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Abstract: The strong interactions and the deconfined properties have been hot research topics in the high energy nuclear theory. 

When two heavy nuclei are accelerated to nearly the speed of light and collide with each other, a lot of kinetic energy can be 

transformed into partons. The partons in a small volume can form an extremely hot medium, where quarks and gluons are not 

constrained in a small volume size of the nucleon. Instead, they evolve in a relatively larger volume. The small deconfined 

medium is just like our early universe after the big bang. The extremely hot medium will expand outside, and the lifetime of this 

medium is very small. It cannot be measured directly in experiments. The coupling strength of this new state of the medium is a 

difficult and important problem. The medium coupling strength is closely connected with the heavy quark energy loss. The heavy 

quarks including charm or bottom quarks carry large mass. They are coupled with the medium through color interactions. Due to 

the large mass, their evolutions in the thermal medium can be described by semi-classical theoretical models instead of quantum 

field theories. The acceleration and deceleration of heavy quarks in the expanding deconfined medium are studied in details in this 

work. The change of heavy quarks depends on the velocities and the lifetime of the hot medium. With the strong coupling 

between charm quarks and the quark gluon plasma (QGP), charm quarks can reach kinetic equilibrium. This work builds the 

theoretical models for charm accelerations in the expanding QGP. It can explain the connections between charm quark coupling 

strength and its momentum thermalizations. From the calculations, heavy quarks are strongly coupled with the medium, and 

mainly suffer energy loss in the early stage of the medium evolutions where the temperature is much higher. This means that 

heavy quarks can research kinetic thermalization in the early stage of two nuclear collisions. 
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1. Introduction 

Strong interactions have been widely studied in particle 

physics and nuclear collisions [1-9]. The thermalization of 

heavy quarks in the hot deconfined medium consists of 

partons is an ideal probe for strong coupling constant. In the 

relativistic heavy ion collisions, a strong expanding quark 

gluon plasma (QGP) can be produced, which is believed to 

be the state of the early universe after the Big Bang. The 

kinetic thermalization of heavy quarks and quarkonium 

dissociation [10-13] have been one of hot topics in 

relativistic heavy ion collisions, and can be well described by 

non-relativistic approaches due to its large mass [14, 15]. As 

the heavy quark interactions with the thermal partons 

depends sensitively on the temperature and also their 

momentum, heavy quark accelerations/decelerations in the 

cooling and expanding systems produced in nucleus-nucleus 

(AA) collisions are nontrivial questions [16-20]. In this work, 

a toy model to simulate the expansion of quark gluon plasma 

is proposed, which employs a differential equation to 

describe the heavy quark velocity evolutions. The formulas in 

the model have captured the basic features of heavy quark 

evolutions in the experiments of nuclear collisions. It can 

help to understand the heavy quark energy loss in nuclear 

experiments and the strong interactions. 

In the nuclear reactions, the longitudinal expansion of 

produced QGP, defined as the direction z of nucleus 

accelerations, is pronounced compared with the transverse 

expansion (x,y). Therefore, the Bjorken model with only 

longitudinal expansions have been proposed and widely 

studied many years ago [17]. This research extends the 
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Bjorken expansion with only longitudinal expansion to the 

full 3-dimensional expansions, and the lifetime of QGP 

evolutions is constrained by the conservation of total energy 

of the entire system. 

2. Theoretical Models and the 

Applications 

The particle distribution in the longitudinal directions is 

uniform in the central rapidity, which results in the 

longitudinal expansion with constant speed ��. However, the 

transverse expansion is an accelerating process. Both 

accelerations make the QGP volume of static situation 

(described by Eq.(1)) evolve as Eq.(2). 

V � π � �� � h                             (1) 

V � π � 
r�  �
� a��t��� � 
��  ��t�             (2) 

The initial radius of quark gluon plasma produced in 

nuclear collisions is taken as the nuclear radius r0=7fm. Due 

to the gradients of pressure, QGP transverse acceleration is 

described by axy =0.1 (fm�� ). As the quark gluon plasma 

produced from scatterings needs some time to reach local 

equilibrium, where pre-equilibrium stage is a tough question 

and described by other models, The model starts from the 

time point around 1 fm/c [21]. This gives the initial 

longitudinal length of QGP to be h0 =1fm. With the 

parameters of Eq. (2) fixed by the experiments, the QGP 

expansion becomes 

V � π � 
7  �
� � 0.1 � t��� � 
1  0.8 � t�         (3) 

where height is on z-axis, and radii are on x,y-axis. 

With the conservation of total energy, QGP energy density 

keeps dropping down with its expansion. Lattice QCD 

calculations indicate that the freedom of the systems decreases 

suddenly at the critical temperature, indicating that the partons 

with larger number of freedoms can become hadrons. There is 

a phase transition when the energy density drops down to a 

certain value. Due to the different equation of states of QGP 

and hadron gas, model evolutions stop at the phase transitions, 

and focus on the heavy quark accelerations in the deconfined 

medium. Note that in the hadron gas, charm quarks have 

become D mesons, and the interactions between D mesons and 

other light hadrons are much weaker compared with QGP 

situation, and therefore can be neglected in the calculations. 

With the final charge multiplicity measured by 

experiments, one can obtain the QGP initial energy or the 

temperature in heavy ion collisions. With the fix of total 

energy to be E� , and the energy density �  evolution is 

connected with the QGP volume, see Eq. (4) below. In the 

massless situation, the energy density of thermal bath is 

proportional to the temperature, describe with Eq. (5) 

E� � � � V                                  (4) 

E � !"                                     (5) 

Where T is the QGP temperature, and V is the QGP volume. 

Experimental data of light hadrons suggest the initial 

temperature of QGP at ~TeV nuclear colliding energies to be 

around 400 MeV. With the setting of initial temperature (energy 

density) and expansion formula for QGP dynamical evolutions, 

This work presents the volume evolution as a function of time, 

and temperature evolution is easy to be obtained. 

3. Numerical Results and Analysis 

With the dynamical evolutions of the bulk medium, now 

one can get the charm quark energy loss which is the main 

motivation of this work. The charm quark acceleration or 

deceleration depends sensitively on the coupling constant 

between them and the thermal medium. The parton 

scatterings and emissions from heavy quarks, which 

contribute to the heavy quark momentum change, can be 

simplified as drag coefficients in the heavy quark velocity 

differential equations, such as the widely studied Langevin 

equation [17-20]. 

As heavy quark velocity evolution depends on not only the 

coupling constant but also the relative velocities between 

heavy quarks and the thermal medium. For simplicity, at the 

first step, QGP expansion is with a constant velocity 

acceleration. And the QGP velocity changes with time as Eq. 

(6). Charm quark velocity �# is controlled by the interaction 

strength, and is connected with the difference between its 

velocity and bulk medium velocity, 

v%&' � �� � (                                (6) 

 )*
 � � A � ,�%&' - �#.                         (7) 

vqgp is the velocity of evolution of QGP. A is the coupling 

constant. 

 

Figure 1. QGP volume evolutions as a function of time. 

Charm quarks are produced by perturbative QCD. Their 

velocities satisfy a distribution. Meanwhile, the magnitude of 

coupling constant is still under debate within many 

theoretical models. At the first step, put a static charm quark 
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in the expanding QGP, and employ two different coupling 

constants in the equation of charm accelerations. The basic 

picture is that charm quarks can reach kinetic thermalization 

faster if taking larger coupling constant (larger interactions). 

In the figure below, QGP velocity increases with time (solid 

line), charm quark is heavy and their acceleration is delayed 

compared with the QGP (dashed and dotted lines). After a 

period of time, the heavy quark velocity is smaller than the 

QGP velocity which is natural. With larger A, charm quark 

velocity increases faster with time, see the dashed line and 

dotted line in the figure below. 

 

Figure 2. QGP velocity (solid line) and charm quark velocities with different 

coupling constant (dashed line for A=0.5, dotted line for A=0.3) as a 

function of time. 

As heavy quarks produced in heavy ion collisions carry 

many velocities, the heavy quarks with large velocity may 

suffer energy loss at first in the hot medium, and then pick up 

more energy from the expanding QGP. This makes charm 

quark velocity decreases at first and then increases with time, 

and the accurate tendency depends on both heavy quark 

initial velocity and the coupling constant A. 

The initial velocity of QGP is zero. Charm quark velocity 

is larger than the velocity of thermal medium at the 

beginning of evolutions. This makes charm quarks suffer 

energy loss. At the later stage, QGP develop larger velocity 

due to strong acceleration in the transverse plane, pushes 

charm quarks to a larger velocity at the time scale of t>4 

fm/c. Note that the lifetime of QGP in heavy ion collisions is 

around 5~10 fm/c, which indicates that in the realistic 

experiments, charm quarks should experience deceleration at 

first and then acceleration in the later stage. 

In the above cases, coupling constant is taken as a constant 

value, but actually A will depend on the energy density of 

QGP, and therefore coupling constant changes with time in 

the cooling system. With the basic feature of coupling 

constant proportional to the temperature and the inverse of 

charm quark momentum, one can take the form of coupling 

constant to be 

P# � 0 � �#                                  (8) 

E# � 10�  2#
�                               (9) 

A � T E45                                   (10) 

and the temperature can be extracted from the energy density 

Eq. (5). With the expansion of QGP and the decreases of 

temperature, the coupling constant A evolves with time. 

 

Figure 3. QGP velocity increases with time (solid line). Charm quark initial 

velocity is taken as 0.3c, coupling constant is taken as A=0.5 (dashed line) 

and A=0.3 (dotted line). 

In Figure 4, it shows time dependence of coupling constant 

in the cooling system. Apparently, the value of A keep 

decreasing until the phase transition. The slopes of charm 

quark velocities in Figure 5 are much smaller than the slopes 

in Figure 2 and Figure 3. It means charm quark acceleration 

in the expanding QGP becomes smaller when employing 

more realistic time-dependent coupling constant, which 

decreases with time. 

 

Figure 4. Coupling constant evolves with time in the expanding QGP. 

Further, this work also extends the model to a more 

general situation. In the low colliding energies, the final 

charge multiplicity is not uniform in the central rapidity 
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region, which means the QGP is not expand 

 

Figure 5. Charm velocity evolves with time, and the coupling constant 

depends on time. Solid line is for QGP velocity, dashed and dotted lines are 

for charm velocities, with different initialization of 0 and 0.3. 

as a “cylinder”, instead, its shape in each time step looks like 

“rugby”. The transverse radius of this “rugby” at each 

longitudinal coordinate z is specified as Eq. (11). The 

parameter σ  in Eq. (12) is determined by the final light 

hadron distributions measured by experiments. In the lower 

colliding energies, σ  becomes larger. The QGP shape as a 

function of longitudinal coordinate z is plotted in Figure 6. 

 

Figure 6. QGP shape as a function of longitudinal coordinate z at different 

time step, calculated with Eq. (11-12). 

y � 8r�  �
� � 9�� � t�: � ;

<=>
>�?>                (11) 

σ � 0.5 � �
� � �� � t                          (12) 

In the function (11) and (12), the value of each parameter 

is as same as functions above. 

The graph below depicts the outline of the QGP at 

different moment. Apply the Trapezium Rule to simulate the 

Solid of Revolution, one can obtain the QGP volume at each 

time step by the integration 

V � π B C� DE�
��                                (13) 

V � π B F��  
�
� 9��(�� � ;

<=>
>?>G�

HI
> J)K�

�HI
> �)K�

DE               (14) 

This extended model approaches to the first model at high 

colliding energies at Large Hadron Collider, and can give 

more realistic simulations in the low colliding energies such 

as at Relativistic Heavy Ion Collider. 

4. Conclusions 

In summary, This work builds a model for quark gluon 

plasma expansion produced in relativistic heavy ion collisions. 

In the cooling system, This research studies the heavy quark 

velocity evolutions due to their strong interactions with the 

thermal partons. One can find that the charm quarks with 

different initial momentum or velocity, experience different 

acceleration/deceleration at the different stage of QGP 

expansions whose velocity increases with time. The charm 

quark interactions with thermal medium also depends on the 

temperature, which can make charm quarks suffer strong 

energy loss at the early stage but are less affected in the later 

stage of QGP evolutions. This can help to understand the 

charm kinetic thermalization in the cooling systems. 
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