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Abstract 
A mathematical model for determining the rate of variation of bulk decay rates of 

chlorine residuals is proposed taking into account factors such as the initial chlorine 

concentration, the concentrations of reactants and their relative distribution. The 

theoretical model we built in this research clearly shows that the variation of the bulk 

decay coefficient with initial chlorine concentrations can be modelled mathematically as 

a second order reaction which can be easily integrated in modelling programs such as the 

EPANET. Experiments were carried out for determining the bulk decay rate of chlorine 

residuals at different initial chlorine doses and the data adequately fit the developed 

model. We also developed chlorine decay mathematical models for the variation of the 

rate of reaction of both time-varying as well as time-averaged reaction rates. It is shown 

that the parameters affecting the variation of reaction rate include: The chlorine 

concentration and the molar concentration of the low concentration reactants as 

expressed through the ratio of arithmetic mean to the harmonic mean of the reactant 

concentrations. For the time-averaged model that can be used in modelling programs 

based on first order reactions, the time variation of the rate of reaction was additionally 

influenced by the aggregate (total) reactant concentrations. 

1. Introduction 

Chlorine residual in water distribution systems is among the most important 

parameters needed for ensuring the standard of potable water supplies [1]. Chlorine 

dosages in distribution systems are determined primarily by the need to ensure minimum 

chlorine residual in the distribution system water in order to eliminate microorganisms 

that are disease causing or that adversely affect the taste and quality of the distributed 

water as well as the condition of the distribution system. On the other hand, control of 

excess chlorine doses is required to reduce the extent of formation of disinfection by-

products (DBPs) that are known for pausing health related risks in humans [2]. In 

developing countries, intermittent supplies are common in which some of the water that  
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stays stagnant for longer period of time may be drawn with 

reduced or no chlorine residual before the fresh supply 

reaches the consumers [3]. In addition, distribution systems 

with old ages and unlined iron pipes increase the extent of 

residual chlorine loss through a combination of losses by 

microbial growth products and corrosion by-products [4]. 

Chlorine dosages to water in distribution systems must be 

optimally adjusted in accordance with the quality of treated 

water, the rate of decay in the system and the residuals that 

must be maintained. The optimal solution is essential so that 

the chlorine residual is not too low running the risk of 

recontamination of the distribution water or too high which is 

costly and can generate odour complaints besides having the 

potential to form disinfection by-products [5]. 

There are mainly two parallel reactions involved in the 

decay of chlorine in the distribution system consisting of 

bulk decay and wall decay. The two processes display 

different dynamics of chlorine decay and it is difficult to 

reallocate the portion of decay from the resultant decay 

within the distribution system corresponding to either of the 

two processes. Modelling, therefore, requires separate 

determination of the bulk decay and wall decay parameters 

[5]. One method by which the wall decay is determined is by 

subtraction of the bulk decay determined in a laboratory 

bottle test from the total decay determined from a pilot pipe 

distribution loop set up [6]. Different pipe materials exhibit 

different wall decay rate of chlorine [7]. However, chlorine 

decay coefficients determined from laboratory and pilot tests 

alone may not be representative of the actual conditions in 

the distribution system and the model parameters need to be 

calibrated against actual condition of the distribution system 

using developed water quality models such as the EPANET 

[8]. 

Mathematical modelling of chlorine decay in distribution 

systems is essential in order to be able to predict chlorine 

residuals with reasonable accuracy and reduce the cost and 

time associated with monitoring. In large distribution 

systems, monitoring of chlorine residuals may be 

prohibitively expensive [9]. Once the bulk decay and wall 

decay coefficients are known, the differential equation of 

chlorine decay with time, expressed in terms of the advective 

transport and reactive decay, is solved by combining it with 

conservation of chlorine mass equations established for each 

node [10]. 

The most commonly employed model of chlorine residuals 

in distribution systems is one based on the simple first order 

decay reaction ([2], [3]). The first-order decay model is a 

pseudo first order reaction model in which the effect of the 

reactant with the chlorine compound is not explicitly stated 

and is, therefore, implicit in the reaction rate constant. This 

means that when the reactant concentration such as the 

natural organic matter increases, the reaction rate constant 

does not stay constant and increases as well. Other models 

have been developed that take into account the reactant effect 

[11]. This, as mentioned above, is partly motivated by the 

fact that the rate of reaction of chlorine is variable, being 

greater at the beginning of reaction and reducing afterwards 

whereas the duration of such rate depends, among others, on 

the initial chlorine concentration [12]. Such difference in rate 

of reaction may for example be caused by the presence of 

organic matter which reacts faster with chlorine in the 

beginning and such reaction being succeeded by the slower 

reactions involving other chlorine consuming compounds. 

There are several reactant based models that are more 

complex than the simple pseudo first order reaction based 

model. They all try to take into account the deviation from 

first order reaction for the decay rate of chlorine when the 

entire curve of decay is taken into account. One such 

example of reactant based model is the second order two-

reaction model involving fast and slow reactants [13]. Other 

examples of reactant dependent chlorine decay models that 

are based on second order models or a combination of first 

and second order models include the models developed by 

Clark [14], Jedas-Hecart [15], Ventresque [16], Dharmarajah 

[17] and Hua et al. [18]. 

Some authors, however, claimed that the difference in 

chlorine residual prediction between the more complex 

models and the ones based on the simple first order reaction 

is not of much practical significance ([19], [20], [21]). 

The fact that the rate of decay of chlorine is variable on a 

number of factors including, among others, the initial 

chlorine concentration has been reported by a number of 

researchers ([22], [18], [20], [7], [12]). Attempts to model the 

decay rate by empirical relationship taking account of such 

factors as temperature, initial chlorine concentration, 

oxidisable organics and inorganics, have been made by 

several researchers. Hua et al. [18] developed one such 

integrated model taking account of several factors for the 

chlorine decay modelling. Hallam et al. [7] also established 

an inverse relationship between initial chlorine concentration 

and the reaction rate for the decay of chlorine. However, the 

inverse relationship as given by Hallam et al. [7] is specific 

to the test and there is no general model equation or 

theoretical background given to such variation. It is to be 

recalled that the inverse relationship has also been observed 

by several other researchers ([20], [23], [24], [18]). 

Other modelling attempts that take into account the effect 

of initial concentration of chlorine do so by developing 

parallel models for several assumed initial chlorine doses or 

establishing ranges of validity. One example of such model is 

the two-reactant model developed by Fisher et al. [13] in 

which the two reactant model for chlorine decay is calibrated 

against maximum and minimum initial chlorine 

concentrations and the model is expected to fit the data for 

chlorine dosage ranges in between the maximum and the 

minimum. However, the use of invariant set of reaction rate 

parameters for modelling chlorine decay under different 

initial chlorine concentrations has doubtful outcome given 

that the rate of reaction is inversely related to the initial 

chlorine concentration. Similar claims claimed by Kastl et al 

[25] of model parameters being invariant for initial chlorine 

concentration ranges between 1 and 4 mg/L has also doubtful 
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universal validity as the invariance may be specific and 

caused by the fact that the easily reacting organic species in 

water may not be present in significant concentrations. 

Phillip et al. [5] developed a second order time dependent 

rate of decay model. The model is first order with respect to 

time dependent chlorine residual and second order with the 

rate of decay itself. The model uses numerical solution of two 

differential equations simultaneously, namely, the chlorine 

decay rate equation and the time dependent rate equations. 

Euler method was used to solve the equations. The model 

also uses calibration of the four parameters required by the 

two differential equations using bulk decay data. Complex 

evolutionary algorithms were used to find the optimal values 

of the parameters. Overall the model has no analytical 

solution and has to use numerical procedure to model the 

chlorine decay. 

2. Materials and Methods 

The research work followed a combination of theoretical 

model development supported by laboratory experiments to 

verify the model. The theoretical basis for the variation of 

rate of reaction for the decay of chlorine is formulated by 

considering two cases. These cases are: 

Case I: Chlorine decay modeling based on reaction rate 

constant that is averaged both over time as well as initial 

reactant concentration. Such models are common and are 

expressed by first order reaction with respect to the residual 

chlorine concentration. The reactant concentration is implicit 

in the rate. 

Case II: Chlorine decay modeling based on time varying 

but concentration averaged reaction rates. Such models are 

second order in nature and take account of the effect of the 

variation of the chlorine and reactant concentrations. The 

rates are concentration averaged because of the difficulty of 

deconvoluting the aggregate reaction rates to the individual 

rates of the different reactant species present. 

The experimental part of the research addressed the case of 

the variation of the time as well as concentration-averaged 

reaction rates with initial concentration of chlorine as 

suggested by the developed model equations. Since the effect 

of reactants is implicit in the model and varies when the 

water quality conditions of the sample change, the 

experiment is carried out on a single sample set where the 

water quality is not expected to change. The experimental 

procedure as given below was followed. 

2.1. Experimental Procedure 

The experimental design consisted of collecting a single 

set of samples from the Matsapha water treatment plant and 

determining the bulk decay rate coefficients at various 

different initial concentrations of chlorine. This experiment 

had the objective of testing the theoretical model that 

describes the variation of bulk decay coefficient with initial 

chlorine concentration. The samples collected were treated 

water samples that passed through the processes of 

coagulation, flocculation, sedimentation and filtration but 

that did not pass through the chlorine disinfection system. 

The single set of samples that are studied are expected to 

contain homogenous reactant characteristics since the rates 

determined are the ones based on first order reaction rate 

models that will obviously change whenever the water 

quality characteristics change. 

The collected samples were immediately brought to the 

University of Swaziland chemistry laboratory and were 

tested for chlorine residuals after different known amounts of 

chlorine were added to various samples tested. 

For the determination of chlorine residuals in water 

samples, the Iodometric titration as outlined in the Standard 

Methods for the Examination of Water and Wastewater [26] 

was used. The method is based on the principle that when 

potassium iodide is added to a sample of water containing 

residual chlorine at pH of 8 or less, the residual chlorine 

liberates iodine from the potassium iodide and the liberated 

iodine is titrated with Sodium thiosulphate (Na2S2O3) titrant. 

In order to make the titration stoichiometric, the pH of the 

sample is reduced to between 3 and 4 by adding acetic acid. 

The method has expected detection limit of 0.04 mg/L if 

0.001 N sodium thiosulphate titrant is used. All chemicals 

used had reagent grade quality and fresh solutions were 

prepared every time the experiment was repeated at different 

time periods. 

Depending upon the concentration anticipated, suitable 

sample volume was taken so that the titrant Sodium 

thiosulphate (Na2S2O3) volume would not exceed 20 mL and 

the starch indicator volume also is above 0.2 mL. To the 

sample volume, 5 mL acetic acid was added followed by 1 g 

of potassium iodide powder measured on weighing balance. 

After this, the sample was titrated with Sodium thiosulphate 

(Na2S2O3) of appropriate normality. For samples with low 

anticipated chlorine concentrations, the titrant was prepared 

to be of low normality. The titration was continued until the 

yellow colour was almost disappearing. Then 1 mL of the 

starch solution was added until the blue colour disappeared. 

In order to compensate for method error, blank titration was 

also performed using distilled-deionized water and that 

passed through the same procedure as the one used for the 

actual sample. A minimum of three repetitions were 

performed for each determination. After titration, the mg/L of 

chlorine residual present in the sample was determined using 

the formula: 

��� ��	�ℎ	�
��
	 = 	 ��±��∗�∗�������	��	�����                (1) 

Where A is the volume of titrant used for the sample, B 

was the volume of titrant used for blank. N is the normality 

of the Na2S2O3 titrant. 

2.2. Statistical Analysis 

After the chlorine residuals were determined for the series 

of samples to which different known concentrations of 

chlorine were added, the data were plotted graphically using 

the log linear plots of concentration versus time using the 

SPSS statistical package. The SPSS program was also used to 
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for modeling decay of chlorine. In addition, the SPSS 

statistical package was also used to test for the normality of 

the residuals after the second order reaction rate model was 

fitted to the experimentally determined data. The tests used 

for assessment of normality of residuals were the Q-Q plot 

and the Shapiro-Wilk test. 

2.3. Theoretical Basis for the Time 

Dependent Rate of Variation of the 

Reaction Rate with Chlorine and 

Reactant Concentrations 

The following hypotheses are forwarded for the modeling 

of chlorine residuals in distribution systems based on 

available data and information for variation of the reaction 

rate with time 

1. For chlorine decay modeling based on time varying but 

concentration averaged reaction rates, the variation of 

the rate chlorine decay follows a second order reaction 

with the rate itself and first order with the residual 

chlorine concentrations. 

2. For the time as well as concentration averaged reaction 

rate constant of chlorine decay, usually expressed by 

first order reaction with respect to residual chlorine 

concentration: !"!# 	= 	−%&" 

The reaction rate constant K is not constant but varies 

inversely with initial chlorine residual present and directly 

with initial concentration of reactants present. 

3. For both time varying and time average reaction rates, 

the time dependent rate of reaction is influenced by the 

reactant with the lowest molar concentration and this 

variation is expressed by the ratio of the arithmetic 

mean to harmonic mean of the reactant concentrations. 

According to Phillip et al. (2009), the time varying – 

concentration averaged rate of change reaction rate is given 

by the following equation 

'()'* 	= 	"* +,*- 	− 	∑ (/01/)2/3415 6                   (2) 

Where kt is the concentration weighed reaction rate, Ct is 

the residual chlorine concentration at time t, Xit is the molar 

concentration of reactant (i) at time t, XT is the total moles of 

reactants reacting with chlorine and N is the total number of 

reactants present in the water. 

The concentration weighed reaction rate kt is given by: 

,* 	= 	∑ ,787*�79:∑ 87*�79: 	= 	∑ ,787*�79:8;  

Where ki is the constant rate of reaction of reactant xi with 

chlorine and the other variables are described above. From 

Equation 2 it is apparent that the rate coefficient is variable 

with respect to time showing linear increase with the 

concentration of chlorine and being second order with respect 

to the rate coefficient itself. Other authors ([20], [23], [24], 

[18]) also observed that the rate constant appears to decrease 

with increase in the initial concentration of chlorine. Phillip 

et al. [5] also stated that the rate is negative as the expression 

in bracket can be shown to be always negative or zero if the 

rate constants are the same for all the constituents reacting 

with chlorine. It is also apparent from the equation that the 

rate variation with time (dkt/dt) is first order with the 

concentration of chlorine (Ct) and second order with kt. The 

rate appears to decrease faster for higher concentration of 

chlorine and is the reason why the apparent overall reaction 

rate constant is lower for higher concentration of chlorine, a 

fact observed by several other researchers. 

Equation (2) developed by Phillip et al. [5] can be 

extended, in our opinion, to establish the relationship 

between the reaction rate variation with chlorine and reactant 

concentrations as outlined in the hypothesis. It will be shown 

later in the results section that the experiments performed 

also confirm more or less the particular case of second order 

rate relationship between the chlorine decay rate constant and 

the initial concentration of chlorine. 

The analytical expressions for the time varying but 

concentration averaged rate of reaction (kt) and the time as 

well as concentration averaged rate of reaction (K) is here by 

developed on case by case basis. First we consider the 

expression for the time varying but concentration averaged 

rate of reaction (kt). 

Case I Analytical expression for the time varying 

concentration weighed rate of reaction 

Considering the rate expression proposed by Phillip et al. 

(2009): !,*!# 	= 	"* <,*- 	− 	∑ ,7-87*�79:8; = 

The indeterminate expression in the above equation is the 

term containing kis because of the difficulty of determining 

the reaction rate constant for the individual reactants. It is 

now attempted to get around this problem by reformulating 

the above equation. 

>,7-87*�
79: 	= 	>,7-87*-87*

�
79: 	= 	>�,787*�-87*

�
79:  

This expression can be expressed as weighted average of 

the 1/X variable as follows: 

>�,787*�-87*
�
79: 	= 	 �,787*�-�? 	> 187*

�
79:  

�,787*�-�? 	= 	 A∑ �,787*��79: B-C-  

D>�,787*��
79: E- 	= 	F>�,787*��

79: G	F>�,787*��
79: G = 	 �,*8;�- 

Since: 
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,* 	= 	∑ �,787*��79:8;  

Therefore, 

�,787*�-�? 	= 	 ,*-8;-C-  

∑ ,7-87*�79:8; 	= ∑ �,787*�-87*�79: 	8; 	= 	 �,787*�-�? 	∑ 187*�79:8; 	
= <,*-8;-C- =8; > 187*

�
79:

 

Rearranging further; 

∑ ,7-87*�79:8; 	= 	 <,*-8;C- => 187*
�
79: 	= 	 ,*- H8;C I

J C∑ 187*�79: K
	

= 	,*- <8L�8LM= 

Where XA and XH are the arithmetic and harmonic means 

of the reactant concentrations respectively. According to the 

commonly accepted definition of averages, these means are 

defined as: 

8L� 	= 	8;C ;	8LM 	= 	 C∑ 187*�79:  

Finally the rate expression for the decay of chlorine is 

given by: !,*!# 	= 	"* <,*- 	− 	∑ ,7-87*�79:8; = 	= 	"* <,*- 	− ,*- <8L�8LM=	= 

'()'* 	= 	−"*,*- H1LO1LP 	− 	1I                        (3) 

Equation (3) thus expresses the variation of reaction rate in 

terms of known concentrations, namely the chlorine residual 

and the arithmetic and harmonic means of the reactant 

concentrations. This equation can be used to model the 

variation of reaction rate for the decay of chlorine with time 

given that these concentrations are known in advance. The 

individual reaction rates vanish from the equation and are 

replaced by the ratios of the two averages of reactant 

concentrations, namely arithmetic and harmonic means. 

Since the arithmetic mean XA is always greater than the 

harmonic mean XH, the expression in the bracket of Equation 

(3) above is always greater than or equal to zero, i.e.,: 

<8L�8LM 	− 	1= 	≥ 	0 

This means that the reaction rate has a negative rate and 

decreases with time. It is also clear from Equation (3) that the 

rate of reaction retains the second order rate variation as well 

as the fact that the rate decreases faster with increase in the 

chlorine dose. In terms of the overall time-averaged reaction 

rate, when the initial concentration of chlorine is high, the 

average slope of the chlorine decay curve become flatter. 

This is in line with what is commonly reported in the 

literature about the inverse relationship between reaction rate 

and initial chlorine concentration. 

What is also apparent in Equation (3) is the influence of 

the concentration of the slowest reacting substance as 

expressed by the ratio of arithmetic to harmonic means of the 

reactant concentrations. Accordingly, the reaction rate falls 

faster with the presence of low concentration reactants that 

depress the harmonic mean further. In terms, of first order 

rate modelling, water that is dominated by low concentration 

of chlorine consuming substances tends to have flatter slope 

of the chlorine decay curve than otherwise. If the reactants 

concentrations are comparable, the arithmetic mean and 

harmonic means approach each other. In this case, the 

reaction rate remains constant as the expression in bracket in 

Equation (3) tends to zero. This is typically a situation where 

the first order kinetic modelling is applicable as the rate of 

reaction stays constant. 

Case II: Analytical expression for the time and 

concentration averaged rate of reaction 

There are two alternatives for deriving the rate expression 

for the time and concentration- averaged reaction rate for the 

decay of chlorine applicable for first order modelling. The 

first alternative is to use the series of steps similar to the steps 

used in developing the equation for the time varying rate 

presented above. The second alternative is to use the results 

of Equation (3) and derive the rate expression from this 

equation. Both alternatives yield the same result. The second 

alternative is presented in this paper below 

The time and concentration-averaged reaction rate K is 

expressed in terms of the time varying and concentration-

averaged rate from the following: !"!# 	= 	!8;!# 	= 	−,*8;"	 = 	−%" 

So that; % = 	,*8; 

Differentiating the rate expression with time; 

!,*!# 	= 	! H %8;I!# 	= 	 H!%!SI8; 	− 	H!8;!# I%8;-  

!,*!# 	= 	! H %8;I!# 	= 	 H!%!SI8; 	− 	 �−%"�%8;-  

Rearranging the above equation, the rate variation for K 

becomes; 
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!%!# 	= 	 +!,*!# 68; 	− 	%-"8;  

Substituting the expression of Equation for dkt/dt: !%!# 	= 	−",*- <8L�8LM 	− 	1=8; −	%-"8;  

=	−" %-8;- <8L�8LM 	− 	1=8; −	%-"8;  

=	−" %-8; <8L�8LM=	+	%-"8; 	− 	%-"8;  

Finally; 

'U'* 	= 	−" U015 H1LO1LPI                              (4) 

Equation (4) is the time dependent rate expression for the 

concentration as well time-averaged reaction rate. The 

influence of chlorine concentration and the ratio of arithmetic 

mean to harmonic mean of the concentration of reactants is 

also retained in this equation. The influences of these 

variables are the same as those described for the conditions 

of Case I above. 

The additional factor appearing in Equation (4) is the 

influence of reactant concentrations as expressed by the 

variable XT which is the total mole of reactants. When the 

reactant concentrations are high, the reaction rate falls slower 

and the slope of the overall decay curve thus becomes 

steeper. On the contrary, if the concentration of reactants is 

low, the rate of reaction falls faster and the overall slop of 

decay becomes flatter. 

In other words, the overall time and concentration 

averaged rate of chlorine decay increases when: 

i. The initial reactant concentration increases and 

ii. The initial chlorine concentration decreases 

The experiments performed addressed case II (ii), i.e., the 

effect of initial concentration of chlorine on the overall 

reaction rate. This case is preferred because most chlorine 

residual modeling programs such as the EPANET are based 

on first order reaction rate modeling and because of the fact 

that for the treated water in the Matsapha water treatment 

plant, the variation of reactant concentration may not be high. 

However, this condition will be explored by further research 

in future. 

The theoretical basis of the experiment performed for 

investigating the effect of initial concentration of chlorine is 

further developed below. 

2.4. Second Order Model Formula for 

Modeling Reaction Rate Variation with 

Respect to Initial Chlorine Concentration 

The rate of decay of chlorine is modeled as usual 

following a first order reaction as follows: 

!"!# 	= 	−,'" 

Where C is the concentration at t, t is the time usually 

converted to unit of days and kd is the rate of reaction for the 

bulk decay of chlorine in water inside the distribution system. 

The symbolic change in the rate of reaction from K to kd is to 

be noted for the purpose of accommodating additional 

reaction rate constant for the second order modeling of initial 

chlorine concentrations. 

Referring to Equation (4) again: !%!# 	= 	−" %-8; <8L�8LM= 

In terms of the substituted symbol for K = kd: !,'!# 	= 	−" ,'-8; <8L�8LM= 

If the reactant types and their concentration remain the 

same as is the case in the experiment performed in this 

research; !,'!# 	= 	−α	",'- 

Where; 

V = 	<8L�8LM= 18; 	= ���W#X�# 
If the initial chlorine concentration is made to vary, then 

the rate of reaction is now a function of two variables namely 

time and initial chlorine concentration. Y,'Y# 	= −	α	",'- 

The above expression can also be written as; 

Y H 1,'IY# 	= 	α	" 

Differentiating the above equation with respect to the 

chlorine concentration again 

YY" JY H 1,'IY# K 	= 	α 

Reversing the order of the partial differentiation above; 

YY# JY H
1,'IY" K 	= 	α 

Integrating to the entire time range T where the overall 

decay rate kd covers all the data and the concentration 
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approaches zero (i.e., C = 0 at t = T) 

Y H 1,'IY" 	� 	VS	 � 	<8L�8LM=
S
8;

 

$< 1
,'-=

Y,'Y" 	� 	<8L�8LM=
S
8; 

< 1
,'-=

Y,'Y" 	� 	$<8L�8LM=
S
8; 	� 	$%� 

Where the initial concentration based decay rate K0 is 

given by: 

%� 	� 	 <8L�8LM=
S
8; 

The expression above now becomes: 

Z([
Z\ 	� 	$%�	,'-                              (5) 

Where C is the initial concentration of chlorine, K0 the rate 

constant for concentration based reaction rate. 

Integrating between the initial rate at C0 = 0 and at any 

given initial concentration Co gives; 

] !,'
,'- 	

([
^

	� 	] $%�!"�
\_
�

 

Where β is the initial reaction rate constant when the initial 

concentration of chlorine approaches zero. 

After integration the expression becomes; 

$+ 1,' $
1
β
6 	� 	$	%�"� 

Finally: 

:
([ 	� 	 :β 	T 	%�"�                             (6) 

The regression based modeling is carried out by linear 

regression of (1/kd) against the initial concentration for a 

number of chlorine decay tests carried out at different initial 

concentrations of chlorine. The regression parameters β and 

K0 are determined from this step. 

The expression for the concentration based reaction rate 

constant after the regression parameters have been 

determined then becomes; 

,' 	� 	 β

:	`	βU_\_                               (7) 

The overall decay rate modeling is then obtained by 

combining the traditional first order decay rate with the 

concentration based reaction rate constant. 

!"
!# 	� 	$,'" 

"�#� 	� 	"�
a([* 

Substituting the expression for the concentration based kd 

value in the above equation; 

"�#� 	� 	"�	
aH b
4	cbd_e_I	*                      (8) 

Equation (8) can be used to develop the bulk decay of 

chlorine in distribution systems. Programs such as EPANET 

that are freely available have platforms for modeling chlorine 

residuals. Such programs can be used with the only change 

that the reaction rate constant for bulk decay of chlorine should 

be adjusted for the initial chlorine dose used for the modeling 

in accordance with the equation given in Equation 8. 

3. Results and Discussion 

3.1. First Order Reaction Rate Model for 

Different Initial Concentration of 

Chlorine 

The residual concentrations of chlorine measured at 

different time interval after dosing were plotted against time 

with semi-log scale with the logarithms of concentrations on 

the y-axis against time in days on the x-axis. The results are 

shown in Figure 1 to Figure 4. It can be seen from the plots 

that the data follow generally a first order decay rate model 

which is well established. 

The regression analysis results of the residual 

concentration-time relationship is superimposed on the 

figures and are shown to adequately describe the relationship 

in accordance with the first-order decay rate assumption. The 

coefficient of determination R
2
 varies between 0.89 and 0.95. 

It is also interesting to note that the coefficient of 

determination is strong for low initial concentrations 

compared to high initial concentrations. This is an advantage 

in terms of the validity of using the first order modeling since 

dosage rates are often low for treated water supplies. 

3.2. Concentration Based Variation of the 

Reaction Rate Modeling for Bulk Decay 

of Chlorine 

The reaction rates obtained for the different concentrations 

of chlorine were plotted against the initial concentration and 

are shown in Figure 5. The bulk decay rate is seen to die off 

rapidly with increasing initial concentration of chlorine in 

line with mathematical model proposed. 

 
Figure 1. First order regression model of reaction rate constant with initial 

chlorine residual of 10 mg/L. 
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Figure 2. First order regression model of reaction rate constant with initial 

chlorine residual of 20 mg/L. 

 
Figure 3. First order regression model of reaction rate constant with initial 

chlorine residual of 40 mg/L. 

 
Figure 4. First order regression model of reaction rate constant with initial 

chlorine residual of 100 mg/L. 

Figure 5 also shows that the curve steeps faster at high 

concentration and the overall slope tends to be flatter when 

the initial chlorine concentrations are high. Regression 

analysis with the hypothesized second order rate variation of 

the decay rate is carried out and the result is superimposed on 

the linearized plot of the data and shown in Figure 6. It can 

be seen that the data fit very well this hypothesized model 

with coefficient of determination (R
2
 =0.99). The F test 

results indicate the regression explains the data variation to a 

confidence level of 99.999% (p = 0.001). The t-test for the 

slope of the regression line also indicates the significance of 

the slope being different from zero to a confidence level of 

99.999% (P = 0.001). 

 
Figure 5. Variation of the bulk decay rate with initial chlorine concentration 

(model result). 

 
Figure 6. Second order regression model of reaction rate constant with 

respect to initial concentration of chlorine. 

 

Figure 7. Comparison of second order model prediction of chlorine residual 

with observed chlorine residuals for different initial chlorine concentrations. 

Figure 7 shows the model fits for each of the initial 

chlorine concentrations used in the experiment. The excellent 
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data fit for the first three initial chlorine concentrations is 

apparent. The last data with very high chlorine dose (18.38 

mg/L) does not fit the data well. This is expected and may be 

of no practical consequence as chlorine dosages of treated 

water will not rise to such levels. 

The test for normality of the residuals was carried out after 

the second order chlorine decay rate model was fitted to the 

data based on the variation of the decay rate with the initial 

chlorine concentration. The tests that were used to assess 

normality of the residual are the Q-Q plot and the Shapiron-

Wilk test. The SPSS statistical package was used for the tests. 

The residual data plot more or less as straight-line on the 

Q-Q graph. The one outlier for high concentration is apparent 

though. The Shapiron-Wilk test (Table 1) shows that the 

probability that the residuals are caused by random variation 

is 0.44 which is greater than the 0.01 p level of significance 

needed. The residuals therefore follow normal distribution 

and the model adequately fits the experimentally determined 

data. 

 

Figure 8. Q-Q plot of residuals (Difference between actual and modeled 

chlorine residuals). 

Table 1. Tests of Normality of residuals (SPSS Output). 

 
Kolmogorov-Smirnova Shapiro-Wilk 

Statistic df Sig. Statistic df Sig. 

Residuals .091 48 .200* .976 48 .442 

*. This is a lower bound of the true significance. 

a. Lilliefors Significance Correction 

4. Conclusion 

Modelling of chlorine decay in distribution systems is an 

important exercise for determining the chlorine residuals 

needed to ensure that required water quality standards are 

adequately met. Several models commonly in use such as the 

EPANET require accurate input of bulk decay coefficients 

that are often experimentally determined. 

The theoretical model we built in this research clearly 

shows that the variation of the bulk decay coefficient with 

initial chlorine concentrations can be modelled 

mathematically as a second order reaction. To verify this, 

experiments were carried out for determining the bulk decay 

rate of chlorine residuals at different initial chlorine doses. 

The data obtained fits the proposed second order model 

adequately. The first order model used in distribution system 

chlorine residual simulations such as the EPANET can easily 

accommodate such model as the bulk decay coefficient is 

adjusted according to the model formula that requires one 

additional rate parameter describing the effect of initial 

chlorine concentration. The model that was determined for 

predicting the effect of initial chlorine concentrations on the 

chlorine decay rates is also statistically tested to agree well 

with the observed chlorine concentrations. 

It is widely reported that first order modelling may not 

adequately describe the chlorine decay rate and various 

attempts have been made to identify and model the effect of 

several factors that affect the decay rate of chlorine in 

distribution systems. While the factors are more or less well 

known and empirical formulae are often proposed, 

developing a mathematical model or analytical solutions that 

satisfactorily accommodates such factors is still a challenging 

problem. 

Of the several attempts made in the past to model the 

variable rate of chlorine decay, the work of Phillip et al. 

(2009) is important as it tries to accommodate the chlorine 

concentration, slowest reacting rate and reactant 

concentrations into an empirical second order model. The 

solution, however, remains numerical by trial and error 

besides the model being based on empirical formulations of 

rate variation. 

Our research attempted to develop a mathematical model 

of the chlorine decay rate further from the work of Phillip et 

al. (2009) by working around parameters that are difficult to 

determine such as reaction rates of individual reactants. Two 

models were developed that were based on time-varied and 

time-averaged reaction rates while both were concentration-

averaged. The models developed are integrated in the sense 

that one model can be derived as the special or general case 

of the other. For the time varied model, the parameters 

affecting the decay rate were found to be the chlorine 

concentration and the molar concentration of the low 

concentration reactants as expressed through the ratio of 

arithmetic mean to the harmonic mean of the reactant 

concentrations. For the time averaged model that can be used 

in modelling programs based on first order reactions, the time 

variation of the rate of reaction was additionally influenced 

by the aggregate (total) reactant concentrations. 

While Phillip et al (2009) emphasized that the reaction 

rates were being influenced by the rate of reaction of the 

slow reacting compounds, our model development, however, 

shows that the molar concentrations of the low concentration 

reactants do influence the rate of reaction more than the rate 

of reaction. Additional research work is proposed for 

developing such models further by taking into account 

additional factors such as initial react concentration, low 

concentration reactants and other factors as may be needed. 
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