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Abstract

The purpose of this work is the elucidation of the behavior of Cauchy-type integrals near
the boundary semicylindrical domain to 6(8)- characteristics celebrated jordanovic of
closed curves (in the case when 6(8)~0, this class of curves is much wider class of
piecewise-smooth class of curves for which the chord length relation to the pulling
together arch are limited (K-curves), and also in it existence of cusps is allowed). The
main characteristics for functions f € C, - the mixed and private modules of continuity
which was proven continuously extendibility of n —multiple Cauchy-type integral to the
border of the semicylindrical domain and the limit values of the types of Sokhoskiy’s
formulas.

1. Introduction

Let y* be a closed Jordan rectifiable curve (c.j.r.c.) with length [, and diameter dj, in
the complex planes of variables z, (k = 1,n). A bounded domain D;f with the bound y*
we call an internal, the padding of Di U y* we call an external and denote by Dj .

The contours y1,y?2, ....,y™ defines in whole complex space of n variables 2™ various
semicylindrical domains which are obtained by all possible combinations of characters in
the topological multiplication

oot *
Dy X D; X ..x Dy

Among them: one is of the type of D}t X DS X ...x D;f (D; X D5 X ...x D;;), which
we denote by D* (D7); C; are domains of the type of Df X D X ..x Dj_; X D, X
Djiq X ..X Dy (Df X Dy X ..X Dy_y X Dy X Dyyq X ..X Dy) which we denote
by DX, (D,); similarly, C? are domains of the type of

Df X DF X .Xx Dy_y X Dy X Dy X .. X Dg_y X Dy X Dgyq X ... X Dy
(DT X D3 X .. X Dp_y X Dy X Dyyq X . X Dg_qy X D X Dgiyq X ... X D)

which we denote by D¥,,; ( Di,q) and etc..

Borders of all these semicylindrical domains have the common part, namely, A=y x
y2 X ...x y™ which is called the core.

If the function ®(z):= ®(z,2,,..2,) is defined in D* and for an arbitrary t: =
(t1,ty, ... t,) € A there exists
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dt(t) := lim ©(2),
D3zt
we say O (z) is continuously extended up to the bound of D™.
Analogically, define continuously extendibility up to core of
domains D~ D_p(D+p) D_pq(D;p), etc.. The corresponding
limit values of the function ®(z) is denoted by

©=(6), 0%, (1) (03, (8)), @* 0 (0) (97, (1) etc.,
respectively.

If ®(2) is continuously extended up to core from the
domain DY then we say that the function ®(z) is
continuously extendible up to core. We say that a function
®(2) is continuously extended to the given boundary point of

1
(24,25, ..

semicylindrical domain, if the function @ (z) tends to a given
boundary point along any path, while remaining at all times
in this semicylindrical domain. The corresponding limits we
call boundary values ®(z) in this domain, and we denote
them as well as the boundary values ®(z) on the core A, with
the replacement t core of A corresponding boundary point. It
is easily seen that if the function @(z) is continuously
extended to the core A from every 2™ semicylindrical domain
which boundaries have a common core of A, then it will
continuously be extended to any boundary point of each of
these semicylindrical domains.
Let us consider n - multiple integral of Cauchy-type

where f (74,7, ..., Ty) € Cy, C5- is the space of continuous
functions on A.

In the paper [1] was studied the behavior of integral (1) for
smooth contours and functions of Holder's class and in
papers [2], [3] and [4] (for n=2) under some assumptions on
the curves y* and the function f(7) the continuity up to core
of the integral was investigated. In [5] and [6] (for n=2) the
investigation of the integral (1) was extended to a case of
summable density. The papers [7], [8], [9] and [12] are
focused on study the integral near a bicylindrical fields and
[13-16] contain results the behavior of integral Martinelli-
Bochner, which (1) turns into a Cauchy-type integral for n =
l.

In the current work the behavior of n -multiple integral (1)
on the border of semicylindrical domain in terms of the
continuity modulus and 6(8) characteristic curve y* (k =
1,n) is studied under the most common assumptions
concerning function f and curves y* (it was first given in [7],
and then generalized in [10], [15-17].) The paper is organized
as follows: in the next section are presented some results and
notations which will be used in the formulation of the main
theorems. In Section 3 we give our main results and their
proofs.

2. Preliminaries

For the brevity of the writing we introduce the following
notations as in [1]

T = (T, Tz . Tn), t=(t1,ty i, ty), 2 = (21,23, . Zp),

Tfp = (Tl, T,, "'Tp—l' tp, Tp+1, ...Tn),
I:tTP = (tl‘ tz, e tp 1,Tp, p+1r n)]

Ttpq = (Tl' Ty, e Tp—l’ tp, TP+1’ o Tq—l’ tq, Tq+1, o Tn),

Zn) = Gam

lf[(::(ztk :3) dt,drt, ...dt,, (1)
[t,pq = (ty, tr s byt Tp bptts woer bgo1s Tgp Eppts oo n)]
N={12..,n}, Ny = {1,2,..p—1,p+1,..,n},
Npg ={12,.,p—-1p+1,..,g—-1,9g+1,..,n} etc.
tip1=(t1 tr oo tp1s tpyts oo Bn),
tipal = (t1ota oo by bpsts wons bgo1s Egus ey B, EtC.
dt = dt,dt, ... dty, dTp) = d14d7; .. dTp_1dTpyq .. ATy,
dtyg = dt,d1, ... dTy_q,dTpsy ... dTy_1dT4 ... dT, etc..

Ay =y xy? xyPTExyP*hx X y™
Apg =V X Y2 X X yP7Ex pPFE X L xyd7h x yd* x
WXyt
n? = ning . mh, N = N5 e MFoiNpir TR,
Nipq) = MEN5 - Mpet Mgt - Nom1Nas M3, elC..
n n
T—Z= H(Tk = Zy), (t— Z)[p] = 1—[ (tx — Zx),
k=1 k=1
k#pp=1n
T =g =" k=1 (T — 20
p<q k#p.q etc..
p.q=1n

Then be these notations (1) takes form

1 f f(@) e

Let us denote by Af (t; t) the following

Af(f;t):=f(f)—zn:f(np +iif (Tpq) =+
p=1

p=1g=1
<
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+(=1)"" ZZ F(tpg) + (1) 1Zf ) + (D)D),
p=

p=1g=1
p<q

It is easy to verify that holds the identity

f@=f( t)+ZAf Tey; +§n:zn:Af(Ttpq;t)+...+

p=1 q=1
p<q

T Tpges)o oo

holds. Using this and (1) we have

1 Af(t;t H,(z Af Tt
D(z) = —— f AN ot 1) f 22 dry +
Qmi)yr) 1-—2z Zm)" 1 (r— Z)[p
A
n n .
n Z Z p(2p)4(2p) f Af thp AT 4t
ri)n2 (T — Z) val [pal
p=1g=1 Apq)
p<q
;{ z
( )pg f J- qu ) dr,dtg +
p (Zm) (0 — Zp)(fq =)
p<q
n Af
u(z
£ ()F”]f (b )drp—i-;{(z)f(t)—
2mi Tp — Zp
p=1 yP
=¥"(2) + ¥t (ztp) + W (thq) ot W (tzpq) + ¥ (tzp) +n(2)f(t), 2)
1 dr; . -
where #(2): = 31 (21)5(2,) ot (2), #:(2) = - [ 4 Ti_’Zi,L =1,n.
The integrals on the right hand side in (2) we consequently The function @, (6) is chosen as the main characteristics of
denote by the curve y*. Monotonically increasing function 6} (8)

defined by
Y (2), l‘UPn_l (th) l‘upq (prq) " [‘UPZQ (tzpq) ’ lppl (tzp)’ 07(8) : = sup{y: 0, (y) < 8,8¢(0,d, ]}

X ) ) _ is called a generalized inverse with respect to 6,(8). The
Let y* be a closed rectiable Jordan curve (c.rj.c.) t}\’f ~  concept of generalized inverse function is introduced and
t(s), (0_ < sk < b, b be. the length (_)f the curve and y*be  gyydied in [8]. To investigate the behavior of integral (1) on
an equation of the curve in arc coordinates k = 1,n. Let us ¢ boundary of semicylindrical domain appears the
denote following main characteristics to function f € Cj:
0(ty, 5) = mes{‘reyk: |Ttk _ Tl <45,56€ (0, dk]}: 1). mixed continuity module (for the case n = 2 was given

in[11])

which will be further used.

dk = Sup|‘[k - tkl 9k(5) = Sup g(tk, 5) 1,n

T treyk treyk
WM (581,820 ) §n) w"(f,$)
w¥(6) = wY (8,6, ...,6,) = 6,6,..6, su 2228 O = § sup————F,
4 U " 1 "5251,...,5125,1 $182 - &n Eag ¢
where
8;>0,i=1n o"(f;6) = sup [Af(t; t)] == sup |Af(z;t)]
|T1—t1]861, - |tn—tn|<én |T—t|<8

2). private continuity modules
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" PI(f; §11)

Nip)
w, " (6):= b, sup
4 v $p1291p] $ip)

where

N[”]((Y) =sup sup |Af (Ttp' )| ,p=1n

tp Ity =tlsdpp

0P (f; Epg)

Nipq] .
w qu (5[10:1])- = 8pq)  sup g
[rq]

p<q $pq)®S[pal

where

7;“[pq](f S8[pq)) = Sup sup |Af (Ttpq; t)| p=1n

tpitq |Ttpq t| 8[pq]

pq
wP(8,,8,) = 8,6, sup 2 oprta) (f’fp’éq),

p20péq28  $pSa
UL S S A CRD L
of () = b sup L%,
w?(f;8,) = sup |rpfz,z|)<a |Af (tfp;t)| p=Tn

Let us denote by ®1(0, d] a multiple nonnegative monoton

increasing function ¢ (&) on (0, d] such that limg_y @ (8) =

drp()

0, an monoton decreases. By

QL0 = Pooal

denote a set of functions w(dy, 8y, ...,0,) = w(8) defined
on (0,d] and lying in ®! on each argument, i.e.,
w(8)ed(0,d] by 8, at fixed §;;i =1,n;i # p. It is clear
that

wf (8)eD (o 4.

Lemma I ([7], [10]).
1). Let g(&) be a nonincreasing function on (0, d].
Then the following

| 9(1¢ - eDldgl = [ g(6a0, ©
Ve (O\y (D) Y

holds for arbitrary &', £"€(0,d], &’ < &".

2). Let g(¢) be a nonincreasing function on (0,d] and

Ui (6) satisfy the conditions
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#k(S) > 05 #k(S) T, ,uk(5) - O'k = 1'21 #1(6) < #2(5):

then

d d
[ 904, 0 < [ 9074, 0
0 0
3). Let g(€) be nonincreasing function on (0, d]. Then

[ 90 de, ) < [ g)do (00)-
Let us emphasize

“of )

feo(®,0):=(f € Cys [ = Lo () <0

Nip)
d[p) We (f[p])
fo ’ ¢l d@(f)[p] <

Nipq]
fd[pq] We (E[plﬂ)

0 e 48 () < 0

f fd ("f (6}7 Eq) d@,,(fp)deq(’fq) < © fd mf(fp)
1% < q p,q= 1 n.

do,(&,) < .

3. Main Results

Theorem 3.1. Let y* be a closed rectiable Jordan curve and
felo(A,0). Then for arbitrary z = ( 2y, 2y, ...,2,) EAL =
(t1, ty, ., ty) EA |z, — t| < d; the following estimate
holds

|¥7(2) =¥ ()] =

1 f Af(z;t)
dt

2mi)n T—2z
A

1 f Af(r;t)
dr

B 2mi)» r—t
A

n
< ClZ(w) 51z — t1,8) + Z Z(w); |1z — tlydy, 0) +
p=1

+ P Xg=1Z(wf5 |z -
p<q

tlipq) dp, dg, 0) + -+ 3)

+ Xp=1 Zg=1z(w}‘v; |Zp - tpl' |Zq -
tq|' dipq)s 9) +2;=IZ(‘”}V5 |Zp - _tpl' dipy, 0)],
Af (T, ;¢
( : ) )| <

|7 (2,) — (0| = @mw
App)

N
< Gl (wf P 1z = tly, 6y

(fAf Tty )

T[p]_ T—t
2 @D
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+ZZ O} W) |2 = tlipgr), s dy, Oy ) + -+
4

=1 r=1
q<r;
q.r#p

[P] _ N
Z‘;]<r1 Xr= ( $2q = 2q|, 120 = il digry, 9[v]) + 22:1 Z(w; Le |zg = ¢4 dipqr O], 4)
q#p

q.r#p
. t)
qu

|lp§q(t2pq) q(t)| B |(2 )2 (.f f(Tp Zp)(Tq Zq) dTpqu -

tepg )
ff(r -z )E)Tq -z )dTpqu|SCZ[Z(“’;Jq‘ |25 = tol,|2q — tal 05,64 ) +
p p q q

yP y4
+Z(wf%; |2y — tp|, dg, 05,64 ) + Z(wf%; |24 — 4], dg, 6,64 )], (5)
|w1(tz,,) lPl(t)| py fyp —Afrfftgp)drp —% fyp%drp < G Z(wf; |z, — ty], 6p), (6)
where
) e
Z(W; 81,8, 0, 8, 03,05, ., 0,)°Z () 8,6) = f ! d9(5)+z f f a0+
pi>p
n Sipq) dp dq N
r (§)
d
Z =1 f J- ff[qupfq @)+t
8p 8q d[pq) X&) N(f)
+ 5 S e+ s de() +6 de (o),
p=1 q=1 e ofof [pfq] 52[1"1 $néa d Z plof Ef] E[P]EP ¢ f ¢

Ci(i = 1,_n) — constant.

Proof. Let us denote by tz, (p = l,_n) an arbitrary point of the border y?,such that|z, — tzp| = infrpeyp |zp -
Tp| = p(zp, yp). Then the identity takes the place

n n n
Af (t;t) = Af (t,5t) — ZAf (tz; tr +z ZAf 2 ,pq et
p=1 p=1g=1
p<q
(D2 Eper e Af (b7, ) + (CD T Epoy A (87, ) + +(- D AF (85, ™
p<q
the validity of which is easily shown by direct calculations of items. It is easy to see also that
Af (T t) = (=" Af (&; D). ®)
Let us consider the difference

_ 1 Af(mt) , r AF(mt)

lpn(z) - l[/n(t) T (emi)n (fA -z dr fA Tt dT) (9)

Using (8) and (7) in (9) we obtain
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1 Af(t;t, Af(7;t,
D) = VO = s (f [ 4 - f—f(_ftt )df> +
A

n— ”p(zp) Af tZ‘Ttp
+(_1) ! (an)n i1 z f (T _ Z) o] T[P

Arp)
F(=1)" ZHP(ZP)”q(Zq)ZZ J- Af tz’rtpq A\ a) gL
(2mi)"2 2r=y (T = 2ipql Tlpal
p<q [pal
SR K(Zp) Af tzrttpq)
+ -t Z Z f f dtydty —
p=1g=1 (2711)2 (tp — 2,)(7q — 24)
p<q
. (zp)[p]f Af(tz‘ttp)d 4 Af (6 On(2) + (f M@ty o —, Af(‘rt)d ) (10)
p=1 yP Tp—Zp z (Zm)" -z
Let us first denote items on the right hand side of equality n  Zk” tzk)
in (10) by Ju,Ju-1,sJ2.J1,Jos In, , respectively, and we k=1 -z

estimate each of them separately.
Before proceed to assess J, remind the is an identity

1 Af (T;t5) Af (t;t2)
1 1 1 1 In = G (fAde —ly T—t, dT)' (1

-2
T—z T—U H‘I,clzl(rk - Zk) H‘I,cl=1(Tk - tzk)

Let us consider

. 1 1 . . .
The difference e standing under the integral in J,,,
- —tz

t -t . . N
—([Ti- Zk kv M- e we replace with a right member of identity (11). Then we
Hk 1(Tk Zk) Zk p:ek Tp~Zp have

Zk—tzk Zy—tz,

Z
+ Xher 270 [T5- ZP+ A+ X X0
r

p:tkr Tp~ Tk—zk Tr=2Zr
J _;f [Ty = K Y | - Zp"‘Zk 1 2= 0T i B
n (2rin A k=1 g1~z k<r p;tk Tp~Zp k<r p;:ker Zp
Zk—tzy zr—tg Zg—tzy Af (t;tz)
+ 4 ¥R dr
ZI;JZ e—Zk T2y k=17~ Zk]Hk 1(Zk tzk) . (12)

Let & be an arbitrary number from (0,d,] (k = 1,n),
yg’;c(tzk) = {T eyX, |tZk - T| < Sk}'

The integral (12) is represent table a type of the sum of two integrals of J; and J;/, taken, on A, and A\A,, respectively,
where

AS: y511(t21) X y«‘—'zz (tzz) XX yg;(tzn) ’

n
(n-1) (n-2) 2 1
M\A = ZD +ZZDM +- +ZZD +> D40,
p=1

p=1 p=1
p<qq p<qq
(n-1) _ p-1 p p+1 n
Dy = VA () X o VB () X VP 1V (t,) X V2 (taa) X o X V2 (82,
(n-1) _ .1 p-1 p p+1
Doy = Va () % X Y (b)) % 2 102 (t0,) X VEEE () X

q+1

X . X Vg;_ll (tzq_1) v |ys‘2 (tzq) Verrs (tzq+1) X XY (t,,),

De = v [ (6,) x o x Y B (b, ) ¥ V2 (6,)
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XYPNEE () X X VI I (b, ) % v (8,) %
Xy ( Ergen) X X V\VE (t,),
Dz(,l) =y (tz,) X ¥2Iyd(ts,) X ... X )/7"‘1|y“_?f;0__11 (tzp_l) X v (tzp) X
X yp+1|y£;11 (tzpﬂ) X X VYR (b)),

D, = vy (t,) X V212 (tz,) X o X ¥V (ts,)-

Let us denote by
Q1 (z,t,), Qg% (2, ty), ., Q3 (23 t,), Qp (z; t,) and Q. (Z; L)

the integrals taken piecemeal cores: D(n 1)'D;EZ 2. ,D,E?,D(l) D, respectively. As for every

YI Zk|<Mk<1 k=1n, (13)

we have

wf (It = tel)

[Jnl _(Zn)nf ﬂMk+ZHM +gmz HM +- +ZZMkM +ZM" ftzlldrls

=1 m=1

- pzkm k<m

f ||olr2| f wff (Hﬂ=1lrk—rzk|)| dl
T

dt
<M f |
Z1| 2 _t22| n |Tn _t2n|

Vi, (tzl) vZ, (tz;) Yep (tzn)

M= ﬂMk+ZHM +ZZHM +- +ZZMkM +ZMk

Consequently applying 1), 2), 3) of Lemma 2.1 and choosing &, = |2, — t|, k = 1,n, we obtain

il < M f |dt,| f |dt,| f |dTy,1] N
1| |T2 - t22| 1 |Tn—1 - tzn_ll

z
YEl (le) YEZZ (tZZ) YEn 1(th 1

n—1
Snw}v< H |Tk_tzk|rfn>
k=1 de (&) <M f _ldnl
fn n | t21|

0 ]/51 (tzl)

<n - 2| |

En—1 &n a)f - tzk :571—1,511)

d

. |d,| | f f — Ao (§n-1)do (§) <

|Tn—2 [#3
Vsn Z(tzn 2) o2

n oY €182 En)
<M [ e (§)ds (6) M

X

€ f Yo de(®) -

Thus,

Unl < M [;=2=do (®).
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Now we estimate /. For this aim we first estimate integral Q;~ 1 (Z t )
Now we estimate the integral Q™ 1(z,t,) as follows

-t
|Q;}—1 | < ! f Z”l tzk|
(Zatz) Qmi)» p- 1 Tp - p| (2 —Zk
n n n n n n
1 Z — tzl Z — tzi Z, —

+ |t . + —Z +1) +
re = o e A = z
k#p i#k,p k<m i=k,m,p

k,m*p
n n n n
tzk Z — tzl
+ . + ..+
:] Tk Z Tl. l k=1 m=1 T — l
k#p k#p lik P k<m Lik mp
km=p
S (2 -t —t
k F Z
I e e
k=1 m=1 k Z m m
k<m
km=p

zk=tzy g @F (MRea|re—tz, )
+Zk 1| p— D] T ldt]| .

From this and (13) we obtain the following

< (M[p] + 1)(|Zp - tpl X

Q"% (zt)
p=1n

N N
lz—tlpy (d wy () ey rdp @f )
xJ, “’]fZ;’_tpkf]fz do§) + [ ;77— do(©)

for every 1, € y* such |

last estimate we have

=ty | < lzx — tl and & = |z, — ti |, k =1,n, from the

Q P (Z tz)

p=1n

<My + DIz, — tpl x

N N
|z—t| d wg () |z—t| d, @F (§)
X g Tz W0 + [ A0 ). (1)

Taking similar transforms which were used in the estimate of (15), we have for the integral Qg 72(z,t,) the following:

Qn_pz_(zr tz) < (M[pq] + 1)(|ZP - tp”Zq - tQ|X

p=1n
flpql  dp WV lz=tlpq)  dq
7 (§) o (§)
d6($) + do (&) +
bf |zp—ft J- —tq|f[pq &5 O+l - f zp—ftp J- I &)
P ) z— wf (&)
+|Zq - tql fol tl[Pq]f'dq_tqlfdp {f(:z) d6 (&) + fodp fodq fol tlipq] deQ(E)) (16)

Q% pa (zt)| < (My + My + M, + M, + +1)x
p<q
p.a=1n
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dipql  |zp—tpllzq—tql

x |1z = tlpg f f f ;‘)}Vide(m

lz—tlpq O 0 $iparSnsa
n d[pqr] dy Zp tp] zq tq] (E)
+ Z 1Z = tlipar] f f f f gf 50 +
=1
repa z—tlipgr] O 0 Epar$pSalrs
n n d[pqrs] dy dg |Zp tp| |zq tq| (E)
+ z le—l[pqr f f f f f f I;s( I de(é) +
res S |Zz=tlpgrs) O [par)SpSasrss
7,5%D,q
n n %pars) dr
* Z Z f | trllzs — ts X
;Zé s=1 0 |zr—tyl
T,S¥p,q
s lzp=tpl |zq=tq] "
f f ¢ fszzscz do(s) +
|lzs—ts] 0 [rsISrSs
n %par] dr |zp—tp| |zq—tq] o
w
+ Z f -t f f f f
r=1 o

|z —tr| 0
T#Dp.q

d —t —tg] ¥ ®
+f0 [pql f0|Zp ol fo|zq al ff d@(f) +]‘

dip] |zp=tp|
Qv (zt)| s (My+1)| Iz~ tly f f E
i |z-tlgpy 0

dipql dq |zp=tpl

+Z|zr trlipal f f f zw}vide(m
‘Z¢p

lztlpq 0 f[pq]gpfq

dpgr]  dq dyr |zp—tp]

+i iu t lipqr] f ff f _U® ——L > ae@E) + -+

g=1 r=1 Iz ~Elpgr O Sipari$pSadr
n n %parl dq dr  |zp=tpl ¥
)
f
+Z Zf tol f f f T
Zz r=1 |zq—tq| T
n %pal dg |zp=tpl
DI NS B -
;:; 0 |zq—tq| O

d —ty| 0¥ (®
+f0[z7] f0|ZP tpl f{ d9(f)),

(7

(18)
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10z )] < (12— t]) ff) 48(6) +
|z—t|
—t] T] }” o ©) de(é) +
! |z—tlp) 0 [plfp
+§n: N z df"” jqu of §) do(§) + -+
p=1g=1 Ive lz—tl[pg O O EZ [pa] Epfq

p<q

dipq dp d

n n ]
+ Z Zof |2, — t,] 12, — t,| f f %d9(5)+

Piq =t |zp—tpl 12q—tql
i (f)
e

> d0(8). (19)

da
+ 2221 fO (v |Zp pl fl

Summarizing the obtained estimates in (15) — (19), we get an estimate for J;.
Now we estimate J,_;. As |tZk —te| <21z — il |Ti — tzk| < 2|ty — tgl, k = 1,n, applying items 1) and 2) of Lemma
2.1 we have

R U bz, = te)
Un-al < Zf ldzlp) <

2m)n-1 i —t
(2m) p=ial, k=11Tk Kkl
dip]
n
1 w}‘v(f I |Zp - tpl)
< ﬂn_lzf 3 do(§)p)-
=1 [p]
N (81516 -
Owing to a lack of growth wf(s[—p]p) ond, (p =1,n),
p
|zp=tp| dp dip]
F© of Gp |70 = o)z — &
f f f d@(f) < f f \Slp 4 4 p p dH(E)[p] —
5 |2 =t $ip)
dp]
of (Gwlze — t])
— f S \Slpl1“p 4 dH(E)[p]
$p)
Therefore,
—tp| rdppy ©F ® 20
Un-al < Cuoa B [ 101 L2 a6(6). @0
Similarly estimating the rest integrals we have
_ _ d N
Tzl < Cpog X0y fO|Zp tp fOIZp tp [{ipa) wfz(z) do (o), 21)

N —tp| pdp @} (® 22
Ul < €3 By J7 7 [P L2 0 ®), @2)
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ol < €4 Xper fy” t”'“’f@ ao(§). @)

For get an estimate for the integral i,, we apply Theorem 2 in [18]. Summarizing all estimates for integrals J,, J, and i,, , and
estimates (14), (15) — (19) and (20)-(23) we finally obtain the required estimate (3).
To estimate the following difference

1 Af (Te,t Af (e,
pn-1 (Zt )—lpn_l(t) = P ( P )dT[ 1= —( P )d‘[
P v p 2mi)n-1 T=2)p ° (T = Op)
Ap] App)
we use the following identity
n n n n n
Af (Tyit) = AF (r,5t) - ZAf (£ teg) + Z Z Of (toy,i trgy) + -+ (=173 Z ZAf (e i Tep) +
q=1 q=1 r=1 q=1 r=1
q#p q<r; 4T#D q<r;
qr#p

+H(-D)"? Z R ENC VN (TN
4

the validity of which follows from (7). Then l}’,Zl_l(ztp) - ‘Pz’}‘l(t) is represented in a form of a difference (10) and is
estimated also as estimates for [, J,,_1, ..., J1,J, and i,, the distinction consists only among integrals. Therefore, we obtain

W52 (2,) = 95O < CualZ (0] ™12 = ey, Oy ) +

n n o n
N
+Z Z(wf [p];lz_tl[pq]'dq'@[p])+ZZZ Nivl, iz — tl[pqr]'dq:dr'@[p])-l_"'-l'
q=i q=1r=1
q#p
n n
N
+ z z Z (“)f "l Stpar1s |24 — tql 12-—t,1, Qg ) +
q=1 r=1
q<r;qr#p

N
+ Z z (wf " 8pa1s |24-tal, Qup )}'

Similarly, we have

N
|1pn Z(thq) 1pn z(t)| S 2( ( f[pq]i |z — tl[pq]'Q[pq] )) +
n

N
+Z Z (“’f P9 12 = tlipgr, dr, Q[Pfﬂ) +

,,
M:ﬂ

N
VA (wf [Pq]; |Z - tl[pqrm]’ dr: dm’Q[pq]) + e 4

n
)
m
n

r=1 m=1
r<m; mr#p,q
n
N
+ Z Z (@ ™ dipgrmps 12 = tel, | zm=tml, Qo) +
r=1 m=1

r<m; m;r#p,q
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Nipq],
+ Z Z(wf 'd[qu]'lzr_trl'Q[P‘ﬂ)'
r=1

n
rep.q
By continuing this process we show estimates for the differences
lp]?q (thq) q(t) q(ztpq) Lpz}q (t)

have the forms:

|\|qu (thq> - ‘”ﬁq(f)| = CZ(Z(“))?q; |2ty |2 — tq]. @ Q) +
p<qp.q=1n

+Z(“’;?q; |Zp_tp|' dq, 0p, 04 ) + Z(“’;?q; |Zq_tq|' dp, 6,64 ))'
|\u§,q (ztpq) - \u;,q(t)| < CZ(wf; |2—t,]. 6, )-

These prove the theorem.
From the theorem immediately follow the following equalities

W, (0) = Wy (), V2, (0) = W (D), .., Wpq () = W5 (o).

Theorem 3.2. If f € J,(4, 6), then for every z & A,and t € A such |z,_t,| < dy, k = 1,7, the following estimate

1 (M t) (@) [ (i)
|CD(Z) - ((an)n! T— Z Qmi)n-1 f (r— t)

App)

n n
+22”p(zp)”q(zq) f Af Tqu i+ +
e — pql
e Qmi)n (t = Yppq
p<q

Alpq)

* Z Z (2711)2 f f (tp — Z p;t(p‘:q ) tq) dtpdte +

+Zz(z)m [ M@ ) )d 4 O] <

2mi yP 1, —

p=1

n
<c|Z(wf; 1z —t1,Q) +ZZ(w}V; |z — tlp,dp,6) +

p=1

+ Z z Z((Uf |Z pq].dp_dq_g) + -+

r<q

n n
+ Z z Z((‘);l‘v; d[pq],|zp - tp|'| |Zq - tq,lg) +

p=1qg=1
p<q

n
+z Z(wf;dp |z, — ], Q) | + (Z (w,iv”i |z — t|[p]Q[p]) +
p=1
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n
N
+ZZ((1) Pilz — tl[pq],dqﬂ[p] +
q=1
n n
N.
+ Z D 200" 12 = tlipgry do By +

r=1

Al
3—‘|*.v—k

q
q
T n
n
ZZ(“’ % dipar |2 = to . 13- — o, 6 +

r=1

q
n
+Z
q_

+ Z Z( wp’; d[pq],lzq - tql' 9[p]) +oet
=

q#p

+(Z(a)]73q; |Zp - tp|, |Zq - tql,dpﬂpﬂq) + Z(w]fq; |Zp _ tpl'dp,gp,eq) +
+Z(w}’q; |Zq - tq|' dp,6p,04)) + Z((U}D; |Zq - tql, Hp)]

holds.

The proof follows from Theorem 3.1.

Theorem 3.3. Let y* (k=1,n) - cj.rc., f € Jo(4,86). Then function d(z) continuously extendable on a core A from each of
2" semicylindrical domains for which the core is common.

By Theorems 3.1 and 3.2 and taking into account (2), we get that the function ®(z) is continuously extended to the cores A
and for the limiting values of the function ®(z) equitable Sokhotskii’s formulas:

Af (z; t)d
Qriy' A 1—t

n n
no [ Af(Ty,;0) dr + Z Z Af (rtpq; t) .
JE— ————art
+ ;:1 (2mi)n-1 Apy (=) P p 27T/L)" 2 A[ pal (T = )pg] [pal

T = f(O +

n L I | Af (trpgit) Af(f:p:t)
" +Z£z}12q ! ami? yP y? Gptp)(zg—te) dTpqu+Zp 127T’L YP mp-tp d p’
1 Af(z;t)
+(t d
() (27Ti)"f T—t T
n n n
+Z ! Af (@it z A @oit) oy
£ 2mi)"? (= Oy Ly L (2m>n 2 ) @=Dpy
k#p Atk q<r; - kr]
q,r¥p
+oot Zn: Zn: f f f & ey O dr,dt.dT, +
7,47, AT
& L @m)n3 (tp —tp) @ —t)(@ —t) ° T
r; KrEp vPykyr
+z f f Af(tfpk' 2 dt,dt, +i fAf(tTp;—t) dt
(2mi)? 5 (tp—tp)(Te —t)  ° 21i 5 T,—t,

. 1 [Af(5;b) - 1 A (ret)
Ppa = (zm)n! =t kzl ery—1 | -t

k#p,q ol
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1 Af (tq, 5 t)
+ Z Z . — +o
& Lemr? ) @O
k<r; tker]
k,r#p,q
Py S R ——
7,dT,dT,dT
k=1 _1(21tl)4 (Tp_tp)(‘[q q)(Tk_tk)(T‘r_tr) priaTkT
k<r; = vPye y 4
k,r#p,q
Af (b, t)
+ Z f f f L dr,dt,dt;, +
(27-”)3 (Tp p)(Tq_tq)(Tk_tk) PRk
kr:tpq
Af (tr,5t)
> ff “pq’ dt,dty,
(Zm) (‘rp p)(‘rq tq)
n
PP Sy - {GI P o S D P
A Qm)r) T—t (2mi)r1 (‘r—t)
p.ql=1n A k#p,q,l
n n
1 Af (T, ;t

+ Z Z Y f f( tkr )dT[kr]-l-

& L (2m) (T = Oper
TP Alker]

k<r;

k,r+p,q,l

n n n
1 Af(te,,. 5 t)
Y ) Y SO P

4 @) ) @Oy

o1 qulkr;t) drydrgdrdt
* Z Z(Zni)s f f f f f (r, — p)(rq q)(‘rl—ti)(‘qu —ltk)k(‘rr—tr)-l_

If=rl_ r=1 YPya oyl oy
k,r+p,q,l
n
+ Z f f f f Af (tr, 0 )T, dT,dT dTy,
=i (27“)4 (Tp - tp)(Tq q)(Tl - tl)(Tk - tk)
k#p,q,l P v ]/
1 Af(f‘rqu t)
" (2n)® fyp fyq fyk (Tp—tp)(Tq—te) (Tk—ti) dtydtqdTy ,
0 = [ S L ()
l = - -
p+<1:1q<l 2mi)" .t t le=pq (2mi)""1 (T = Dk
p.ql=1n
1 Af (Tekrit) 1 Af @)
+Zkkzg 12r=pa (2ri)"=2 fA[kr] (T=O[kr] Ljiry + (2mi)3 fA[pql] (T-O[pqu Tlpa),
1 Af(T; t) n 1 Af(tys t)
O 1pq (B) = - d’[+z - f drg +
peq @iy ) (t—1) kepq @R )y, @=Dpg -
p.g=1n

1 f Af (Tt )
T b
@n)"2 JApq) (t-t)pg P9

24

_ 1 Af(T;t) 1 Af (Tepst)
q)pff—n(t) =G e Y Gt oy TR
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(:D_(t)_ 1 fAf(‘L'f)d

@ri)t’A -t
In particular, for the case n = 1, the Sokhotskii’s formulas (24) take the forms
+ f(t) @
OO =5 g n=1; (25)
— @ 1 f@ ’
® (t)_ 2 +2mfylr td

and for the case n = 2:

1 Af (14,11, T2, t3)
(D++(t1vt2)=w-fl fz( i b2, b2 dTldT2+
Y Y

Ty — ) (12 — t3)

1 fET)-fEuty) fGuta)-f(tutz)

o e TR R AT + o [ P B A+ f (1, 1), (26)
Af(T1,ts,Tarts) 1 F(t,T2)~f(tota)
O (ty, t,) = (2m)2 fy1fz#d 71dT, +Efz#d 2 (27)
—+ _ 1 Af(T1,t1,T2,t2) 1 faut)-f(Eutz)
O (00 82) = G s e Gy 40T + 5 [ PGS (28)
— _ 1 Af(T1,t1,T2,t2)

O™ (ty,t) = 2ni)? fy1 fyz (T1—t1)(T2—t) dt,dt,. (29)

Above we have shown the behavior of Cauchy-type integrals on the core A of the border. Now we explain the behavior of
the integrals on the whole boundary of the semicylindrical domain. To reduce the entries in detail, consider the case n=3 for

Dif x D; x DF.

The boundary of this domain consists of the sets: y* x D; X DJ; D}t x y? X D; D}t x Dy x y3; ¥y x y? x DF;y! x Dy x
y3.Df xy? xy3 and A =y x y? x y3.
The integral (1) for n=3 we write as follows

1 (r)dr[p] dtp
q)(Z) 2mi f}’p (2mi)? fA[p] Hk 1(@r=z) | Tp—2p P = 23, (30)
k#p

®(2)

f(odr, dr
[P]] [p] p — 1’2'3. (31)

(Zm)2 A[p] [Zm Vp (tp—2p) Hk 1 Tk—2Zk
k#p
Let us consider integral (30) as integral of Cauchy-type of a complex variable with a core

1 f(’[)d’[[p]
oo(z)) = [ = ,
(2mi) Ay =1 (T = 21)
P k#p

depending on the parameters zy, k = 1,2,3,k # p and applying to them Sokhotskii's formulas (26) of the variable z, and we
obtain

_ —1)P-1 f(Tt )dT[ 1 1 f(r)dr
o+t ( ) — (-1 P Pl 1 .
ZtP (2mi)? fA[p] Hizl(rk—zk) 2mi fA (tp—2p) Hizl(‘rk—zk) (32)
k#p k#p

At p=1,2,3 the formula (32) gives boundary values of integral (1) in points of boundary sets: y* X Dy X Di; D X y? x DF;
Dif X Dy X y3.
Considering integrals (31) as integral of Cauchy-type of two complex variables of z, k = 1,2,3, k # p with the core

_ f(@dry
lpp (TZP) - f}’p (tp=2p)°

depending on the parameter z, and applying to them Sokhotskii's formulas (26), (27) and (28) on the corresponding variables
and obtain
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o 3am +(Z ___f f(Tts)dT3 1 f(sz)dTZ
s 42mi (3 —z3) 2 (27'”)2 (1 = t1)(73 — 23)
Az
11 f(Tey)dr 1 [ f@dr (33)
2 (2mi)2YAp) (t2-tz)(t3—23)  (@mi)3 YA (13-23)[1oc, (tk—2k)
O+ (z,) = f fz,)dr, 1 f f(ze,)drss)
)" 42mi (1, —2) 2 (27”)2 (11 = t1)(12 — 22)
A3)
1.1 £ (zt,)drpa) L g f(d (34)
2 (2ri)2 YA (12-t2)(13-23)  (@mi)3 YA (13-23) [T3o1(T1-21)(12-22)
O+ (z,) = f f(z,)dn 1 f f(z:,)dus)
YT a2m (11 —21) 2 (2”1)2 (11 = t)(12 — 23)
Apg)
11 (th)dr[z] 1 f(@dr
T2 (27'”)2 fA[z] (t1-t1)(r3—23)  (2mi)3 fA (t1-z) [y (tk—21) (33)

Formulas (33), (34) and (35) give values of integral (1) at
points of sets y! X y2 x Df; y1 x Dy xy3; D} xy% x y3.
All shifts integrals at a conclusion of formulas (32)-(35) are
admissible as only shifts of special integrals with routine
were applied. On a core A boundary values @~ *(t) are
defined by Sokhotskii's formula (24).

Thus the following theorem is proven.

Theorem 3.4. Let y* (k =1,n) — rjcc., f€J(40).
Then the function ®(z) defined as (1) is continuously
extended to the entire of border of the semicylindrical domain
and the limiting values of the function ®(z) are formulas such
as Sokhotskii’s formulas for the case of the core (24).
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