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Abstract

90 years ago John R. Carson had published his well-known article devoted to the study of
earth influence on propagation of electromagnetic waves along long lines. The Carson
integral determines earth’s contribution to the some parameters of double-wired aerial
system, such as intensity of electrical field and mutual impedance and also to the magnetic
vector potential of a single aerial wire. It have had great importance for the areas of
computation and modeling of switching and atmospheric overvoltages in high-voltage
electric power systems, electromagnetic compatibility, high-frequency relay protection and
communication in electric power systems and other ones concerned to propagation of
electromagnetic waves along long lines. The history of the problem and integral formulated
by Carson and its development during the last ninety years is considered in the present paper.

1. Introduction

Intensive development of electric power transmission lines and systems and wire
communication taken place in the first quarter of the previous century had required formation a
comprehensive theory of electromagnetic waves propagation along long electrical lines.
Obviously the adequacy of this theory depended on consideration of the most influencing
factors in the formulae and conditions included in the mathematical models.

One of the most influencing phenomena in this connection is interaction of
electromagnetic waves, propagating along electrical lines with earth having impact to the
some parameters of double-wired aerial line, such as intensity of electrical field and
mutual impedance (determined via so called ground return parameters) and also to the
magnetic vector potential of a single aerial wire.

The problem of determination ground return parameters had been firstly given and
solved by John R. Carson in [1]. The ground return parameters were studied here for the
case of homogeneous quasi-conductive half-cylindrical infinity earth. Carson considered
the system of two parallel wires with ground return which is a basic one because that
solution obtained may be extended for the multi-wired systems [2]. Assumptions done in
[1] especially neglecting of displacement currents in earth and air led to notable
dependence of solutions adequacy on frequency. Thus neglecting of displacement currents
in air restricted the adequacy band within quasi-stationary frequencies, in earth — within
frequencies corresponded to quasi-conductive earth.

The Carson integral is expressed as the following:

Z=R+joL
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In the given formula Z is modified linear impedance,
Ohm/m; R is ground return resistance, Ohm/m; j is imaginary
unit; w is angular frequency, rad/s determined as w=2xf; L is
ground return inductance, H/m; x4 is magnetic permeability,
H/m; y is ground’s specific conductivity, S/m; 4, and 4, are the
mean highs of the two-wired system conductors with indexes
m and n; a is the projection of distance between these
conductors to the horizontal plane [1].

The geometrical parameters in the Carson problem are
presented below in the Fig. 1. The distances D,, and d,,
determine double-wired aerial line’s mutual inductance with
no taking into account earth contribution (see [1]), m’ and n’
are the mirror reflections of the wires m and n respectively.

Fig. 1. Geometrical parameters in the Carson problem.

2. Initial Period Approximate
Solutions

Carson had obtained the solution of the integral (1) due to
indirect integration. The solution 1is expressed via
anonymous series formulae for small values of argument,
and asymptotic formulae for large values of argument. The
worst exactness of the solution takes place at intermediate
values of arguments.

If characterize in general the solution obtained by Carson it
may be noticed that its adequacy depends on frequency, at this
the less exactness takes place at intermediate arguments [1].
The solution given in [1] cannot be physically interpreted.

It must be noted that in the same time with J. Carson the
problem had been studied by F. Pollaczek [3]. So some
researchers call the problem and its solutions both by names of
Carson and Pollaczek.

The Carson integral and solution presented in [1] have had
the great importance in several areas including
electromagnetic waves’ propagation along long lines,
computation and modeling of switching and atmospheric

overvoltages in high-voltage
electromagnetic compatibility etc.

Remind that just the formulae for the impedance of
double-wired electric line passing above superconductive
infinity earth (so called Lecher’s line) were known before the
above-minded articles of Carson and Pollaczek. In this
formulation of the problem earth gives no contribution in the
line parameters i.e. for this case there are zero ground return
parameters [4].

The integral formula given by Carson for conductive
homogeneous earth was extended for the case of earth having
dielectric properties via presence dielectric permittivity of
ground in the integrand by W. H. Wise [5]. The corresponding
Wise modification of the Carson integral is as follows:

electric power systems,

7 = . WY oo exp[—(hpy+hp)A] cos(ar)
=) T 70 A+/AZ+j[opy+HwZu(e—gy)]
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where £,=107/(36m), F/m is the dielectric constant.

Unlike the first expression offered by Carson in [1] its Wise
modification and corresponding solution allow take into
consideration longitudinal displacement currents in earth and
determines ground return parameters in quasi-stationary
frequency band. Alike the Carson solution the Wise one is less
exact in intermediate argument’s band and cannot be
physically interpreted because of anonymity of series and
asymptotic formulae included in the solutions.

Add that during a few years after 1926 there were published
some other notable papers e.g. [6, 7]. In particular, in [6]
Carson showed that the ground return impedance is
substantially independent of the depth of the wire below the
surface.

One of the general features of the above-minded solutions is
that they are approximate ones. The further developing of the
problem is discussed below.

3. Further Developing and Analytical
Expressions

There were published dozens of articles and papers
concerned to the problem under consideration in the second
half of the previous century.

In [8] was given a comprehensive theoretical background of
the Carson problem.

In [9] ideas of Carson and Pollaczek had been extended to
cases of three-phase power transmission lines.

In [10] the approximate formulae for determination a
module and phase of complex mutual impedance between
single-wired lines taking into consideration finite conductivity
of ground were obtained. The cases of lines crossing and their
parallel and oblique approach were considered. The standard
method of separation of real and imaginary components of
integrand used in the work led just to increasing of
independent variable power and did not allow obtain an exact
analytical solution of the Carson integral.

In [11] L. Perelman presented a new analytical expression
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of Carson integral for homogeneous ground got by direct
integration. The Perelman solution is as follows:

7 =R +](J)L — 2jop(Kmn ;Rmn‘*‘cmn)' (3)

Where K, is some function of geometrical parameters of

aerial line, physical parameters of earth and frequency that
determined as,

Kottt
mn 2 )
a;, =9(hy, + hy, £ ja),
9= (jwuy)'/?. “)
The necessary condition of adequacy of these formulae is

Re() > 0.
The second item of the above-presented solution contains
the first-order Neumann function N; and given by,

_ ﬂNl(a1) + T[NZ(QZ) + OSZ(_l)L
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The third one — the zero-order Hankel function of the first
kind H} that expressed as,
i 251
Grn ~ jno Hoz(:ZO amn) (6)
here o, m, and k are some wave propagation factors (see [11]).

In this view we would like to notice the following features

of the Perelman solution:

* unlike the Carson solution it (the sum of the first and
second items) is exact in the intermediate argument’s
band;

* it is more exact in the quasi-stationary frequencies band
in comparison with the Wise solution. Note in this view
that appearance in the solution the Hankel function is
conditioned by taking into consideration longitudinal

displacement currents;
* unlike the anonymous series and asymptotic formulae in

the solutions got by Carson and Wise it includes some
known specific functions (the Neumann function »; and
the Hankel function H} ). This eases estimation of
exactness of approximate solutions and gives
presuppositions for physical interpretation of solutions.
Note in this connection that the Hankel functions are the
only ones approached to zero at approaching complex
arguments to infinity [12].

For easement of calculation by the formulae given in [11]
there had been worked-up the tables presented in [13].

In [14] was presented a solution of the Wise modification
for the case of the earth assumed to consist of a homogeneous
stratum of a specified depth of one resistivity above a second
homogeneous semi-infinite earth of different resistivity, i.e.
there had been considered and solved the problem for
two-layered earth in which layers is differed just by resistivity.
As much as we know this was the first (or at least one of the
first) researches of the problem under consideration for
non-homogeneous ground.

In [15] was presented a solution for vector potentials in the
problem considered given in formulation of [14] for a very
general case free of the previous simplifying assumptions.
Generality of the solution presented in [15] is ensured by
specifying the vector potential as the sum of complementary
magnetic and electric-wave components, in each of the two
regions. The solution obtained is also extended to the
multi-conductor case (e.g. three-phase aerial power
transmission line). Note that the solution considered is
concerned just to vector potential.

Another work dedicated to studying vector potentials in the
Carson problem is [16]. A solution presented here by V.
Bursian contains the difference of the first-order Struve and
Neumann functions that let us give deeper physical
interpretation of the solution.

Later it was obtained and presented in [17] a new analytical
expression for ground return parameters at intermediate
arguments which also included the first-order Struve and
Neumann functions and its approximations for high and low
frequencies. In [18] was got the following formula expressing
ground’s impedance Z as a sum of the first-order Struve and
Lommel functions.

R +joL = Zkg [Hy (x1) = S1(x1)] + Zkga[Hi(x2) — S1(x2)]- @)

Where Z = (1+))(wu/2y)"? is the homogeneous earth wave
impedance; K,; and K, are the coefficients depended on aerial
line’s geometrical parameters; x; and x, are arguments of the
Struve and Lommel functions depended on line’s geometry
and depth of penetration of electromagnetic wave in ground
[17]; H, is the first order Struve function; S; is some first-order
Lommel function (see [18]).

There was given the physical interpretation of these
functions, the Struve function as one presenting the
component of solution related with static potential of electrical
charges and the Lommel function as one related with changed
magnetic field of current [17, 18].

In [19] the solution got in [17] had been extended to

quasi-stationary frequencies band, the appropriated high and
low-frequency approximations were got. There also was
evaluated the maximum border frequency at which
electromagnetic waves propagated along aerial lines may be
considered as flat ones.

There would be right to remind some other notable works
concerned to the considered problem especially [20, 21, 22]
where the computational features of the problem were studied
and also [23, 24] in which some physical phenomena and
features related were analyzed.
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4. Ground Return Parameters for the
Case of Non-homogeneous Earth

As it is seen from the above given analyze the solutions of
the Carson integral for electrically homogeneous ground have
been obtained either as approximate and exact ones. It means
that this integral does exist in the terms of general value.

As much as we now there have been published just a few
works on existence of Carson integral’s solution for the case of
non-homogeneous earth.

In particular, in [25] was got a principal value of Carson
integral for non-homogeneous earth. As it had been shown
later the integral under consideration does not exist in the
terms of general value [26].

Let us now consider the known approximate solutions for
the case of heterogeneous (multi-layered) ground.

Computation of Carson integral for multi-layered earth
requires implementation of calculations using digital methods
by the following formula (e.g. see [25]):

7 — . Wi oo exp[—(hm+hp)A] cos(ar) dn
o fo \/7\2+i[®HV1+]'0)2H(€1—50)] ¥
A

Where 4 is a function containing the information on layers’
parameters such as their depth, conductivity, dielectric
permittivity and magnetic permeability. E.g. for the case of
three-layered earth it is expressed as follows:

A = coth

_jKldl + COth_l I:\/E:: COth (_]szz +

coth_l\/%)”. )

Where d; and d, are the depths of the upper and second
layers of multi-layered ground, wave factors k;, k; and k; are
determined correspondingly as follows:

k, = \/_(Yl + jwe)(jou,),

k, = \/_(Yz + jwgy) (jouy),

(10)

Computation of return parameters through the
multi-layered ground is not trivial problem and it has some
features. Fortunately for the high frequencies there is possible
to make it solving easier.

Due to the skin-effect in earth for high frequencies of
electromagnetic waves propagated along electrical lines there
has taken place very little differences between ground return
parameters calculated for homogeneous and heterogeneous
(multi-layered) earth respectively. For high frequencies it was
offered to consider heterogeneous earth as a homogeneous one
having electrical parameters of the multi-layered earth’s upper
layer [27].

This offering was developed later in [28, 29]. In particular,
in [28] some features of calculation ground return impedance

ks = /—(ys + joes) jops).

of double-wired aerial line passing above the multi-layered
ground are considered in the article. The conditions at which
the three-layered ground can be presented as homogeneous
medium having parameters of the ground’s upper layer were
determined for the two typical structures of multi-layered
ground, in [29] the corresponding errors of such a presentation
and their frequency dependences were evaluated for some
earth’s structures and parameters.

In the Fig. 2 are presented relative differences of Z(f) values
for multi-layered and homogeneous earth at different depths
of layers of multi-layered earth calculated for the case of the
structure “fresh water — granite — basalt” [28].

120 ‘ ‘
\ | |
w w —— d1=50m, d2= 250m
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Fig. 2. Relative differences of ground return impedances against frequency
for the structure “fresh water— granite — basalt”.

As it is seen from this figure there takes place consistent
decreasing of relative difference at increasing of frequency
that means consistent convergence the Z(f) characteristics for
multi-layered (three-layered in the considered case) and
homogeneous ground conditioned by skin-effect.

There is necessary to remind the notable contribution has
been made to the problem considered by A. Ametani and his
co-authors. Their researches cover a wide area including
determination of induced voltages in some transitional
regimes (e.g. see [30, 31]), fundamentals of wave propagation
theory (e.g. see [32, 33]) etc.

There have been other researchers but above reminded ones
who have studied the problem under consideration. The
authors of the present paper are apologizing for the
impossibility to remind all the researchers have contributed in
the theory and applications of the Carson integral.

5. Conclusion

The Carson integral, formulated ninety years ago, has had
great importance for the problems associated with
electromagnetic waves propagation along long lines (research
of transitional processes and electromagnetic compatibility in
electric power systems and designing high-frequency relay
protection and communication, electric prospecting), taking



International Journal of Electrical and Electronic Science 2016; 3(3): 13-18 17

into consideration influence of earth. There were solved
several problems and obtained numerous solutions for the
intensity of electromagnetic field, ground return parameters
and magnetic vector potential at different frequency bands
corresponded to the small, intermediate and high arguments,
earth structure (homogeneous and multi-layered), investigated
existence of the Carson integral for multi-layered earth in the
terms of general and principal values and other results during
these years.
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