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Abstract

In recent years, the repair of damaged reinforced concrete members using Near surface
Mounted (NSM) technique has proven its success in structural rehabilitation and
upgrade. The NSM technique using carbon fiber reinforced polymer (FRP) laminate
strips is now a well-established process for the strengthening/retrofit of reinforced
concrete structures. The amount of analytical studies for predicting the flexural capacity
of RC beams strengthened with carbon FRP laminates using NSM technique is
constantly rising to the point that a design guidelines to such applications were
introduced. This paper investigates the flexural behavior of reinforced concrete beams
strengthened with carbon FRP laminates using NSM technique. The objective of this
study is to provide an efficient and direct computational analysis for the evaluation of the
flexural strength capacity of the carbon FRP reinforced concrete sections. The analysis is
based on common principles of equilibrium equation and compatibility of strains of
simply and doubly reinforced rectangular and “T” concrete sections. To ensure ductile
failures, expressions for upper and lower values of the characteristic carbon FRP
reinforcement ratios were derived using the CBA 93 model for concrete. Design
nomographs to materialize the implementation of the procedure were developed and a
parametric study was performed. The solution, using the developed equations is
compared to some experimental data available in the literature. The comparison showed
the validity and the effectiveness of the present design equations in accurately estimating
the flexural capacity of simply and doubly reinforced concrete rectangular and “T”
sections strengthened with carbon FRP laminates strips.

1. Introduction

The rehabilitation of under-strengthened or damaged reinforced concrete members by
external bonding of Fiber-Reinforced Polymers (FRP) materials have been used
extensively and becoming increasingly popular in the world of construction. The use of
FRP sheets and strips for the repair of different constructional elements offers several
advantages namely resistance to corrosion, light weight, high strength and facility in
handling. Experimental studies [1-8] have shown that the flexural strength capacity of
concrete beams is significantly increased by the use of the FRP on the surface of the
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elements to be strengthened. The increase depends on many
factors such as longitudinal steel ratio, FRP ratio, concrete
compressive strength, FRP mechanical properties and the
level of damage.

One of the popular methods in the strengthening of
reinforced concrete (RC) beams is by providing externally
bonded reinforcement (EBR) made of fiber-reinforced
polymer (FRP) laminates for additional flexural resistance.
However, many tests carried out on RC beams strengthened
for flexure with externally bonded FRP materials indicated
low efficiency of this technique, caused by premature FRP
debonding failure [8-12]. Furthermore, the main deficiencies
in the performance of EBR technique are susceptibility to
damage from collision, fire, temperature variation, ultraviolet
rays, high possibility of brittle failure mode that it mostly due
to premature debonding of FRP sheet from the concrete
substrate and vulnerability of FRP materials against the
environmental conditions. Near surface mounted (NSM)
technique has become promising and attractive for flexural
strengthening of RC beams. The NSM technique consists in
applying carbon fiber-reinforced polymer (CFRP) laminate
strips into slits opened in the concrete cover of the elements
to be strengthened. A normal cold cured epoxy based
adhesive is used to bond the CFRP laminate strips to
concrete. Due to better anchorage of embedded NSM FRP
reinforcement, this technique has been significantly more
efficient than EBR system [7, 8, 11].

Many experimental tests indicated benefits of NSM
technique such as: (a) increase in the load carrying capacity
of RC members and easy to apply [8, 11-15], (b) postponing
or even eliminating the debonding phenomenon, (c)
possibility of using this technique in the negative moment
region of flexural frames, (d) preserving strengthening
materials against sever environmental conditions (such as:
mechanical impacts, abrasion, fire, freeze/thaw cycles and
UV radiations) [11, 15]. Also in this technique, the
strengthening materials are embedded in the concrete cover
and are confined with the concrete sides of the grooves,
which further eliminates the debonding phenomenon.
However, the performance of the NSM technique seems to be
controlled entirely by the bond behavior of the interface
laminate adhesive-concrete [16-20].

Several analytical techniques [21-28] for evaluating the
ultimate flexural capacity of concrete section strengthened by
FRP laminates have been reported. In this study, a
straightforward analytical procedure for the flexural analysis

of reinforced concrete rectangular and "T" sections
strengthened with FRP reinforcement is presented.
2. Section Analysis
2.1. Failure Modes
The possible failure modes of beams flexuraly

strengthened with NSM CFRP reinforcement are of two
types: those of conventional RC beams, including concrete

crushing or NSM CFRP rupture generally after the yielding
of internal steel bars, for which the composite action between
the original beam and the NSM CFRP is practically
maintained up to failure, and “premature” debonding failure
modes which involve the loss of this composite action.
Although debonding failures are less likely a problem with
NSM CFRP compared with externally bonded FRP, they may
still significantly limit the efficiency of this technology.

In existing research on NSM-FRP reinforcement, FRP bars
of various shapes have been used as well as narrow strips. In
particular, the latter have been shown to be the least prone to
debonding from the concrete substrate [29-31], for two main
reasons:

- They maximize the ratio of surface to cross-sectional
areas, which minimizes the bond stresses associated with a
given tensile force in the FRP reinforcement;

- The normal stresses accompanying the tangential bond
stresses, which in the case of NSM round bars tend to split
the epoxy cover and the surrounding surface layer of
concrete, act in this case mainly towards the thick lateral
concrete so that splitting failure becomes less likely [32, 33].

When the FRP NSM system is properly designed, the
expected failure modes are the concrete crushing and steel
yielding, steel yielding and FRP rupture or steel yielding and
FRP debonding. The internal cross-section equilibrium is
achieved by the balance between concrete in compression
and the contribution of both longitudinal steel and FRP in
tension. Hence, the most efficient design solution will be the
one which explores more efficiently the reinforcement
materials (steel and FRP) thus conducting to concrete
crushing after longitudinal steel yielding being the FRP
safely close to failure. This leads to a ductile failure, with all
materials being used up to their capacity. The last two failure
modes (steel yielding with FRP either in rupture or
debonding) are the most difficult to prevent because the
existing prediction models of bond strength are not robust
enough yet. As a result, there is significant uncertainty
regarding the definition of the critical failure mode, hindering
the quality of strength predictions even for concrete crushing
failures. In fact, if it was possible to predict the highest load
that the FRP can attain without debonding, then it would be
possible to design the FRP system not failing in tension.
Then, it would also be possible to check, by the internal
cross-section equilibrium, whether or not the concrete
strength allows full load transfer [15, 34]. In practice, if
necessary, provision of adequate end anchorages at the ends
of the FRP strips and at critical sections along the span such
as: U, L and X shaped wrappings can contribute to postpone
or even eliminate the debonding phenomenon [35, 36].

In the present analysis, it is assumed that the beam is
properly detailed so as to preclude debonding failure modes.

2.2. Assumptions of Present Analysis

The design equations presented herein are based on the
following assumptions:
a) Linear strain distribution across the section depth.
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b) Compressive force in concrete, at crushing, is
determined by an equivalent rectangular stress block as
proposed by the CBA 93 [37]. The ultimate
compressive strain in concrete is assumed to be 0.0035.

c) Tensile stresses in concrete, at ultimate strength, are
ignored.

d) Reinforcing steel is assumed to have elastic-perfectly
plastic response.

e) FRP behaves linearly up to brittle failure since its fibres
are aligned with the beam axis.

f) Perfect FRP strip bond is considered for strain
compatibility equations.

g) The governing failure mode is concrete crushing,
preceded by steel yielding, prior to FRP rupture. A
minimum FRP ratio is formulated to ensure this failure
mode.

3. Rectangular Section

The procedure formulated in this study utilizes the direct
principles of equilibrium equation and compatibility of
strains of simply and doubly reinforced rectangular and "T"
concrete sections in order to determine the flexural strength
design of FRP-strengthened beams. They differ from the
current state of the art iterative procedure which often leads
to tedious calculations. It is assumed also that the beam is
designed so that shear or debonding should not precede other
type failure modes.

Referring to Figure 1, the force equilibrium condition for
the tension failure mechanism in a singly or doubly
reinforced concrete beam is as follows:

A
==----
Afl Pz
bo g_f’ Tt‘
e

Figure 1. Doubly reinforced rectangular cross-section with strain
distribution and force profile.

3.1. Case of Simply Reinforced Concrete
Section (Assuming: 4, =0)

0.85/,%0.8b,x= A, f, + A f; (1)

The FRP steel ratio can be obtained from equation 1 in a
non dimensional form as:

P, =0.68a~——-p — 2
! fr Sy @

The expression of the ultimate moment of resistance may
be obtained by summing the moments of the forces acting on
cross section about the centroid of the FRP tension steel:

M, =085/ x0.8b,x(d, -0.4x)- 4, f,(d, -d) (3)

Rewriting in non-dimensionless form leads to:

4, =0.68a(1-0.4a) - p, Q[l —di] (4)
f

c

3.2. Case of Doubly Reinforced Concrete
Section (AS # 0)

According to Figure 1, the force equilibrium condition
gives:

0.85/,%0.8b,x+ A f, = A f, + A, f; ®)

Or, in non dimensionless form:

Py :%I: O.680’f; +/0;fv' _psfy:| (6)

The sum the moments of the forces acting on cross section
about the centroid of the FRP tension steel is:

M, =085f,x0.8b,x(d, —0.4x) =4, f,(d, -d) +
Af(d;-d) (1)

The non dimensionless moment is expressed as:

7 :0.680'(1—0.40’)+,0;%[1— d ]— psf—y'[l—i] (8)

9 VAN
A, A
where p, = L P, =——, a=-" and 4, = ———.
b, df b,d, d, b,dy f,
Using strain compatibility, the strain in the FRP strip £,
is given by:
dr—x
g =t s, ©)
X

S X . .
Considering that @ = ——, the above equation is rewritten
h

1
E,=|—-1|¢&
f [a j cu

Where €, is the FRP strain at failure, considering zero

as follows:

(10)

initial concrete strain during strengthening, the actual tensile
stress in FRP strip is can be expressed as:



4 Brahim Bousalem et al.: Flexural Analysis of RC Rectangular and T Beams Strengthened with NSM FRP Reinforcement

1

3.3. Minimum FRP Reinforcement Ratio in
Simply RC Rectangular Section

As stated earlier, the desired mode of failure is yielding of
steel reinforcement followed by concrete crushing prior to
FRP rupture. The latter cannot be guaranteed unless the FRP
stress, at concrete crushing, is lower than its design ultimate
strength f, . This may be conveniently prescribed by keeping

the FRP ratio greater than that minimum needed to attain
FRP design ultimate strength ( /5, ) upon concrete crushing.

Accordingly, the strain compatibility and force equilibrium
equations are used to define such a ratio. If Eq. (2) above
yields a lower FRP ratio, the minimum should be obviously
used to avoid any possible FRP rupture failure. Thus Eq. (2)
is used to provide the minimum FRP ratio by defining the
corresponding strain distribution where:

£, _EutEp 0.0035
U = X =—"" d.
Yo dy 00035+, (12)
0.85 £, b, 0.8% = A, fo+ Aronin [ =
fix fy
=0.68-2 13
P min ffu df P ffu (13)

Except for lightly reinforced sections, the second term of Eq.
13 is typically larger than the first term, yielding negative values
of P, which indicate that reaching FRP design ultimate

strength ( f%, ) prior to concrete crushing is not possible.

3.4. Maximum FRP Reinforcement ratio in
Simply RC Rectangular Section

To ensure ductile failure, steel yielding needs to take place
prior to concrete compression failure. This can only happen if
the area of FRP strip is kept lower than that causing balanced
failure (i.e. simultaneous yielding of steel and crushing of
concrete). Thus, the maximum FRP ratio may be expressed
in terms of the difference between the balanced and actual
steel ratios of the original un-strengthened section, as
follows:

gcu — ECu +gy Xpal = 0.0035f = 70700_'(_) N d 14
T g T 00035+ fo (14)
bal E

s

ds
=SErpa =| 1|
Xpal
£,y =0.0035| 200 4r (15)
Sbal = 700 d

0.85 1. 0.8x,,, b,

& _ gcu +€fbal

cu

Xbal d f

A St A Er Erpa (16)

Substituting Eqgs. (14) and (15) into Eq. (16) and

rearranging:
Ep&rp 700 d
f—fblpfbal 068L |7 A=
/5 S, 700+ f, d,
Proal = (psbal ps) 17)
ffbal
Afba

where O, = s Erpa 18 given by Eq. (15).

b, df

f d
Pr = Prmax =075 Prpar =Py 7y[1_d_j (18)
¢ A

It is clear from Eq. (17) that cross-sections originally
reinforced with the balanced steel ratio cannot exhibit a
pseudo-ductile failure when strengthened with FRP strips.
Fortunately, in current code practice the steel ratio o, is
limited to 75% of the balanced steel ratio according to the
ACT 318-02 [38]. This same fraction may be used here to
limit the maximum FRP ratio so that the same type of
pseudo-ductile failure is ensured:

Psmax = 07505501, Pr S Prmax =075 (19)
3.5. Minimum and Maximum FRP
Reinforcement Ratio in Doubly RC

Rectangular Section

The derivation of the minimum and maximum FRP ratios
follows analogous steps to those of Egs. (12)—(17) yielding
the following expressions

- Minimum FRP ratio:

fo % fo Ty
pfmm =0.68-— ;m + pb Py (20)

Tu dy " Sw o S
where X, is given by Eq. (12), and f; =7007mn —< (21)

- Maximum FRP ratio:
1
Prmax = (0 75 o * By oar = Py fy) (22)
f/‘ bal
d =X
where fypy = E;| 0.0035—— B < fhu (23)
bal
_— Xpy —d '

and fi,, =700=——< 1, (24)

Xbal

4. "T" Section

"T" sections may be analyzed as a rectangular section if
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the neutral axis depth x at the ultimate state falls within the
slab (flange). In this case, the section is calculated with a
compression face width equal to the effective flange width b.
Therefore the next part focuses on cases where the neutral
axis depth extends outside the flange thickness h,. Referring
to Figure 2, the force equilibrium condition for the tension
failure mechanism and the sum of moments about the tension
force in the FRP reinforcement yields to:

4

Ady gl
b,

*—

Figure 2. Doubly reinforced T-section with strain distribution and force
profile.

4.1. Case of Simply Reinforced Concrete "T"

Section (Assuming: 4. =0)

0.85f,[0.8b,x+(b=b,)h, |=A.f, + A, f; (25

The FRP steel ratio can be obtained from Eq. (25) in a
non-dimensional form as:

— fc' ho [ b _ J:| _ fy
Pr = 0.68a +0.85 —-1 Py ——
a { dp\b fr

(26)

[

where p,, p,and @ as defined above.

M, =0385f,(b=b,)h, (df —h?j
+0.85, x0.8h,x(d, ~0.4x) -4, £, (d, -d) (@27)

Writing equation (27) in a non-dimensional form leads to:

—o0gs| Lyt |t —odd) -0 | —d
y,.-o.ss{b 1]df [1 2d/J+0.680(1 04a) gﬂ[l df}(28)

o

ith 4 = M,
w1 . = -
b,d; f.

4.1.1. Minimum FRP Reinforcement Ratio in
Simply Reinforced "T" Section
The same considerations indicated for rectangular sections
apply for "T" section, thus the minimum FRP ratio is given
by:

P min :0_85f_0 M.ph_o(i_lj _pS& (29)
' ffu df df b, ffu

where x,;, is given by Eq. (12).

4.1.2. Maximum FRP Reinforcement Ratio in
Simply Reinforced "T" Section

max

A similar procedure for determining 0, is utilized for

"T" sections. Two cases are considered:
- The neutral axis falls within the flange (x <1.25h,) Eq.

14 can be used to calculate P

web width b, with the effective flange width b.
- The neutral axis falls outside within the flange

(x>1.25h,) Eq. 14 can be used to calculate oy after

after replacing the beam

replacing the beam web width b, with the effective flange
width b.

1
Afmax = (075Cc - Asfy) (30)
S fbar
with C,=0.85,[ 0.8x,,b, +h, (b=b,)]
Rearranging Eq. (30) in non-dimensional form:
_075/, | 068%, , ooy [ b ] Iy
max ~ 0.85— —~-1 — P 31
4 ffba[ { df df bo ffbal ( )

where x,,, and [, are respectively given by Eqs. (14)
and (23).

4.2. Case of Doubly Reinforced Concrete "T"
Section

The equations governing the FRP strengthening design for
doubly reinforced sections are similar to those of Egs. (25—
28) with the contribution of the compression steel included.
The strain compatibility is used to define the compressive
steel strain, Figure 2:

Sci - Ecu _'85 = E; 200035 1_£ (32)
x d a
with & =
d/v

Using the force equilibrium and the sum of moments about
the centroid of the FRP steel tension force, we obtain the
following expressions:

0.85f,[0.8b,x+(b=b,)h, |+ A f = A f, + A, f; (33)

The same expression in non-dimensional form,

_f ho[b_ﬂ o
Py =--0.68a+085——| ——1||+p,~———0,——
: ff{ dp\b fr Tk

o

S

pf = pfsingly + ps
Ty

(34
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M, =085f,(b=b,)h, (df —h?j
+0.85 1, x0.85,x(d, ~04x)+ 4,1, (d, ~d)
4, f,(d, -d) (35)

In non-dimensional form,

Hy :0.85[£—ljh—0(1— i J
b, Jd, | 2d,

i d fy[ d ]
+0.68a(1-0.4a +ps — 1-— —IOS_' 1-— (36)
( ) I ( dfj L dy

Equation (34) may be directly solved for & if the

c

compression steel has yielded. fs is substituted by f,

assuming that &, > €, . The value of & obtained is then
substituted into Eq. (32) to verify this yielding. If yielding
actually takes place, the solution is complete. Otherwise, f,

is obtained by Eq. (37), then substituted into Eq. (31)
resulting in a cubic expression, which may also be directly
solved for @ using a computer programming.

f, =700 (1——‘{ J
ad,

Once & is found as the lowest positive root of Eq. (31),
Py is determined by Eq. (29). The complete procedure is

37

summarized in the flowchart represented in Figure 3.
The total FRP ratio Pr needs to satisfy the minimum and

maximum limits. The same analogous steps used for doubly
RC rectangular section are employed.

4.2.1. Minimum FRP Reinforcement Ratio in
Doubly RC "T" Section

S ) h ' K ’
pfmin = fc 0.68xmln +(0.85—2 3_1 _|_10Y fs _pXL
' T dy dp\b S Iu

(3%)

0

where x;, and fs are respectively given by Egs. (12) and

1)

4.2.2. Maximum FRP Reinforcement Ratio in
Doubly RC "T" Section

n

3 I ) X f
Py = 0.68M+0.85—”[3—l] oL g
’ f [ bal d f d f b, f [ bal

Srba
where x,,;, frpy and f " are respectively given by Egs. (14),

N

(39)

(23) and (24). To ensure a pseudo-ductile failure type, the
FRP ratio is limited to:

PrSPrmax =0.75074 (40)

5. Capacity Curves

In considering the equilibrium of the section, the ultimate
moment of resistance M, must be greater or equal to the
applied moment M, therefore in Eqs. 4, 8, 25, and 31, 4. is

u
> -
b,dy f,
An iterative procedure was adopted to determine the FRP
ratio p, for each assumed values of o, and 4 . The

replaced by 4, where: (4, =

following flowchart resumes the different steps to be carried
out to perform the various calculations. For the purpose of
illustration, design graphs for both cases singly and doubly
reinforced concrete rectangular and "T" sections are
respectively shown in Figs. 4, 7 and 8 with:

b, =03, b o333 —01, 9209, 1 = 400 MPa,
b, dy ’ ’

£« =30 MPa, p, =0.23 and 0.5% respectively for doubly

rectangular and "T" sections. The exam of Figures 4-10 show
that:

Start analvsis

|

o, . Tol
|

Initialization

Initialize p,

i

Set a value for ps

‘ Calculate o ‘

I
| Calculate 1, |

Change p;

Print p_. p;
1

P. =P, +AP,
I

u,=pn,+Au,

4

Figure 3. Flowchart of the design procedure of FRP strengthened sections.

a) The ultimate flexural capacity of reinforced concrete
"T" is significantly increased with the increase of FRP
strips.

b) This effect is more pronounced in beams having
relatively small steel reinforcement ratio O .

c) The rate of increase in ultimate flexural capacity
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decreases as the FRP ratio is increased.

Be=010—=— 11, = 0.12—&— 1, = 0.14
. w1t = 0.16 —+— 1, = 0.18—=—1, = 0.20 _
Ps =0 —— 1, =0.20 p, =0.23%

- T S T S ALY %Y L |

LA

0.0
0 1 2 3 4
FRP steel ratio p; % FRP steel ratio py%

Figure 4. Design curves for FRP singly and doubly RC rectangular section.

25
0.22 -
—ﬁ-—l'tr = 0,24
o] 22 1 —y, =026
" —{l, 0,28
1.9 ——l, =030
0.18 - fotl
o ——{l; =032
= 1
& 0.16 £ 8
© P
3 13 4 ps =2 0
0.14 - b7
1.0 -
0.12 -

Figure 7. Design curves for FRP singly RC T'Section.
Figure 5. Flexural capacity curves for FRP singly RC rectangular section

(o in %).
25
0.22
2.2 4
0.20 £ o
e
0.18 °
g 16
i 0.16 - 3
= 2 s
&
0.14
1 4
0.12
0.7 . . .
0 1 2 3
FRP steel ratio p;%

Figure 8. Design curves for FRP singly RC T'Section.

Figure 6. Flexural capacity curves for FRP doubly RC rectangular section
(o in %).
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Figure 9. Flexural capacity curves for FRP singly RC T"Section (p, in %).

6. Section Analysis Verification
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0.36

0.34 -

0.32 -

= 0.30 -

=0,75

0.28 1 =1,125

026 ¥ =18
=18

0.24 ; . .

0 1 2 3 4
FRP ratio ps %

Figure 10. Flexural capacity curves for FRP doubly RC T'Section (p; in %).

Most of the experimental results available on this topic do not provide all parameters values so as to perform calculations for
comparisons purposes. The results published by Barros (2005) indicate fortunately all the details regarding tested specimens
and materials. A comparison is therefore made and the results are summarized in Table 1. All beams were tested in four-point

bending over a simple span length.

Table 1. Comparison of results.

b, d A, A f, f, fos Ag E¢ PuEsp. Pu theo.
Beam i ! P Puksp / Puthe
(mm) (mm) (mm’) (mm’) (MPa) (MPa) (MPa) (mm’) (GPa) (kN) (kN) wkxp / LuTheo
V2R2 100 152 339 402 730 530 48 28.5 160 78.5 75.8 1.035
V3R2 100 150 427 402 730 530 43 28.5 160 81.9 83.7 0.978
V4R3 100 155 603 402 730 530 46 42.75 160 94.9 114.1 0.832
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