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Abstract 

Recently, some generalizations of the generalized famous special functions (e.g. Gamma 

function, Beta function, Gauss hypergeometric function,…etc) have been studied in 

recent literature. The main object of this paper is to express explicitly the generalization 

of the classical generalized hypergeometric function pFq in terms of the classical 

generalized hypergeometric function itself; moreover, the Pfaff-Saalschütz theorem is 

given as special case from it, and some new integrals using the generalized Gauss 

hypergeometric functions are obtained and many important results are noted. 

1. Introduction 

Special functions have extensive applications in pure mathematics, as well as in 

applied areas such as acoustics, electrical current, fluid dynamics, heat conduction, 

solutions of wave equations, moments of inertia and quantum mechanics [1]. 

Hypergeometric functions have explicit series and integral representations, and thus 

provide ideal tools for establishing useful summation and transformation formulae. In 

addition, applied problems frequently require solutions of a function in terms of 

parameters, rather than merely in terms of a variable. As a result, the hypergeometric 

function can be used to solve physical problems in diverse areas of applied mathematics 

[1, 2]. Hypergeometric functions have also been shown to have applications in group 

theory, algebraic geometry, algebraic K-theory, and conformal field theory. The extended 

�-hypergeometric series are related to elliptic and theta functions, and are thus useful in 

partition theory, difference equations and Lie algebras [1]. 

In the eighteenth century, the problem of interpolating between the numbers 

�! �  � ��	



�
 �
��, � � 0,1,2, … 

with nonintegral values of � , led Euler in (1729) to the now Gamma function, a 

generalization of the factorial function that gives meaning to �! when � is any positive 

number [2]. The integral representation of now widely accepted Gamma and Beta 

functions are 
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Γ��� � � ������	��;  ����� > 0.



�
 

���, �� =  �����
� �1 − ��"����;  ����� > 0, ����� > 0.                                                       (1) 

In (1994), by inserting a regularization factor ��#
$ , Chaudhry and Zubair [3] have introduced the following extension of 

Gamma function, 

Γ%��� =  ������	�#
$ ��;  ���&� > 0.


�                                                                 (2) 

The extension of Euler’s Beta function is considered by Chaudhry et al. in (1997) [4], in the following form: 

�%��, �� =  �����
� �1 − ��"��� '#

$�('$���;  ���&� > 0, ����� > 0, ����� > 0.                                    (3) 

It is clearly seen that 

Γ���� = Γ��� and ����, �� = ���, ��. 
Following this, Chaudhry et al. (1994) [3] used �%��, �� to extend the hypergeometric function, known as the Extended 

Gauss hypergeometric functions (EGHF), as follows: 

)%�*, +; ,; -� = ∑ �*�

/#�01
,2�0�

/�0,2�0�
34

! ;  & ≥ 0, ���,� > ���+� > 0, |-| < 1

8� .                               (4) 

where �*�
 denotes the Pochhammer symbol defind by: 

�*�
 = Γ�* + ��
Γ�*� = : 1, � = 0; * ∈ ℂ ∖ >0? 

*�* + 1��* + 2� … �* + � − 1�, � ∈ ℕ, * ∈ ℂ. 
This series is known to converge where |-| < 1, provided that , is not negative integer or zero. For the (EGHF), we have the 

following integral representation: 

)%�*, +; ,; -� = 1
��+, , − +� � �0���1 − ��2�0���1 − -���A� �%

	���	���;
�

�
 

& ≥ 0, ���,� > ���+� > 0 and |*BC �1 − -�| < D < &.                                                   (5) 

Also for & = 0 in (EGHF), it reduces to the usual Gauss hypergeometric function (GHF). 

The Extended Confluent Hypergeomtric function (ECHF) [3] is defined as 

E%�+; ,; -� = ∑ /#�01
,2�0�
/�0,2�0�

34

! ;  & ≥ 0, ���,� > ���+� > 0

8� .                                                (6) 

In addition, the integral representation of (ECHF) is 

E%�+; ,; -� = 1
��+, , − +� � �0���1 − ��2�0���F3	� %

	���	�G��;
�

�
 

& > 0; & = 0 and ���,� > ���+� > 0.                                                                     (7) 

The following generalized Euler’s Gamma function (GEGF) is defined in [5] as 

Γ%
�K,/���� = � ���� �)� LM; �; −� − &

� N ��;



�
 

���M� > 0, ����� > 0, ���&� > 0, ����� > 0,                                                           (8) 

while, the generalized Euler’s Beta function (GEBF) is given by 

�%
�K,/���, �� = � ����

�

�
�1 − ��"�� �)� FM; �; −&

��1 − ��G ��; 
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���M� > 0, ����� > 0, ���&� > 0, ����� > 0, ����� > 0,                                                (9) 

respectively, 

It is obvious from (2) and (8), (3) and (9) that, 

Γ%
�K,K���� = O%��� and Γ�

�K,K���� = Γ���, 
�%

�K,K���, �� = �%��, �� and ��
�K,/���, �� = ���, ��. 

Now, the new generalization of Beta function (9) can be used to generalize the Hypergeometric and Confluent 

Hypergeometric functions as defind by [5]: 

)%
�K,/��*, +; ,; -� = ∑ �*�


/#�P,Q��01
,2�0�
/�0,2�0�

34

! ,

8�                                                            (10) 

and 

 �)�
�K,/;%��+; ,; -� = ∑ /#�P,Q��01
,2�0�

/�0,2�0�
34

! ,

8�                                                                (11) 

respectively. 

The integral representations for the generalized Gauss hypergeometric function (GGHF) and the generalized Confluent 

Hypergeometric function (GCHF), are defined as [5]: 

)%
�K,/��*, +; ,; -� = 1

��+, , − +� � �0���1 − ��2�0���1 − -���A �)� FM; �; −&
��1 − ��G ��; 

�

�
 

���&� ≥ 0, ���,� > ���+� > 0 and |*BC �1 − -�| < D < &.                                               (12) 

and 

 �)�
�K,/;%��+; ,; -� = 1

��+, , − +� � �0���1 − ��2�0�� �3	�)� FM; �; −&
��1 − ��G ��; 

�

�
 

& ≥ 0, ���,� > ���+� > 0.                                                                          (13) 

It is to be noted here that 

)%
�K,K��*, +; ,; -� = )%�*, +; ,; -�, )�

�K,/��*, +; ,; -� =  R)��*, +; ,; -�. 
and 

 �)�
�K,K;%��+; ,; -� =  �)�

�%��+; ,; -�,  �)�
�K,/;���+; ,; -� =  �)��+; ,; -�. 

The generalized hypergeometric function with & numerator and � denominator parameters is defined by [1, 6]: 

 %)ST*�, *R, … , *%; +�, +R, … , +S; -U = V �*��W�*R�W … T*%UW
�+��W�+R�W … T+SUW  B!




W8�
-W , 

= X�0(�…XT0YU
X�A(�…XTA#U ∑ X�A(1W�X�AZ1W�…XTA#1WU

X�0(1W�X�0Z1W�…XT0Y1WU

W8�

3[
W! .                                                               (14) 

Where |-| < 1, *\ , +] ∈ ℂ, +] ≠ 0, −1, −2, … , _ =
1,2, … &, ` = 1,2, … , �. 

In the recent years [7-11], Various extensions of some 

special functions were studied for introducing some new 

weighted hypergeometric functions and fractional derivative 

[9] and more applications on the generalization of 

hypergeometric functions and orthogonal polynomials, such 

as Jacobi polynomials, these polynomials can be expressed 

explicitly in terms of Gauss hypergeometric function and 

confluent hypergeomeric function, and express explicitly the 

derivatives of generalized Jacobi polynomials in terms of 

Jacobi polynomials themselves, by using generalized 

hypergeometic functions of any degree that have been 

differentiated an arbitrary numbers of times [10], and all 

orthogonal polynomials such as Laguerre, Bessel, Hermit 

[11] are expected to be useful in studying the differentiation 

(or integration) of these familiar in the future [10]. 

Up to now, and to the best of our knowledge, many 

formulae corresponding to those mentioned previously are 

not known and are traceless in the literature, in particular, for 
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the generalization of the generalized classical hypergeometric 

function and the generalization of the famous theorem of 

Pfaff-Saalschütz. 

The structure of this article is as follows. In Section 2, we 

give the generalization of classical generalized 

hypergeometric function. We (re-derive) the Pfaff-Saalschütz 

theorem as special case and give the generalization of it. 

More special cases of the generalization of classical 

generalized hypergeometric function are given as results. 

New applications and recurrence relations for the generalized 

Gauss hypergeometric function (GGHF) are given; 

furthermore, many important special cases are given in 

corollaries in Section 3. Finally, Conclusion is noted in 

Section 4. 

2. The Generalization of Classical 

Generalized Hypergeometric 

Function 

In this section, the generalization of Beta function (9) is 

used to find the Generalization of classical generalized 

hypergeometric function. Furthermore; we express explicitly 

the generalization of classical generalized hypergeometric 

function in terms of classical generalized hypergeometric 

function itself. Many useful results are considered. 

Theorem 2.1. For the generalization of classical 

generalized hypergeometric functions, we have 

 W1�)a1�
�%,K,/��*�, *R, … , *W , *W1�; +�, +R, … , +a, +a1�; �� 

= 1
��*W1�, +a1� − *W1�� � �A[b(��

�

�
�1 − ��0cb(�A[b(�� 

×  �)� FM; �; −&
��1 − ��G  W)a�*�, *R, … , *W; +�, +R, … , +a; �����; 
B, e ∈ ℕ, ���+a1�� > ���*W1�� > 0.                                                               (15) 

Proof: Direct use of (14), with the aid of (10), enables one to write the left hand side of (15) in the form 

 W1�)a1�
�%,K,/��*�, *R, … , *W , *W1�; +�, +R, … , +a, +a1�; �� 

= ∑ �A(�4�AZ�4…�A[�4
�0(�4�0Z�4…�0c�4

/#�P,Q��A[b(1
,0cb(�A[b(�
/�A[b(,0cb(�A[b(�



8�
�4

! , 

= 1
��*W1�, +a1� − *W1�� V �*��
�*R�
 … �*W�


�+��
�+R�
 … �+a�






8�

�

�! � �A[b(1
��

�

�
�1 − ��0cb(�A[b(�� ×  �)� FM; �; −&

��1 − ��G ��, 

= 1
��*W1�, +a1� − *W1�� � �A[b(��

�

�
�1 − ��0cb(�A[b(��  ×  �)� FM; �; −&

��1 − ��G V �*��
�*R�
 … �*W�

�+��
�+R�
 … �+a�






8�

����

�! ��, 

= 1
��*W1�, +a1� − *W1�� � �A[b(��

�

�
�1 − ��0cb(�A[b(�� ×  �)� FM; �; −&

��1 − ��G  W)a�*�, *R, … , *W; +�, +R, … , +a; �����, 

and this completes the proof of Theorem 2.1. 

The particular expressions for the generalization of classical generalized hypergeometric function may be derived as special 

cases. These special cases are given in the following corollaries: 

Corollary 1. 

 f)R
�%,K,/��−�, *, +; ,, �; 1� = �, − *�


�,�
��� − +, +� � �g�0���1 − ��0�� �)� FM; �; −&
��1 − ��G

�

�
 

×  R)��−�, *; −� + * + 1 − ,; ����; � is an even positive integer.                                      (16) 

Proof: Making use of the generalization of classical generalized hypergeometric function (15), yields 

 f)R
�%,K,/��−�, *, +; ,, �; 1� = 1

��+, � − +� � �0���1 − ��g�0�� �)� FM; �; −&
��1 − ��G

�

�
 

×  R)��−�, *; ,; ����, 
Let � = 1 − �, then 
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 f)R
�%,K,/��−�, *, +; ,, �; 1� = 1

��� − +, +� � �g�0���1 − ��0�� �)� FM; �; −&
��1 − ��G

�

�
 

×  R)��−�, *; ,; 1 − ����, 
and after recalling the fact, 

 R)��−�, *; ,; 1 − �� = �, − *�

�,�


 R)��−�, *; −� + * + 1 − ,; ��, 

we have, 

 f)R
�%,K,/��−�, *, +; ,, �; 1� = �, − *�


�,�
��� − +, +� � �g�0���1 − ��0�� �)� FM; �; −&
��1 − ��G

�

�
 

×  R)��−�, *; −� + * + 1 − ,; ����, 
and this completes the proof of the corollary. 

Corollary 2. Putting & = 0 and � = 1 − , + * + + − � into (16), give the Pfaff-Saalschütz theorem, namely 

 f)R�−�, *, +; ,, 1 − , + * + + − �; 1� = �2�A�4�2�0�4
�2�4�2�A�0�4

.                                                    (17) 

Proof: 

 f)R�−�, *, +; ,, 1 − , + * + + − �; 1� = V �−��W�*�W�+�W�1�W
�,�W�1 − , + * + + − ��WB!




W8�
, 

= V �−��W�+�W
�,�WB!

��* + B, 1 − , + + − ��
��*, 1 − , + + − ��




W8�
, 

= 1
��*, 1 − , + + − �� V �−��W�+�W

�,�WB! ��1 − , + + − �, * + B�



W8�
, 

= 1
��*, 1 − , + + − �� V �−��W�+�W

�,�WB!



W8�
� ���210�
���1 − ��A1W����

�

�
, 

= 1
��*, 1 − , + + − �� � ���210�
���1 − ��A�� V �−��W�+�W

�,�WB! �1 − ��W



W8�
��

�

�
, 

= 1
��*, 1 − , + + − �� � ���210�
���1 − ��A�� R)��−�, +; ,; 1 − ����

�

�
, 

and knowing that 

 R)��−�, +; ,; 1 − �� = �2�0�4
�2�4

 R)��−�, +; −� + + + 1 − ,; ��, 

then, 

 f)R�−�, *, +; ,, 1 − , + * + + − �; 1� = 1
��*, 1 − , + + − �� � ���210�
���1 − ��A��

�

�
 

× �, − +�

�,�


 R)��−�, +; −� + + + 1 − ,; ����, 

= �, − +�

�,�


1
��*, 1 − , + + − �� � ��210�
�1 − ��A�� V �−��W�+�W

�−� + + + 1 − ,�WB! �W



W8�
��,

�

�
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= �, − +�

�,�


1
��*, 1 − , + + − �� V �−��W�+�W

�−� + + + 1 − ,�WB!



W8�
� �210�
1W�1 − ��A����,

�

�
 

= �, − +�

�,�


V �−��W�+�W
�−� + + + 1 − ,�WB!




W8�

��1 − , + + − � + B, *�
��*, 1 − , + + − �� , 

= �, − +�

�,�


V �−��W�+�W
�−� + + + 1 − ,�WB!

Γ�1 − , + + − � + B�Γ�1 − , + * + + − ��
Γ�1 − , + + − � + B + *�Γ�1 − , + + − ��




W8�
, 

= �, − +�

�,�


V �−��W�+�W
�−� + + + 1 − ,�WB!




W8�

�−� + + + 1 − ,�W
�−� + * + + + 1 − ,�W

, 

= �, − +�

�,�


V �−��W�+�W
�−� + * + + + 1 − ,�WB!




W8�
, 

= �, − +�

�,�


 R)��−�, +; 1 + * + + − � − ,; 1�, 

and recalling the Chu-Vandermonde formula 

 R)��−�, +; ,; 1� = �2�0�4
�2�4 , 

enables one to write 

 f)R�−�, *, +; ,, 1 − , + * + + − �; 1� = �, − +�

�,�


�1 + * + + − � − , − +�

�1 + * + + − � − ,�


, 

= �, − +�

�,�


�1 + * − � − ,�

�1 + * + + − � − ,�


, 

= �, − +�

�,�


Γ�1 + * − � − , + ��
Γ�1 + * − � − ,�

Γ�1 + * + + − � − ,�
Γ�1 + * + + − � − , + ��, 

= �, − +�

�,�


Γ�1 + * − ,�
Γ�1 + * − � − ,�

Γ�1 + * + + − � − ,�
Γ�1 + * + + − ,� , 

= �, − +�

�,�


�1 + * + + − ,��

�1 + * − ,��


, 

and in view of, 

�*��h = �−1�h
�1 − *�h

, 

we get, 

 f)R�−�, *, +; ,, 1 − , + * + + − �; 1� = �, − *�
�, − +�

�,�
�, − * − +�


. 

and this completes the proof of corollary 2. 

Corollary 3. Putting M = � into (15), gives the extension of generalized hypergeometric function in the integral form: 

 W1�)a1�
�%��*�, *R, … , *W , *W1�; +�, +R, … , +a, +a1�; �� 

= 1
��*W1�, +a1� − *W1�� � �A[b(��

�

�
�1 − ��0cb(�A[b(��� �%

	���	� 

×  W)a�*�, *R, … , *W; +�, +R, … , +a; �����; 
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B, e ∈ ℕ, ��+a1�� > ��*W1�� > 0.                                                                        (18) 

The proof of this corollary is not difficult, but what is worthy noting here is that (18) is in complete agreement with (4.6) 

given in Luo Minjie and Raina (2013) [2]. 

Corollary 4. Putting & = 0 into (15), gives the classical generalized hypergeometric function in the integral form: 

 W1�)a1��*�, *R, … , *W , *W1�; +�, +R, … , +a, +a1�; �� = 1
��*W1�, +a1� − *W1�� 

× � �A[b(��
�

�
�1 − ��0cb(�A[b(�� W)a�*�, *R, … , *W; +�, +R, … , +a; �����; 

B, e ∈ ℕ, ���+a1�� > ���*W1�� > 0.                                                              (19) 

Corollary 5. Putting B = 1 and e = 0 into (15), gives generalized Gauss hypergeometric function (GGHF) in the integral 

form: 

)%
�K,/��*, +; ,; -� = 1

��+, , − +� � �0���1 − ��2�0���1 − -���A �)� FM; �; −&
��1 − ��G ��; 

�

�
 

���&� ≥ 0, ���,� > ���+� > 0 and |*BC �1 − -�| < D < &. 
Corollary 6. Setting & = 0, B = 1 and e = 0 into (15), gives the classical Hypergeometric function in the integral form: 

 R)��*�, *R; +; �� = 1
��*R, + − *R� � �AZ��

�

�
�1 − ��0�AZ���1 − ����A(��; 

���+� > ���*R� > 0.                                                                               (20) 

Corollary 7. If B = 0 and e = 0, then (15) gives the generalized Confluent Hypergeometric functions in the integral form: 

 �)�
�K,/;%��b; c; z� = 1

��+, , − +� � �0���1 − ��2�0�� �3	�)� FM; �; −&
��1 − ��G ��; 

�

�
 

& ≥ 0, ���,� > ���+� > 0. 
Corollary 8. Set & = 0, B = 0 and e = 0 in (15), gives classical Confluent Hypergeometric function in the integral form: 

 �)��M; �; -� = �
/�K,/�K�  �K���1 − ��/�K���3	���

� ; � > M > 0.                                       (21) 

It is worthy noting that all the special cases of Theorem 2.1 are in complete agreement with those obtained in [1-5]. 

3. New Applications and Recurrence Relations for Generalized Gauss 

Hypergeometric Function (GGHF) 

In this section, new recurrence relations using the generalized Beta function (GEBF) (9) and the generalized Gauss 

hypergeometric function (GGHF) (12) are stated in the following theorem. 

Theorem 3.1. 

�+�

�,�


�−��
)%
�K,/� F−�, −, − � + 1; −+ − � + 1; 1

�G 

= ��+, 1 − +�
��,, 1 − ,� V�−��l

�+�l
�,�l

�%
�K,/��−, − m + 1, , − +�

��+ + m, , − +�
�l
m!




l8�
, 

���&� ≥ 0, ���,� > ���+� > 0 and n*BC �1 − �
��n < D < &.                                                 (22) 

Proof: Direct substitution of (10) into the left hand side of (22), yields 

�+�

�,�


�−��
)%
�K,/� F−�, −, − � + 1; −+ − � + 1; 1

�G 
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=  �+�

�,�


�−��
 V �−��W
B!




W8�

�%
�K,/��−, − � + 1 + B, −+ − � + 1 + , + � − 1�

��−, − � + 1, −+ − � + 1 + , + � − 1� �1
��W , 

=  Γ�+ + ��Γ�,�
Γ�+�Γ�, + �� �−1�
 V �−1�W�!

�� − B�! B!



W8�

�%
�K,/��−, − � + 1 + B, , − +�

��−, − � + 1, , − +� ���
�W , 

writing m = � − B; B ≤ �, gives 

�+�

�,�


�−��
)%
�K,/� F−�, −, − � + 1; −+ − � + 1; 1

�G 

= Γ�+ + ��Γ�,�
Γ�+�Γ�, + �� V �−1�R
�l�!

�� − m�! m!



l8


�%
�K,/��−, − m + 1, , − +�
��−, − � + 1, , − +� ���l , 

and in view of 

�−��l = �−1�l�!
�� − m�! , Γ�-�Γ�1 − -� = D

e_��D-� , e_� D�� − p� = �−1�h e_���D� 

and −�Γ�−�� = Γ�1 − ��. 
give, 

�+�

�,�


�−��
)%
�K,/� F−�, −, − � + 1; −+ − � + 1; 1

�G 

= V Γ�+ + ��Γ�,�
Γ�+�Γ�, + ��

Γ�+ + m�Γ�, + m�
Γ�+ + m�Γ�, + m� �−��l




l8


�%
�K,/��−, − m + 1, , − +�
��−, − � + 1, , − +�

�l
m!, 

= V �+�l
�,�l

�−��l
Γ�+ + ��Γ�, + m�
Γ�+ + m�Γ�, + ��




l8


Γ�−+ − � + 1�
Γ�−, − � + 1�Γ�, − +� �%

�K,/��−, − m + 1, , − +� �l
m!, 

= V �+�l
�,�l

�−��l
Γ�, + m�

Γ�+ + m�Γ�, − +�



l8


D
sin D�+ + ��

sin D�, + ��
D �%

�K,/��−, − m + 1, , − +� �l
m!, 

= V �+�l
�,�l

�−��l
1

��+ + m, , − +�



l8


D
�−1�
sin�D+�

�−1�
sin� D,�
D �%

�K,/��−, − m + 1, , − +� �l
m!, 

= V �+�l
�,�l

�−��l



l8


Γ�+�Γ�1 − +�
Γ�,�Γ�1 − ,�

�%
�K,/��−, − m + 1, , − +�

��+ + m, , − +�
�l
m!, 

= V �+�l
�,�l

�−��l
��+, 1 − +�
��,, 1 − ,�




l8


�%
�K,/��−, − m + 1, , − +�

��+ + m, , − +�
�l
m!, 

= ��+, 1 − +�
��,, 1 − ,� V �+�l

�,�l
�−��l




l8�

�%
�K,/��−, − m + 1, , − +�

��+ + m, , − +�
�l
m!, 

and this completes the proof of Theorem 3.1. 

The following special cases of formula (22) are worthy to be noted. 

Corollary 9. Putting M = � into (22), yields 

�0�4
�2�4

�−��
)% L−�, −, − � + 1; −+ − � + 1; �
�N = /�0,��0�

/�2,��2� ∑ �0�s
�2�s

�−��l
l8�
/#��2�l1�,2�0�

/�01l,2�0�
�s
l! .                   (23) 

Corollary 10. Setting & = 0 in (22), gives 

�0�4
�2�4

�−��
 R)� L−�, −, − � + 1; −+ − � + 1; �
�N =  R)��−�, +; ,; ��; � = 0,1,2, …                        (24) 
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Corollary 11. Setting & = 0 and + = , into (22), yields 

 R)��−�, +; +; �� = �1 − -�
 , |arg �1 − -�| < D.                                                      (25) 

Corollary 12. Finally, putting & = 0, + = , and � = 1 − - into (22), lead to 

 R)��−�, +; +; 1 − -� = -
 , � = 0,1,2 …                                                                 (26) 

Note: 

The binomial series is used to get (25) and (26). 

It is to be noted here that the two formulas (25) and (26) are in complete agreement with those given in Lebedv (1965) [6] 

formulae (9.8.1) and (9.8.2), respectively, and the result (24) is also in complete agreement with Ismail (2005) [7] formula 

(0.6.6). 

The next theorem gives a difference equation for )%
�K,/��*, +; ,; ��: 

Theorem 3.2. 

�+ − *�)%
�K,/��*, +; ,; �� + *)%

�K,/��* + 1, +; ,; �� 

= ∑ �+ + ���*�

/#�P,Q��01
,2�0�

/�0,2�0�


8�

�4

! .                                                                          (27) 

Proof: Making use of relation (10) with the left hand side of (27), enables one to write 

�+ − *�)%
�K,/��*, +; ,; �� + *)%

�K,/��* + 1, +; ,; �� 

= �+ − *� V�*�

�%

�K,/��+ + �, , − +�
��+, , − +�

�

�! + * V�* + 1�


�%
�A,0��+ + �, , − +�

��+, , − +�  �



�! ,




8�





8�
 

= ∑ /#�P,Q��01
,2�0�
/�0,2�0�



8�
�4

! v�+ − ,��*�
 + *�* + 1�
w, 

= V �%
�K,/��+ + �, , − +�

��+, , − +�




8�

�

�! v�+ − *��*�
 + * �* + ��

* �*�
w, 

= V�+ + ���*�

�%

�K,/��+ + �, , − +�
��+, , − +�





8�

�

�! , 

and this completes the proof of Theorem 3.2. 

Corollary 13. Taking M = �, then (27) yields the recurrence relation 

�+ − *�)%�*, +; ,; �� + *)%�* + 1, +; ,; �� = ∑ �+ + ���*�

/#�01
,2�0�

/�0,2�0�


8�

�4

! .                              (28) 

Corollary 14. If we put & = 0, then (27) gives 

�+ − *� R)��*, +; ,; �� + * R)��* + 1, +; ,; �� = + R)��*, + + 1; ,; ��.                              (29) 

It is to be noted here that the result (29) is in complete agreement with that given in (9.2.10) [6]. 

Next, new integral formulas for the generalized Gauss Hypergeometric function (GGHF) are given in the following theorem. 

Theorem 3.3. For the generalized Gauss hypergeometric function (GGHF), the following integral holds: 

 ��
���1 − ��
1g���
� )%

�K,/��*, b; c; ���� = ��−�, � + �� ∑ �A�[��
�[
�g�[W!  /#�P,Q��01W,2�0�

/�0,2�0� .
W8�                        (30) 

Proof: Following the same procedure of the previous theorem, we get 

� ��
���1 − ��
1g��
�

�
)%

�K,/��*, b; c; ����, 

= ��
���1 − ��
1g�� ∑ �*�W
/#�P,Q��01W,2�0�

/�0,2�0�
�[
W! ��,
W8�

�
�  
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= V�*�W
�%�K,/��+ + B, , − +�

��+, , − +�
1
B!




W8�
� ��
1W���1 − ��
1g��

�

�
��, 

= V�*�W
�%�K,/��+ + B, , − +�

��+, , − +�
1
B!




W8�
��−� + B, � + ��, 

= V�*�W
�%�K,/��+ + B, , − +�

��+, , − +�
1
B!

Γ�−� + B�Γ�� + ��
Γ�B + ��




W8�

Γ�−��
Γ�−��

Γ���
Γ���, 

= ��−�, � + �� V  �*�W�−��W
���WB!

�%�K,/��+ + B, , − +�
��+, , − +� ,




W8�
 

and this completes the proof of Theorem 3.3. 

Again, one important special case of Theorem 3.3 is given in the following corollary: 

Corollary 15. Putting & = 0 into (30), yields 

 ��
���1 − ��
1g���
�  R)��*, b; c; ���� = ��−�, � + �� f)R�*, +, −�; ,; �; 1� = �2�A�4�2�0�4

�2�4�2�A�0�4
��−�, � + ��.           (31) 

Theorem 3.4. 

 �2���1 − ��xbyb(
Z �2��)%

�K,/��*, +; 2,; �����
� = ��,, A101�

R − ,� ∑ �A�[�2�[
�xbyb(

Z �[
/#�P,Q��01W,R2�0�

/�0,R2�0�
���[

W! .
W8�                  (32) 

Proof: 

From relation (10), one can write write 

)%
�K,/��*, +; 2,; �� = V �*�W

�%
�K,/��+ + B, 2, − +�

��+, 2, − +�
�W
B! ,


W8�
 

and accordingly, the left hand side of (32), yields 

� �2���1 − ��A101�
R �2��)%

�K,/��*, +; 2,; ����
�

�
 

= V �*�W
�%

�K,/��+ + B, 2, − +�
��+, 2, − +�

1
B! � �21W���1 − ��A101�

R �2����,
�

�
 


W8�
 

= V �*�W
�%

�K,/��+ + B, 2, − +�
��+, 2, − +�

1
B! β F, + B, * + + + 1

2 − ,G ,

W8�

 

= V �*�W
�%

�K,/��+ + B, 2, − +�
��+, 2, − +�

1
B!

Γ�, + B�Γ�* + + + 1
2 − ,�

Γ�* + + + 1
2 + B�

,

W8�

 

= V �*�W
�%

�K,/��+ + B, 2, − +�
��+, 2, − +�

1
B!

Γ�, + B�Γ�* + + + 1
2 − ,�

Γ�* + + + 1
2 + B�

Γ�,�
Γ�,�

Γ�* + + + 1
2 �

Γ�* + + + 1
2 �

,

W8�

 

= � F,, * + + + 1
2 − ,G V �*�W�,�W

�* + + + 1
2 �W

�%
�K,/��+ + B, 2, − +�

��+, 2, − +�
1
B! ,


W8�  

and this completes the proof of Theorem 3.4. 

Next, the particular expression for the classical hypergeometric function is given in following corollary: 

Corollary 16. If & = 0, then equation (32) gives the important integral result for classical (GHF), namely 
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� �2��
�

�
�1 − ��A101�

R �2��  R)��*, +; 2,; �� �� 

= RxbybZ{'Z X�xbyb{
Z �X�R|�XLx

ZN
√~

X�A10�R|�
X�A�XLxby'Z{

Z N
X�R|�A�0�
XLZ{'x'y

Z N
XLy

ZN
 X���

XLxby
Z N

X�A10�
XLZ{'x

Z N
X�R|�A�

XLZ{'y
Z N

 X�R|�0�.                                   (33) 

4. Conclusion 

This article has dealt with formulae expressing explicitly 

the generalization of the classical generalized hypergeometric 

function in terms of classical generalized hypergeometric 

function itself. As an application and with aid of these 

formulae the Pfaff-Saalschütz theorem is obtained as special 

case from it. Moreover; important results as special cases are 

noted, some new applications and recurrence relations for the 

generalized Gauss hypergeometric functions are obtained. 
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