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Abstract 
In this paper,we define generalized hyperbolic function classes, we study the composition 

operator ��  from Bloch-type ��  spaces to ��,�  spaces and from ��
∗  spaces to ��,�

∗  

spaces. The criteria for these operator to be bounded or compact and Lipschitz continuous 

are given. Our study also includes the corresponding hyperbolic spaces. 

1. Introduction 

Let φ  be an analytic self-map of the open unit disk 1}|<:|{= zz CD ∈  in the complex 

plane .C  Let )(DH  denote the classes of analytic functions in the unit disc .D  The 

symbol φ  induces a linear composition operator φφ �ffC =)(  from )(DH  or )(DB  

into itself. 

The hyperbolic function classes are subsets of the class )(DB  of all analytic functions 

f  in the unit disc ,D  such that 1|<)(| zf  and the hyperbolic derivative of )(B D∈f  

are defined by ,
|)(|1

|)(|
=)(

2

*

zf

zf
zf

'

−
 (cf. [7]). The hyperbolic derivative of the 

composition φ�f  satisfies the equality |)(|))((=)()( ** zzfzf 'φϕφ�  which can be 

understood as a kind of chain rule. The study of composition operator φC  acting on 

spaces of analytic functions has engaged many analysts for many years ([2, 3] and others). 

The problem of boundedness and compactness of φC  has been studied in many 

Banach spaces of analytic and hyperbolic functions and the study of such operators has 

recently attracted the most attention ( [4, 5, 8, 14, 15] and others). If ),( dX  is a metric 

space, we denote the open and closed balls with center x  and radius 0>r  by 

( , ) := { : ( , ) < } ( , ) :={ : ( , ) }, .∈ ∈ ≤B x r y X d y x r and B x r y X d x y r respectively  

A function )(DBf ∈  belongs to α -Bloch space ∞<<,0 αα
B  if 

 .|<)(|)||(1sup=|| 2 ∞−
∈

zfzf '

z

α
α

D
BP||  (1) 

The little α -Bloch space ,0αB  consisting of all αB∈f  such that 
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2

| | 1

(1 | | ) | ( ) |= 0 ( [17])lim
'

z

z f z see
α

−→
−  

Definition 1.1 [9] For 0 < 1,≤α  a function )(DBf ∈  is 

said to belong to the hyperbolic α -Bloch class 
*

αB  if 

 .<)||)(1(sup=|| 2*

* ∞−
∈

α

α
zzff

z D
B

||  (2) 

The little hyperbolic Bloch-type class 
*

,0αB  consists of all 

*

αB∈f  such that 

* 2

| | 1

( )(1 | | ) = 0.lim
→

− α

z

f z z  

Note that when 
*1,= Bα  is the hyperbolic Bloch class 

and 
*

0B  is the little hyperbolic Bloch class [12]. The 

Schwarz-Pick lemma [11] implies )(=*
DBαB  for all 

1≥α  with 1.|| * ≤
αB

|| f  

Let 1<<0 α . We can find a natural metric on the 

hyperbolic α( -Bloch class 
*

αB  by defining 

|,(0)(0)|),(:=);,( *

* gfgfgfdgfd −+−+
αα

α B
B

B ��   

 .)||(1|
|)(|1

)(

|)(|1

)(
|sup:=),( 2

22*

α

α
z

zg

zg

zf

zf
gfd

a

−
−

′
−

−
′

∈DB
 (3) 

2. ω,KQ  Spaces and Hyperbolic 
*

,ωKQ

Spaces 

Definition 2.1([6, 10]) Let )[0,)[0,: ∞→∞K  be 

right-continuous and nondecreasing function, 

∞−∞ <<2,<<0 qp  and for given reasonable 

function ),(0,(0,1]: ∞→ω  an analytic function f  in 

D  is said to belong to the space ),(, qpQK ω  if 

,<)()),((
|)|(1

|)|(1
|)(|sup=||||

),(,
∞

−
−

∫
∈

zdAazgK
z

z
zff

p

q
p'

a
qpK

Q ωω D
D

 

 

If 

0,=)()),((
|)|(1

|)|(1
|)(|suplim

1||

zdAazgK
z

z
zf

p

q
p'

aa −
−

∫
∈−→ ω
D

D

 

then ).,(,0, qpQf K ω∈  where 

,
|)(|

1
log|=

1
|log=),(

zaz

za
azg

aϕ−
−

 

the Green’s function of D  with logarithmic singularity at 

.D∈a  

Also, 

),]1[(,
1

=)( seezfor
za

za
za D∈

−
−ϕ  

2 2
2

2

(1 | | )(1 | | )
1 | ( ) | = ( [13]),

|1 |
a

a z
z see

az
φ − −−

−
 

and the following identity is easily verified: 

2 2

2 2

(1 | ( ) | ) (1 | | )
| ( ) |= = ( [13]).

(1 | | ) |1 |

a

a

z a
z see

z az

φφ − −′
− −

 

For ,D∈a  the substitution )(= wz aϕ  results in the 

Jacobian change in measure given by 
2( ) =| ( ) | ( ).φ '

adA w z dA z  

Remark 1.1 If 1,≡ω  we obtain ( , )
K

Q p q  type spaces. If 

= = 2,q p  and ( ) = ,ω t t  we obtain K
Q . If = = 2,q p

( ) =ω t t  and ( ) = ,pK t t  we obtain pQ . If 1≡ω  and 

( ) = ,sK t t  then 
, = ( , , )ωKQ F p q s  classes. 

Definition 2.2Let : [0, ) [0, )∞ → ∞K  be right-continuous 

and nondecreasing function, 0 < < , 2 < <∞ − ∞p q  and for 

given reasonable function : (0,1] (0, ),→ ∞ω  an analytic 

function f  in D  is said to belong to the space 

),(*

, qpQK ω  if 

 .<)()),((
|)|(1

|)|(1
))((sup=|||| *

*
),(,

∞
−

−
∫

∈
zdAazgK

z

z
zff

p

q
p

aqpK
Q ωω D

D

 (4) 

If 

0,=)()),((
|)|(1

|)|(1
))((suplim

*

1||

zdAazgK
z

z
zf

p

q
p

aa −
−

∫
∈−→ ω
D

D

 

then 
*

, ,0 ( , ).Kf Q p qω∈  For 2 < , 2 < < ,p q≤ ∞ − ∞  and 

*

,, ( , ),Kf g Q p qω∈  define their distance by 
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|,(0)(0)|||),(:=)),(;,( ),(
,),(*

,

*

, gfgfgfdqpQgfd qp
K

Qqp
K

QK −+−+
ωω

ω ||  

where 

 .))(
|)|(1

)),((
|)|(1|)()(|sup(:=),(

1

**

),(*
,

p

p

s
qp

pp
z

qp
K

Q
zdA

z

azgK
zzgzfgfd

−
−−∫

∈ ωω DD

 (5) 

Definition 2.3A composition operator ),(: *

,

* qpQC K ωαφ →B  is 

said to be bounded, if there is a positive constant C  such that 

*),(*
,

||||||
αω

φ B
fCfC

qp
K

Q
≤ .*

αB∈∀ f  

Definition 2.4 A composition operator ),(: *

,

* qpQC K ωαφ →B  

is said to be compact, if it maps any ball in 
*

αB  onto a 

pre-compact set in ).,(*

, qpQK ω  

Lemma 2.1 [17] Let ,<<0 ∞α  then there exist two 

holomorphic maps αB∈gf ,  such that for some constant 

,C  

.0,>)||))(1()(( 2
D∈≈−+ zeachforCzzgzf '' α

 

3. Main Results 

Theorem 3.1 Let .<<2,<0,<<0 ∞−∞≤∞ qpα  

Then the following statements are equivalent:  

(1) 
),(: , qpQC K ωαφ →B

 is bounded; 

(2) 
),(: ,,0 qpQC K ωαφ →B

 is bounded. 

(3) .<)(
|)|(1

)),((
|)|(1

)|)(|(1

|)(|
sup

2

2

∞
−

−
−∫

∈
zdA

z

azgK
z

z

z
p

q

p

'

a ωφ
φ

α
D

D

 

Moreover, if 1,<0 ≤α  then (1)-(3)are equivalent to 

(4) ),(: *

,

* qpQC K ωαφ →B  is bounded; 

(5) ),(: *

,

*

,0 qpQC K ωαφ →B  is bounded; 

Proof:  It is easy to see that (1) implies (2) since 

.,0 αα BB ⊂  

Now we show that (2) implies (3). Let αB∈f  and 

)(=)( tzfzft , 1,<<0 t  then ,0αB∈tf  and 

.|||
αα BB ||||| ff t ≤  We assume (2) holds, we have 

αφωφ B|||||||| |||| ,,, fCfC qpK ≤  for all .,0αB∈f  Let 

gf ,  be two functions from Lemma 1.1, we obtain 

.0,|>)(|)|)(|))(1()()()( 2
D∈≈−+ zeachforzCzzgCzfC ''' φφ α

φφ  

Thus 

)()),((
|)|(1

|)|(1

|))(|(1

|)(|
2

zdAazgK
z

z

zt

zt
p

q

p

p'

−
−

−∫ ωφ
φ

α
D

 

)()),((
|)|(1

|)|(1
))()(())()(( zdAazgK

z

z
zgCzfCC

p

q
p'p'

−
−+≤ ∫ ωφφ

D

 

)|||||||(| ,,,,,,

p

qpK

p

qpK fCfCC ωφωφ +≤  

 .<)||||||||(|| ∞+≤ ppp gfCC
ααφ BB||  (6) 

This estimate together with the Fatou’s lemma, implies that 

φC  is bounded, so (3) is satisfied. 

To prove that (3) implies (4). Let 1<0 ≤α  and 

,*

αB∈f  Then 

 )()),((
|)|(1

|)|(1
))()((=|| *

),(*
,

zdAazgK
z

z
zff

p

q
pp

qp
K

Q −
−

∫ ω
φφ

ω
��

D
||   
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 )()),((
|)|(1

|)|(1
|)(|)))(((= * zdAazgK

z

z
zzf

p

q
p'

−
−

∫ ω
φφ

D

  

 ),()),((
|)|(1

|)|(1

|))(|(1

|)(|
||||

2* zdAazgK
z

z

z

z
f

p

q

p

p'
p

−
−

−
≤ ∫ ωφ

φ
α

α DB
  

and therefore ),(: *

,

* qpQC K ωαφ →B  is bounded if (3) is 

satisfied. 

Note that (4) implies (5) since .**

,0 αα BB ⊂  

To prove that (5) implies (3). First let 1.=α  Suppose that 

),(: *

,

*

,0 qpQC K ωαφ →B  is bounded and define 

.,:=)( D∈ttzzft  Then 
)||(1

||
=)(

2

*

bz

t
zf t −

 and 

.*

,0αB∈tf  Since (5)holds, there is a positive constant C  

such that 

)()),((
|)|(1

|)|(1

)|)(|(1

|)(|
sup

2
zdAazgK

z

z

zt

zt
p

q

p

p'

a −
−

−∫
∈ ωφ

φ
D

D

 

 .|||| * ∞≤≤ p

tfC
B

 (7) 

This with fatou’s lemma yields (3) with 1.=α  If 

1,<0 ≤α  we use the fact that for each function ,*

αBf ∈  

the analytic function ),()( *

, qpQfC K ωφ ∈ . Then using the 

functions of Lemma 1.1 

}||||||{|| 
),(*

,
2),(*

,
1

p

qp
K

Q

p

qp
K

Q
fCfC

ω
φ

ω
φ +  

]))()(())()[((sup{=
*

2

*

1

pp

a

zfzf φφ �� +∫
∈ D
D

)}()),((
|)|(1

|)|(1
 zdAazgK

z

z
p

q

−
−×

ω
 

p

a

zfzf )]()()()[(sup{
*

2

*

1 φφ �� +≥ ∫
∈ D
D

)}()),((
|)|(1

|)|(1
 zdAazgK

z

z
p

q

−
−×

ω
 

p

a

zfzf )]))((()))(([(sup{
*

2

*

1 φφ +≥ ∫
∈ D
D

)}()),((
|)|(1

|)|(1
|)(| zdAazgK

z

z
z

p

q
p'

−
−×

ω
φ  

 )}.()),((
|)|(1

|)|(1

)|)(|(1

|)(|
sup{

2
zdAazgK

z

z

z

z
C

p

q

p

p'

a −
−

−
≥ ∫

∈ ωφ
φ

α
D

D

 (8) 

Then, the condition (3) with 1<0 ≤α  follows. 

We still have to show that (3) implies (1). Assume that (3) is holds, and 
*

αBf ∈  with 1,|||| ≤
αB

f  we can see that 

p

qp
K

QfC ),(
,

|||| 
ωφ )()),((

|)|(1

|)|(1
))()((sup= zdAazgK

z

z
zf

p

q
p'

a −
−

∫
∈ ω

φ�
D

D

 

)()),((
|)|(1

|)|(1
|)(|)))(((sup= zdAazgK

z

z
zzf

p

q
p'p'

a −
−

∫
∈ ω

φφ
D

D

 

 .<)()),((
|)|(1

|)|(1

)|)(|(1

|)(|
sup||||

2
∞

−
−

−
≤ ∫

∈
zdAazgK

z

z

z

z
f

p

q

p

p'

a

p

B ωφ
φ

αα D
D

 (9) 

Then (1) holds, and the proof is complete. 

Theorem 3.2 Let .<<21,<0,<<0 ∞−≤∞ qpα  

Then the following statements are equivalent: 

(1) ),(: *

,

* qpQC K ωαφ →B  is bounded; 

(2) ),(: *

,

* qpQC K ωαφ →B  is Lipschitz continuous; 

(3) .<)(
|)|(1

)),((
|)|(1

)|)(|(1

|)(|
sup

2

2

∞
−

−
−∫

∈
zdA

z

azgK
z

z

z
p

q

p

'

a ωφ
φ

α
D

D

 

Proof: 
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Since (1) and (3) are equivalent by Theorem 2.1, it remains 

to prove that (2) ⇔ (3). 

Assume first that ),(: *

,

* qpQC K ωαφ →B  is Lipschitz 

continuous, that is, there exists a positive constant C  such 

that 

.,),;,()),(;,( ***

, ααωφφ BB ∈≤ gfallforgfCdqpQgfd K��  

Taking 0,=g  this implies 

 .|),(0)|||||||||(||
*

*),(*
,

αααω
φ B|| BB

∈++≤ fallforfffCf
qp

K
Q

�  (10) 

The assertion (3) for 1,=α  follows by choosing 

zzf =)(  in (10). 

If 
1,<<0 α

 then  

||(0)||)(|||)(|
||

0
fdssfzf

z

+′≤ ∫  

|(0)|
)(1

||
2

||

0
f

s

ds
f

z

+
−

≤ ∫ ααB||  

|,(0)|
1

||
f

f
C +

−
≤

α
αB||

 

this yields 

|(0)(0)|
)(1

|
|(0))((0))(| gf

gf
Cgf −+

−

−
≤−

α
φφ αB|||

 

Moreover, from Lemma 1.1, for 
*, αB∈gf , we deduce 

that 

.0,>)||))(1()(( 2**
D∈≥−+ zallforCzzgzf α

 

Therefore, 

|(0)||(0)||||||||| ** gfgfgf +++++
αααα

BBBB
||||||||

 

).()),((
|)|(1

|)|(1

)|)(|(1

|)(|
2

zdAazgK
z

z

z

z
C

p

q

p

p'

−
−

−
≥ ∫ ωφ

φ
α

D

 

For which the assertion (3) follows. 

Assume now that (3) is satisfied, we have 

),(=)),(;,(
),(*

,

*

, φφφφ
ω

ω ���� gfdqpQgfd
qp

K
QK |(0))((0))(|||| ),(

,
φφφφ

ω
gfgf qp

K
Q −+−+ |��  

p

p

q

p

p'

a

zdAazgK
z

z

z

z
gfd

1

2* )()),((
|)|(1

|)|(1

)|)(|(1

|)(|
sup)(,(

−
−

−
≤ ∫

∈ ωφ
φ

α
α D

D
B

 

p

p

q

p

p'

a

zdAazgK
z

z

z

z
gf

1

2
))()),((

|)|(1

|)|(1

)|)(|(1

|)(|
sup(||||

−
−

−
−+ ∫

∈ ωφ
φ

αα DD
B

 

).;,(|(0)(0)|
1

|
*

α
α

α
B

||| B

gfdCgf
gf

≤−+
−

−
+  

Thus ),(:
*

,

*
qpQC K ωαφ →B  is Lipschitz continuous and the proof is established. 

Theorem 3.3 Let .<<2,<0,<<0 ∞−∞≤∞ qpα  Then the following statements are equivalent: 

(1) ),(: , qpQC K ωαφ →B  is compact; 

(2) ),(: , qpQC K ωαφ →B  is compact; 

(3) .<)(
|)|(1

)),((
|)|(1

)|)(|(1

|)(|
suplim 2

2

|>)(|
1

∞
−

−
−∫

∈−→
zdA

z

azgK
z

z

z
p

q

p

'

rz
ar ωφ

φ
αφ

D

 

Moreover, if 1,<0 ≤α  then (1)-(3) are equivalent to (4) ),(:
*

,

*
qpQC K ωαφ →B  is compact. 

Proof: 
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The equivalence of (1)- (3) is similar to that proved in [17]. 

Hence it remains to show that these together are equivalent to 

(4). 

We first assume that (3) holds. Let ,),(:= *

αδ B⊂gBB

*

αB∈g  and 0,>δ  be a closed ball, and let 

Bf nn ⊂∞
1=)(  be any sequence. We show that its image has a 

convergent subsequence in ),,(*

, qpQK ω  which proves the 

compactness of φC  by definition. 

Again, )()( 1= DBf nn ⊂∞
, hence, there is a subsequence 

∞
1=)( j

j
nf  which converges uniformly on the compact subsets 

of D  to an analytic function .f  By Cauchy formula for the 

derivative of an analytic function, also the sequence 
∞

1=)( j

'

j
nf  converges uniformly on the compact subsets of D  

to .'f  It follows that also the sequences 
∞

1=)( j
j

nf φ�  and 

∞′
1=)( j

j
nf φ�  converge uniformly on the compact subsets of 

D  to φ�f  and ,φ�'f  respectively. Moreover, 

*

αB⊂∈ Bf  since for any fixed 1,<<,0 RR  the 

uniform convergence yield 

α)||(1|
|)(|1

)(

|)(|1

)(
|sup

2

22
||

z
zg

zg

zf

zf

Rz

−
−

′
−

−
′

≤
 

|(0)(0)|)||(1|)()(|sup
2

||

gfzzgzf
Rz

−+−′−′+
≤

α
 

α)||(1|
|)(|1

)(

|)(|1

)(
|suplim= 2

22
||

z
zg

zg

zf

zf

j
n

j
n

Rzj

−
−

′
−

−

′

≤∞→
 

.<|)(0)(0)|)||(1|)()(|sup(lim
2

||

δα gfzzgzf
j

n
j

n
Rzj

−+−′−′+
≤∞→  

Hence, .);,( * δα ≤Bgfd  

Let 0.>ε  Since (3) is satisfied, we may fix 

1,<<,0 rr  such that 

.)()),((
|)|(1

|)|(1

)|)(|(1

|)(|
sup

2)|>(|
ε

ωφ
φ

αφ
≤

−
−

−∫
∈

zdAazgK
z

z

z

z
p

q

p

p'

rz
a D

 

By the uniform convergence, we may fix N∈1N  such that 

 .,|(0)(0)| 1Njallforff
j

n ≥≤− εφφ ��  (11) 

The condition (3) is known to imply the compactness of ),,(: , qpQC K ωαφ →B  hence possibly to passing once more to a 

subsequence and adjusting the notations, we may assume that 

 .;,||| 22),(
,

N| ∈≥≤− NNjallforff qp
K

Q
j

n εφφ
ω

��  (12) 

Since Bf j
j

n ⊂∞
1=)(  and ,Bf ∈  it follows that 

)()),((
|)|(1

|)|(1
)]()()()[(sup

**

)|>(|
zdAazgK

z

z
zgzf

p

q
p

j
n

rz
a −

−−∫
∈ ω

φφ
φ

��

D

 

)()),((
|)|(1

|)|(1
),,(Łsup

)|>(|
zdAazgK

z

z
gf

p

q

j
n

rz
a −

−≤ ∫
∈ ω

φ
φ

D

 

),()),((
|)|(1

|)|(1

)|)(|(1

|)(|
sup),(

2)|>(|
* zdAazgK

z

z

z

z
gfd

p

q

p

p'

rz
a

j
n −

−
−

≤ ∫
∈ ωφ

φ
αφα D

B

 

where 

p

j
n

j
n

j
n

zg

zg

zf

zf
gf |

|))((|1

)()(

|))((|1

))()((
=|),,(Ł

22 φ
φ

φ

φ
φ

�

�

�

�

−
′

−
−

′

 

hence, 
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 .)()),((
|)|(1

|)|(1
)]()()()[(sup

**

)|>(|
ε

ω
φφ

φ
CzdAazgK

z

z
zgzf

p

q
p

j
n

rz
a

≤
−

−−∫
∈

��

D

 (13) 

On the other hand, by the uniform convergence on the compact disc ,D  we can find an N∈3N  such that for all ,3Nj ≥  
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where C  is bounded which is obtained from Theorem 2.1. 

Combining (12), (13), (14) and (15) we deduce that 
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Then the sequence 
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1=)( nnf  belongs to the ball 

*(0;3) αB⊂B  (see [9]). We are assuming that φC  maps the 
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From (16) and (17), the condition (3) follows. The proof is 

therefore completed. 

Theorem 3.4 Let .<<2,<0,<<0 ∞−∞≤∞ qpα  

Then the following statements are equivalent: 

(1) ),(: ,0, qpQC K ωαφ →B  is bounded; 
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Moreover, if 1,<0 ≤α  then (1)-(3)are equivalent to 
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That is, ),(: *
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* qpQC K ωαφ →B  is bounded. 
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Then, the condition (3) with 1<0 ≤α  follows, and the 

proof is complete. 

Theorem 3.5  Let .<<2,<0,<<0 ∞−∞≤∞ qpα  
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Moreover, if 1,<0 ≤α  then (1)-(2)are equivalent to 

(3) ),(: *

,0,

*

,0 qpQC K ωαφ →B  is bounded. 

Proof: The proof of (1) and (2) are equivalent is very similar 

to the proof in [17], it remains to prove the necessity and the 
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By (2), the right hand side tends to zero as .1|| −→z  Hence ),,()( *

,0, qpQfC K ωφ ∈  for every .*

,0αB∈f  The 
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Also, where the function ,
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Then (2) is satisfied. The proof is complete. 

4. Conclusions 

Necessary and sufficient conditions are given for the 

composition operator φC  to be Lipschitz continuous, 

bounded and compact composition operator from Bloch-type 

αB  spaces to ω,KQ  spaces,  from 
*

αB  spaces to 
*

,ωKQ  

spaces. 
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