. Let A={(x,x,)0X, XX, :F(x)nF(x,)*@}
and (x;,x,)0A4. Then F(x)n F,(x,)=¢ . Since Y is an

a -normal and F;

is punctually closed for i=1,2, there
exist disjoint V},V, 0aO(X) such that F(x;)OV, for
i=1,2 Since F; is an upper &
F ()0a0(X,,x;) for i=1,2. Set U=F (H)xF (73),
then UOaO(X,xX,) and (x,x,)00U 00X, xX,)—4 .
This shows that (X, X X,)-A40a0(X, xX,) and hence 4
isan @ -closedin XXX, .

For a multifunction F:X - Y the graph G(F) of F is

defines as follows:
G(F)={(x,y)0XxY:xOX and yOF(x)}.
Theorem 4.8 If Y isaHausdorffspaceand F:X - Y is

-irresolute,
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an upper & -irresolute multifunction such that F(x) is
compact for each x 0 X , then the graph G(F) is o -closed
in XxY .

Proof. Let (x,y)0XxY—-G(F). Then yOY —F(x). For
each z[F(x), there exist disjoint open sets V(z),W(z) of
Y such that zOV(z) and »UW(z) .
{V(z):zOF(x)} isanopencover of F(x) and there exista
such that

n
Feo O\ @) :1sisnt and W= (z):1<i<n}.
Since F(x)OV and F is an upper @ -irresolute, there
exists UUa(X,x) such that F(U)OV . Therefore we
obtain F(U)NnW =¢ and hence (UXW)nG(F)=¢ .
Since  UxW is a -open in X xY and
C,)QUxW O XXY-G(F), X*xY-G(F) is a -open
and hence G(F) a-closedin X xY .

Theorem 49 If F: X - Y and G:Y - Z are lower a
-irresolute (resp. upper « -irresolute) multifunctions, then

The family

finite number of points in F(x) , say, z;,z,,*:*,Z2

GoF:X - Z is lower a -irresolute (resp. upper
-irresolute) multifunction.

Proof. Let ¥V be an a -open set of Z . Since
(GoFY V)=F (G )V) and F , G are lower «a

-irresolute multifunctions, (GeoF) (V) is an & -open set of
X . Thus GoF 1is lower @ -irresolute. The upper one is

satisfies by a similar argument.

5. Matual Relationships

Definition 5.1 A multifunction F:X - Y issaid to be:
(1) upper precontinuous [17] (resp. upper quasi continuous
[18], upper @ -continuous [19], upper [ -continuous

[[14], [19]) if for each x O X and each openset V' of
Y containing F(x),there exists U [l PO(X,x) (resp.
UudSo(X,x), UDa(X,x), UOPB(X,x)) such that
Fuyor.

(2)lower precontinuous (resp. lower quasi continuous,
lower @ -continuous, lower [ -continuous) if for each
xOX and each open set ¥V of Y such that
Fx)ynV ¢ , there exists UUOPO(X,x) (resp.
UdSo(X,x), UlDa(X,x), UOPB(X,x)) such that
Fux)nV #¢ forevery u U .

(3) upper (lower) precontinuous (resp. upper (lower) quasi
continuous, upper (lower) & -continuous, upper (lower)
B -continuous) if it has this property at each point of

X.
Remark 5.2 For a multifunction F:X - Y the following
implication hold:
Upper quasi-cont.

Upper quasi-cont.

Upper « -irresolute

N

Upper precont.

We now show that none of these implications are reversible.

Example 5.3 Let X ={a,b,c,d} and Y ={1,2,3} . Define
a topology 7= {9, X,{a},{b,c},{a,b,c} on X
topology O=1{#,Y,{1}} on vy
F:(X,1) - (Y,0) is defined as follows:

and a

A multifunction

{1, if x=a
F(x)=3 7Y, if x=bor g
{1,2}, if x=d.

It can be easily observed that g is upper ¢ -continuous.
But g is not upper g -irresolute, since {1,2}00“ while
F*({1,2})={a,b} isnot g-openin (X,7).

Example 54 Let X ={a,b,c} and
Y={y:y0{0,£1,+2}} Define a topology
T=1{¢,X,{b},{c},{b,c; on x and a topology

—» Upper «-cont.

T

Upper « -irresolute

e

0-:{¢5Y7{0715_17_2}} on Y -
multifunction F:(X,7) - (¥,0)

Upper precont.

Consider the following

{0}, if x=a

F(x)=.{L-1}, if x=b;

{25 _2} 5 lf‘ X =cC.
Then g is upper B -continuous, but not upper
precontinuous, since {0,1,-1,-2} 00 but

F*({0,1,-1,-2}) = {a,b} is not preopenin (X,T).
Example 5.5Let y and y be asin Example 5.4 with two
T={@,X,{b,c} on X and
o={p,Y,{1},{-1},{1,-1}} on y . Define a multifunction
F:(X,1) - (Y,0) as shown in Example 5.4. one can deduce

topologies

that g is upper precontinuous but not upper ¢ -continuous.
Example 5.6 Let x, y and 7 be as in Example 5.3.

Define a topology 0 ={@,Y,{1,3}} on y . A multifunction
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F:(X,1) - (Y,0) is defined as follows: F(a)={1} ,
Fb)=1{3}, F(c)=1{2,3} and F(d)={1,2}. Then f is
upper [ -continuous but not upper quasi-continuous because
{1,3y00 but F*({1,3})={a,b} isnotopenin (X,7).

6. Conclusion

The field of mathematical science which goes under the
name of topology is concerned with all questions directly or
indirectly related to continuity. Therefore, the theory of
multifunctions is one of the most important subject in
topology. On the other hand, topology plays a significant rule
in quantum physics, hight energy physics and superstring
theory [20]. Thus we study the class of upper (lower) a
-irresolute  multifuctions which may have possible
applications in quantum physics and superstring theory.
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