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Abstract: The fractional g-calculus is the g-extension of the ordinary fractional calculus and dates back to early 20-th
century. The theory of g-calculus operators are used in various areas of science such as ordinary fractional calculus, optimal
control, gq-difference and g-integral equations, and also in the geometric function theory of complex analysis. In this article, for
the first time, we apply certain g-calculus operators to complex harmonic functions and obtain sharp coefficient bounds,

distortion theorems and covering results.
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1. Introduction

The theory of g-calculus operators are used in describing
and solving various problems in applied science such as
ordinary fractional calculus, optimal control, g-difference and
g-integral equations, as well as geometric function theory of
complex analysis. The fractional g-calculus is the g-extension
of the ordinary fractional calculus and dates back to early 20-
th century (e.g. see [1] or [2]). For 0 < ¢ < I and for positive
integers n, the g-integer number n, denoted by [n],, is
defined as

q-»

_1-q" _ ¢n-1 .k
[n]q 1-q =Yk=0q"-

Using the differential calculus, one can easily verify that

Jgrll_[n]q =n.

Let A denote the class of functions that are analytic in the
open unit disc D:={ z € C: |z| < 1} and let A° be the subclass
of A consisting of functions % with the normalization
h(0)=h’(0)-1=0. The g-difference operator of g-calculus
operated on the function % (e.g. see [3], [4], [5], [6], [7]) is
defined by

h(z)-h(qz
04h(z) = "o (1)

where

lim d,h(2) = '(2).

A successive application of the g-difference operator of g-
calculus as defined in (1) yields to what we call Salagean g-
differential operator. Therefore, for functions # € 4 of the
form

h(z) = z + Xy-p an 2" @

the Salagean g¢-differential operator of #, denoted by
Dg'h(z), is defined by

DOh(z)=h(z).DEh(z) = 29,h(2) = %’;@m
DI*h(z) = z0,DJ* *h(z) = h(2) * (z + Xp-o[n]fiz"™) =
z + Yn=o[n]f'anz", 3)

where m is a positive integer and the operator * stands for the
Hadamard product or convolution of two analytic power
series.

The operator Dg* is called Salagean g-differential operator
because

(}erll Di*h(z) =z + Z nma,z"

n=2

which is the famous Salagean operator [8].
It is the aim of this article to define the g-difference
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operator of g-calculus operated on the complex functions that
are harmonic in D and obtain sharp coefficient bounds,
distortion theorems and covering results. To the best of our
knowledge, no such application has yet been published and
the results presented here are new in their own kind. To this
end, we consider the family of complex-valued harmonic
functions f=u+iv defined in D, where u and v are real

harmonic in D. Such functions can be expressed asf:h+§ )
where 4 € A° is given by (2) and g € 4 has the following
power series expansion

9(z) = X3=1 bnz™; Iby] < 1, 4)
Clunie and Sheil-Small in a remarkable paper [9] explored

the functions of the form f = h + E that are locally one-to-

one, sense-preserving and harmonic in D. By Lewy's
Theorem (see [9] or [10]), a necessary and sufficient

condition for the harmonic function f:h+E ), to be locally

one-to-one and orientation-preserving in D is that its
Jacobian J; = |h'|> — |g'|? is positive or equivalently, if and
only if /’(z) is non-vanishing in D and the second complex
dilatation o of f'satisfies |w|=|g /h’|<1 in D.

We define the Salagean g-differential operator of harmonic

functions f=h+ g ), by
DJf(z) = DF*h(z) + (—1)™DI*g(z) (5)

where Dg" is defined by (3) and / and g are of the form (2)
and (4), respectively.

1-x

f(Z) =z+ Z;’::Z [n]

where Y7o |x, | + Xo-1lya| = 1.

n [oe}
g0 7 T Zn=1j

For 0 <o < 1 let Hg' () denote the family of harmonic
functions f:h+§ ) so that
DF*f(2)
re (Brt) = ©
Where Dy f (2) is defined by (5).
We further denote by H*(c< the subclass of HJ'(o<)

consisting of harmonic functionsf:h+g ) so that / and g are

of the form

h(z) =z—-Yy,a,2",9(2) = Y51 b2z" a, =0,b, = 0.

2. Main Results

In the following theorem we shall determine coefficient
bounds for harmonic functions in Hj*(e<) and HJ*(q).

Theorem 1. For 0 <o <1 andf:h-i-g) let

Yool ([nlg =) lan| + Zozs [ ([n]g+o)la, | < 1-
(7

Where & and g are, respectively, given by (2) and (4). Then

i) f is harmonic univalent in D and f € Hg*(x) if the
inequality (7) holds.

ii) fis harmonic univalent in D and f € @ (x) if and only
if the inequality (7) holds.

The equality in (7) occurs for harmonic functions

1-x

YnZ®

n]g (nlg+e)

As special cases of Theorem 1, we obtain the following two corollaries.
Corollary 2. For m=0, Theorem 1 yields the results obtained by the author in ([11], Theorems 1 and 2). This can be easily

verified since

D3f(2) = Dgh(z) + (-1)°DZg(2) = h(2) + g(2)

Corollary 3. For g = 17, Theorem 1 yields the results obtained in ([12], Theorems 1 and 2) since

limg_,,- DJ*f(z) = qlir{l_{D;”h(z) +(—D)™DIg(2)} =z + Yp=pn™anz™ + (=)™ Xy n™a,z"

In the next theorem we determine the extreme points of the closed convex hull of H* () denoted by clco HJ* ().

Theorem 4. f € clco H* () if and only if

f(z) = Yr=1(Xnha(2) + Y g,(2))
hl(z) =z

h,(2) =z —

1- 2
[n]a"([n]q—o() ’

m(n=223..),

1-x

gn(z) =z + (—1)mmzn; n=123,..),

Zﬁ:l(Xn + Yn) = 1ﬁXn 2 Op Yn 2 0. (8)
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In particular, the extreme points of W (ex) are {h,} and
{gn}-

Finally, we give the following distortion bounds which
yields a covering result for W ().

Theorem 5. If f € W (), then for |z| = < 1 we have the
distortion bounds

[2lg=x  [2]q

1(10( 1+

“b,)1? < If@)

and

1 1
@1 < Qb+ g (5 - o ) 2

As a consequence of Theorem 5, we obtain the following

corollary.
Corollary 6. If f € H* (=), then

[oe]

m+1_ _
{(1) |(1)| < [2] 1- ([Z]q 1)°(<1_[2

[217"([21g—9) [2]q+x

e ro.

Remark 7. The above Theorems 4 and 5 and Corollary 6
for m=0 yield the results obtained by the author in [11] and
for g = 17 yield the results in [12].

3. Proofs

Proof of Theorem 1.
Proof of Part (i): First we need to show that f:h+g ) is

locally univalent and orientation-preserving in D. It suffices
to show that the second complex dilatation o of f'satisfies | ®
|=lg/h’|<1 in D. This is the case since for z = re'® € D we
have

|h'(z) =1 —ananlr"_1 >1 —ananl >1 —Z[n]qmg[_#mrJ

n=2 n=2

[ee]

z ([n]q

n=2

[oe]

Dbt =S nibat = Y aib, i > 9@l

n=1 n=1

n=1

To show that f:h+§ ) is univalent in D we use an argument that is due to author ([11], Proof of Theorem 1). Suppose z;

and z, are in D so that z; # z,. Since D is simply connected and convex, we have z(t) = (1 —t)z; +tz, €D for0 <t < 1.

Then for z, — z; # 0 we can write

PRAC A f Re

Z; — 24
On the other hand, we observe that

R(z()) + —

1
g (z(t)) dt > f [Reh’(z(t)) — |g’(z(t))|]dt.

[oe]

Reh'(z) — |g'(2)| = Reh'(z) — Z nlb,| =1 — Z nla,| — Z n|b,|
n=1 n=1

>1_z[n

|n|—z[”

n=2

|b|>0

Therefore, f:h+g ) is univalent in D. It remains to show that the inequality (6) holds if the coefficients of the univalent

harmonic function f=h +E ) satisfy the condition (7). In other words, for 0 < « < 1, we need to show that

D;‘n+1h(z) + (_1)m+1D‘7In+1 g(Z)

> .

Dm+1f(z) 3
(B -

DI*h(2) + (—1)™D* g(z)

Using the fact that Re(w) = « if and only if |[1—«x +w| = |14+ —w], it suffices to show that

D+ f(2) + (1= D f ()| =D+ f (2) = (1+)DF*f (2)| = 0. )

Substituting for

Dg'f(2) = z + Xn=;[nlg'anz"™ + (=)™

and

n=1[]g bpz"
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[ee)

DI f(z) =z + Z nlgtta,z" + (- l)m“z [n]*1b, z"

n=1

in the left hand side of the inequality (9) we obtain

DI (2) + (1—)DJf ()| -DIf (2) — (14D f ()|
> 21|z {1 — X, T - —z;?zl“”qmﬁ[%j”)|bn||z|"-l}

[n]q+o<) | l}
n

1-x

> 2(1-09lzl {1 - i, D g | e |

This last expression is non-negative by (7), and so the proof is complete. L
Proof of Part (ii): Since HJ* () is a subset of Hg" (), we only need to prove the "only if" part of the theorem. Let f € HJ*
(). Then by the required condition (6) we must have

Re {(1 )z=Y5,[n m([n =) anz" - (-1 TR 1 [n n]Ft([n]g+)bpz }> 0.

z=Y G anz™ + (-2 B [n]gtbpz™

This must hold for all values of z in D. So, upon choosing the values of z on the positive real axis where 0 <z =r < 1, we
must have

1-oc— Y, m([n —O()anrn -y 1[n]m( (Mg +)bpr™ !

1- Zn_z[ ]q anr™- 1+Zn_1[n]mbnrn 1

> 0. (10)

If the condition (7) does not hold, then the numerator in (10) is negative for r sufficiently close to 1. Hence there exists
Zy =1y in (0,1) for which the left hand side of the inequality (10) is negative. This contradicts the required condition that
fe @ (x) and so the proof is complete.

Proof of Theorem 4. For the functions of the form (8) we have

f@ = Erea (K + Y)z ~ T pm

17 (nlq—

1-x —n
G ([nlg+e) ™

S Xnz" + (D)™ Xnm
This yields

7' ([nlqg—c) 7'M +°<) o o
Zn 2# +Zn 1# =Zn=2Xn+Zn:1Yn=1_Xl Sl

1-x 1-

and so f € clco HJ* (). Conversely, let f € clco HI* (). Then by setting

[n]g' ([n]g—)

1-x

X, = a,; (n=23,..),

y, = Mamar=d , o _ 123 ),

1-

where Yo, (X, + Y;,) = 1 we obtain the functions of the form (8) as required.
Proof of Theorem 5. We shall only prove the right hand inequality in Theorem 5. The proof for the left hand inequality is
similar and will be omitted. Let f € @ (o¢). Taking the absolute value of f'we obtain

If (@) < A+ b)r + ¥5-,(a, + by)r™
<1+ b)r+ X2, (a, + by)r?

<(1+b1)r+[2m( )Zn . (2 g f_“)an+ m( +°‘)b 0) 7
1—x 217 ([n],—) m([n 0 +%)
<@A+b)r+ 2 =0 - ( - OZ n+ - n)r
1+ 5
<(1+b1)r+mz< bl)r

1+
<1 +b)r+ [Z]mZ([Z]q—OC [Z]q_ocbl)rz.
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4. Conclusion

The theory of g-calculus has been applied to many areas of
mathematics and physics such as fractional calculus and
quantum physics. But research on g-calculus in connection
with function theory and especially harmonic univalent
functions is fairly new and not much is published on this
topic. Finding sharp coefficient bounds for harmonic
univalent functions defined by g-calculus operators is of
particular importance since any information can throw light
on the study of the geometric properties of such functions. To
date, not much is known about the coefficients of the entire
class of harmonic univalent functions. Using a technique due
to the author published in the Journal of Mathematical
Analysis and Applications (1999), sharp coefficient bounds
and related extremal functions for certain classes of harmonic
univalent functions defined by g¢-calculus operators are
determined. It is hoped that this can inspire further research
by other investigators on this topic.
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