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Abstract

In recent years, with the introduction of max-plus algebra architecture to the field of
interval mathematics, some equivalent propositions of various solutions in max-plus
algebra have been paid close attention to by many scholars in the world. In the paper, first
of all, in the structure of max-plus algebras, we define tolerance solution and control
solution of interval inequalities, and then we established equivalent conditions of
tolerance solution and control solution of max-plus algebra. Finally, we give some
corresponding examples to illustrate.

1. Introduction

As an uncertain system of equations and inequalities, interval linear equations and
inequalities have been studied by many scholars recently. For example, in [1-2], the
authors consider the linear interval equations and interval equations of various solutions;
in [3-4], Researching AE solution is the beginning in interval uncertain linear equations
and inequalities; in [5-8], the authors discuss the problem which is interval optimization
the solution of uncertain interval local solutions of equations and inequalities. In recent
years, with max-plus algebra has appeared in interval mathematics, The system of
max-plus algebra is also concerned. In [9, 13-14], the weak solution strong solutions,
tolerance solutions and control solutions of the interval equations under max-plus are
obtained. The necessary and sufficient conditions and relevant inferences are obtained.
After the definitions of the left local solution and right local solution are introduced into
the max-plus algebra, see e.g. [10-12], and the definition of the left and right local
solutions under the max-plus algebra and related conclusions are given. Since then, in

[15-19], many authors have redefined max-plus algebras in the variable xD[)_c,;] ,

equivalent conditions of various solutions ofthe A[0x=5b and A[lx<b areobtained.
Some authors applied the properties of max-plus algebra to analyze some important
characteristics of max-plus linear discrete event which the event consists of production
system, queuing system and array processor, see e.g. [20-23]. In this paper, firstly, we
define tolerance solution and control solution of interval inequalities in the structure of
max-plus algebras, and then we established equivalent conditions of tolerance solution
and control solution of max-plus algebra. Finally, we give corresponding examples to
illustrate.

2. Preliminaries

We remark R as real sets. Defined interval as a = [ a, E] , Where ;, alR,and
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a<a , then a=[a,a]={xOR|a<x<a} . All sets of
interval sign asIR. Whena =a =a, it is called degenerate

interval, namely real. We define that A,ZDR. A <A said
each element of the matrix 4 of the position corresponding
are less than or equal to A matrix elements, interval matrix
A is a set of real matrices, denoted as
A= [4A] ={A0OR™" | A< A< A} . Denoted all interval
matrices under mxn -orders as IR™" ,and all interval
matrices under 7 -orders as IR". During the last 50 years
special algebras structures appeared, where defined ([I,0)
which is a semi-group operation. We denoted that
(0,0) = (max,+) . The operation corresponding real sets on
A*Ox<b*. then, we have R, =R, (max,+—o). in

R assume a R then

max > max >

al—oo =max{a,—o}=a,qd(-o) =g+ (—©) =-—oc0,

For matrix where all elements belong to R it labeled

max >
mXn n :

Ry - If xOR? ~ is a column vector made by x;,x,,...,x, .

Then x” = (x,%y,...,x,) , when arbitrary x = (xl,xz,...,x”)T

OR", arbitrary y = (y;, V5»...,¥,) OR", denoted as

X Oy=@0y)0-0,0y)=[];0y)
=

n
max °

when x,y0OR

n
X' Oy=[];0y)= max(x; + ;)
= s/

For a mxn matrix AOR™"

max >

and i=1,..,m,j=1..,n,

then, (40 x)OR’ . have operations, fori =1,...,m,
(40x); = D(aij +x;)
j=1

(ADx)=((ADx)1,~--,(ADx)m)T

OR

max>X 7 max

and a; OR

n

(40x), =[] (a;/ +x_/) = max{aij +xj}

1€/<
= Jjsn

if A sign as the ith rows of matrix 4 . Obviously, for

i=lee,m.

(AOx), = 40 x
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-0, 0 is zero element. then

when (0,0) in R
a0-o=max{a,~«} =a, a00=a+0=a.

max

Labeled matrix A=(aij)DR’”x”,matrix CZ(CU»)DR’”X”,
vector x:(x_/)D]R” , vector y:(y_/)D]R" , where
i0{1,2,--,m}, j0{1,2,--,n} . if
0io{1,2,--,m},0j0{1,2,--,n}  a;<c;

i S Cy then
A" <™ AfjO{1,2,+,m) ,x; Sy, then x<y.
Lemma [2.1] (isotone continuous function)
Matrix 4 = (a; )OR} ", matrix C=max(c;) R, if

max > max >

A" < C™" then AOx<COx.
Proof. According to the definition of max-plus algebras in
Rmxrl

max >

(AUx),; = |j:|:l(az'j +xj)=ggl{ag/ +x;}

(COx); =[J(e; +x))= 1’11/432{9‘/ X}
jal =/
if Dll:l{lszasm} ’ DJD{I,Z,,”} 5

We know that,
have a; <c¢; Then

A" < cm we i 6

(aij +xj)s(cij +x_/-), therefore A0x<C0Ox.

3. Tolerance Solution and Control
Solution of Interval Inequalities

Consider interval inequalities

A'Ox<p (1)

A*Ox<b? ()

Where A' OIR™" | A2 OIR™" | p'OIR",, , and
b’ OIR"

max

3.1. Tolerance Solution of Inequalities

Consider interval inequalities of eq. (1) and eq. (2)
Where A' OIR™" | 4> OIR™" | b'OIR”,
b>OIR,

Definition 3.1.1 A tolerance solution of eq. (1) and eq. (2),
For each A' 04" and each 4> DAZ, if there existd' Dbl,
exist b° 0b%,suchthat 4' Ox<b' and A° Ox=b%.

Theorem 3.1.1 A vector x OR”

max

ofeq. (1) and eq. (2). If and only if

and

is a tolerance solution

AOx<h 3)
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A Dx2p" 4)

Proof. If vector xR’ . is a tolerance solution of eq. (1)
and eq. (2), then we know by definition 3.1.1 that, for each
A'O A", each 4> 0 4%, existh' = by, and existh” =b] , we
have

A'Ox<hy<b ®)

A Ox2bf 2b* (6)
Because A' s A? are arbitrary, therefore, if A' =4 , We
obtain eq. (3) and if 4% = A_2 , we obtain eq. (4).
For the opposite implication, let us suppose that x OR” =
fulfills eq. (3) and eq. (4), but it is not a tolerance solution of (1)
and (2). For each b'O0b' and each b? b7, there exist

A'0A4" and 4042 , such that either

A'Oxd ™
or

A Ox b’ ®

By isotone continuous function of lemma [2.1], for each
p'Ob', there exist A'0A' and exist iy O{l,---,n} such
that either

[]@ DOxp=[]@ Ox)>b )
j:l 0J j:] 0/ 0J
or for each b Ob?, exist A> 0 A* and exist i, O{l,---,n}

(@ Oxp<[]@ Dx)<b’ (10)
=1

Al J
In the former case, because b s arbitrary, therefore, if

—_— n —_—
b' =b' then [](@ Ox;)>b' holds, it contradicts eq.
07 0J - 0J - 0/

=

(3) and in the latter case, because b s arbitrary, therefore, if

2 _ ;2 S 2 .
b —i, we have |:|1(£ij)<ll, but eq. (4) is not
=

fulfilled. Therefore, we proof that vector xOR” ~— is a

tolerance solution of interval inequalities of eq. (1) and eq. (2).
This completes the proof.
Corollary 1. From the proof of the above theorem, we can

see that when the row number of 4' and A%, and &' and
b? is inconsistent, this conclusion still holds.

3.2. Control Solution of Inequalities

Consider interval inequalities of eq. (1) and eq. (2)
Where A' OIR™" | A20IR™" | p'OIR",,
b* OIR”

max

and

Definition 3.2.1 A control solution of eq. (1) and eq. (2), For
each »' 0b' and each b* 0%, if there exist A' 0 A", exist
A0 A%, suchthat A'Ox<ph' and 4* Ox2b%.

Theorem 3.2.1 A vector x[R”

"aax 1S @ control solution of
eq. (1) and eq. (2). If and only if

A'Ox<p (11)

A*Ox=2b? (12)

Proof. If vector xR’ . is a control solution of eq. (1)
and eq. (2), then we know by definition 3.2.1 and isotone
continuous function of lemma [2.1] that, for each p'Ob', and
each b* [1h?, there exist 4' = 4;, and exist 4*> = 4; , such that

A'Ox< A4 Ox<h! (13)

A 0x24 0x2b (14)

Because b', b* are arbitrary, therefore, if bt = b_l , we obtain

(11) and if b* =b* , we obtain eq. (12).

For the opposite implication, let us suppose that x OR”

fulfills (11) and eq. (12), but it is not a control solution of eq.
(1) and eq. (2). Then we know by definition 3.2.1 that, for each

A'0A" and each 4%0A4° , there exist 5'0b' and
b* 0b* , such that either

A'Ox£b! (15)
or
A Ox2b? (16)
then, O, O[L---,m], we have
‘ 1 1 1
|A:|1(aiof ij) >b"oj Zli (17)
J=
or [ O[1,---,m], we have
[’ Ox)<b’ <b> (18)

J=

then, in the case of eq. (17), As a result of a' s arbitrary.
0/

Then, if we set @' =a' , we have
0J

ioJ
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[, Dx_/)>i (19)

e
However, eq. (19) and eq. (11) contradict each other.
Therefore, we proof that vector xOR) = is a control
solution of eq. (1) and eq. (2).
In the case of eq. (18), As a result of a’ s arbitrary, then,
nJ

when @’ , we have
nJ

n —_ —_
2 2
)<
|:|1 (ail./ . Y ) bil./‘
J=

(20)

However, eq. (20) and eq. (12) contradict each other.
Therefore, we proof that vector xOR! = is a control

solution of interval inequalities of eq. (1) and eq. (2). This
completes the proof.
Corollary 2. From the proof of the above theorem, we can

see that when the row number of A4' and Az, b' and b*
is inconsistent, this conclusion still holds.

4. Examples of Tolerance Solution of
Inequalities

Example 4.1

Consider interval inequalities
[1.3] Ox < [8,12] (1)
[2,4]0x = [3,6] (22)

From the analysis, we know x =3 is a tolerance solution
of eq. (21) and eq. (22).

Proof. First of all, by the necessary and sufficient condition
of the tolerance solution of interval inequalities in the
max-plus algebra, we see that

A'Ox=3+3=6<12=p (23)

A Ox=2+3=5>3=0h> (24)
Then, we solve the above problem according to the
definition of the tolerance solution of interval inequalities in
the max-plus algebra.
By isotone continuous function of lemma [2.1], eq. (23) and

eq. (24). For each A'0A" and each 4% 0 A%, we have

A Ox<sA Ox=3+3=6<12=V (25)

A Ox2A40x=2+3=5>3=p" (26)
Therefore, x =3 1is a tolerance solution of eq. (21) and eq.
(22).
Example 4.2

Tolerance Solution and Control Solution of Max-plus Interval Inequalities

Consider interval inequalities

[[4,6] [2,7]} Oy < {[7,11]} on
[5,8] [7,10] [10,17]
[-1,4] [2.,5] [4,8]
[-2,7] [4,11]|0x = |[-110] (28)
[3,71 [-4.1] [3,9]

From the analysis, we know x=[2,3]" is a tolerance
solution of eq. (27) and eq. (28).

Proof. First of all, by the necessary and sufficient condition
of the tolerance solution of interval inequalities in the
max-plus algebra, we see that

- 6 71 _[2] [10] [11] —

A'Ox= Ol = || _|=b (29)
8 10] [3] [13] 7|17
(-1 2 51 [4

2 2 2

A Ox=|-2 4 DM— 7(=2[-1|=b0> (30
|3 4 5113

Then, we solve the above problem according to the
definition of the tolerance solution of interval inequalities in
the max-plus algebra.

By isotone continuous function of lemma [2.1], eq. (29) and

eq. (30). For each A'0A" and each 4% 0 A%, we have

S M
A Ox= ol == || |=b'<b" 31
5 7] 7[3] |10]7 |10

4 5 8 8
2 2 2512
ADx:7llD3:l4210:b 2b" (32)
7 1 9 9

Therefore, x=[2,3]" is a tolerance solution of
inequalities of eq. (27) and eq. (28).
Example 4.3

Consider interval inequalities

[[2,3] [—2,1]} Or < [ [4,7] } 33)
[-2,7] [5,8] [10,20]
[[4,71 [-2,7]]Dx 2[6,10] (34)

From the analysis, we know x=[2,3]" is a control
solution of eq. (33) and eq. (34).

Proof. First of all, by the necessary and sufficient condition
of the control solution of interval inequalities in the max-plus
algebra, we see that

con 2 S

(35)
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Elx= 2| 2
A*0Ox=[7 7|0 5|=10=10=b (36)

Then, we solve the above problem according to the
definition of the control solution of interval inequalities in the
max-plus algebra.

By isotone continuous function of lemma [2.1], eq. (35) and

eq. (36). For each b' Ob' and each b* Ob*, we have

05| TJe[s Rl )20
A Ox= o= |<| |=b'<b 37
-2 5| 3] 8] 7|10

2

3 (3%)

A 0x=[7 7]DH—10210—b_22b2

Therefore, x =[2,3]" is a control solution of inequalities
of eq. (33) and eq. (34).

5. Conclusion

First of all, by defining the tolerance solution and the
control solution of interval inequalities of the max-plus
algebra, equivalence condition of the tolerance solution and
the control solution of the interval inequalities are given. And
then, by means of the definitions of the tolerance solution and
the control solution of interval inequalities of the max-plus
algebra and the necessary and sufficient conditions obtained in
this paper, we give corresponding examples to illustrate the
tolerance solution and the control solution of interval
inequalities of the max-plus algebra. It is a complete
complement to various solutions of interval inequalities under
max-plus algebra, and its related properties are worth further
study. At the same time, its understanding is also the
beginning of the study of multi-variables interval equations.
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