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Abstract 
The mean - variance portfolio selection model based on the expectation and variance of 

return on assets to measure the expected return and risk of investment. Due to the financial 

sector complicated variety of events, each financial problems from changes to know its 

essence, the change rule, from the change of strategy to formulate relevant policy and 

policy into effect, etc, the process inevitably has a certain lag. Therefore, in order to better 

reflect the actual situation, we study the portfolio model with delays in this paper. By 

joining our delay control item, the optimization model was established, the goal is to 

maximize earnings expectations. In this paper, it studies the continuous time without delay 

the mean - variance portfolio problems on the basis of existing research. It established 

auxiliary problem using the stochastic linear quadratic optimal control theory. Using the 

maximum principle, the solution of the optimal investment strategy are given and it 

analysis the case, the conclusion is in conformity with the actual. It studies the existing 

time delay portfolio strategy problem in discrete time case. Based on the stochastic LQ 

optimal control theory, it established the discrete mean - variance time model with time 

delay. The paper has carried on the solution and example analysis. And according to the 

maximum principle, the optimal control model of the general form of the input delay 

stochastic LQ problem are obtained. The final result shows that when the delay is zero, the 

results is the same as the model without time delay 

1. Introduction 

Since China's reform and opening up, China's capital market unceasing development 

and perfection, has been basically mature. China's capital market play a role of the 

financing to raise asset allocation for many of China's listed companies, and also make the 

public investment fans involved in the economic development, share the achievements of 

economic development; Especially with the popularity of Internet plus, more and more 

online financial products such as Yu Ebao And Shou Yibao, earnings treasure emerge in 

endlessly. It makes more and more investors financial management idea change, 

investment diversification. Due to the investment for risky assets, it needs to solve two 

major problems: expected return and risk, therefore, investors need to consider how to 

measure the risks and benefits of investment portfolio and how to balance these two 

indicators in the capital markets, and then invest in asset allocation. According to the two  
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main problem, the portfolio investment theory was put 

forward by the American scholar Markowitz in the 1950 s and 

1960 s. The theoretical basis for the following assumptions: 1) 

the investors consider every investment options according to 

probability distribution of stock returns to on a certain position 

time; 2) investors estimate the risk of portfolio according to 

the expected return of securities; 3) investors make a decision 

only on the basis of risks and benefits of securities; 4) the 

investor's purpose is to choose the portfolio on a certain level 

of risk, expected revenue is the largest, or is in a certain 

income level, the expected risk is minimal. Based on the above 

assumptions, Markowitz established the calculation method of 

Portfolio expected return and risk and efficient frontier theory. 

He published paper in the Journal of Finance of Portfolio 

selection in 1952, it put forward the expectation and variance 

of return on assets to measure the expected return and risk of 

investment, the mean-variance Portfolio selection model is 

established and opened the prelude to the development of 

modern financial theory. 

Markowitz gives the numerical solution of mean-variance 

model in the market of short sales restrictions. Then many 

scholars has carried on the promotion and development on this 

basis. When markets allow short-selling, Merton [2] and 

Szego [3] are given the model of single phase that does not 

contain the risk-free asset and contain the risk-free asset, in 

that situation it analysis the solution of the optimal portfolios 

and efficient frontiers. Among them, it mainly use Lagrange 

multiplier method to do that in the situation of does not 

contain risk-free assets. In the case of risk-free assets, it 

mainly use iterative method and genetic algorithm to do that, 

etc. See [4]. In the case of not allow short-selling, it can be 

solved by numerical method. Such as, Wen-jing Guo [5] gives 

a method of neural network algorithm, De-quan Yang [6] 

gives a range search method to solve the efficient portfolio 

frontier, etc. Zhu-wu wu [7] analysis the effective frontier drift 

in the situation of joining effective securities or eliminating 

invalid securities cases. Markowitz established the mean - 

variance model, using variance to measure the investment 

risk. The advantage is that the model is easy to understand, 

the relationship between the returns and risk can be directly 

said, but the variance deal with excess returns that higher 

than the average as risk, obviously it is not reasonable. 

Therefore, many scholars consider the second half of the 

variance is used to measure risk, Markowitz [8] study the 

average - the second half of the variance model. On average - 

the second half of the variance combination optimization 

problem, O. L. V. Costa presents a linear matrix Inequality 

method, Enrique Ballestero [10] study the effective frontier 

of the average - the second half of the variance problem. 

As capital markets increasingly complex, single stage 

portfolio model cannot satisfy the actual needs, in order to 

obtain high yield, investors tend to adjust investment strategy 

according to the change of market environment, the 

multi-stage investment, the resulting the multi-stage mean 

variance portfolio model. F. C. Jen, S. Zionts [11] study 

found that compared with the single phase model, objective 

function in the multi-phase planning model contains Integral 

item 2( )E X T  which has dynamic planning sense, make 

model is unable to get analytic solution. The following nearly 

30 years, dynamic variance model studies were not made 

greater progress. Until 1998, D. L I, l. Wan [12] used 

maximize the expected utility function method to solve a 

mean - variance model, That is the biggest [ ( ( ))]E U X T , U

is the utility function, can be a form of quadratic form, the 

logarithmic form or index, etc., thus embedded in the 

question to another problem that can be solved by dynamic 

programming method, this is multi-phase mean - variance 

problem study of major breakthrough. In addition, Yao 

Haixiang [13] study the of multi-stage mean variance 

portfolio selection problem in the risky asset return on related 

cases. M. V. A raujo [14] study the parameter multi-phase 

mean - variance model in the market in line with the random 

market state transition process cases, get effective strategy is 

a closed set of conclusions, and the optimal strategy by 

solving a set of coupled Riccati difference equation. 

If market transactions is continuous, investors can adjust 

investment strategy at any point in time, it is called a 

continuous time mean - variance model, this is a multi-stage 

model for further extension. G. Yin, X. Zhou [15] reveals the 

discrete time mean - variance model and the nature of 

continuous time variance model, makes the study of 

multiphase portfolio naturally transition to the continuous 

time model. Capital market is full of randomness and 

uncertainty, how to seek the optimal strategy in the random 

environment become a research focus in the academic circles. 

X. Zhou [16] in a random linear quadratic optimal control 

theory for the tool, through the establishment of auxiliary 

problem, studies the continuous variance optimization 

problem under the complete market. This is the first time to 

embed the variance problem solving stochastic LQ optimal 

control problem, for subsequent use of the optimal control 

problem to solve the problem of portfolio laid a foundation. 

X. Zhou [17] gives the exact form of continuous time mean - 

variance model efficient frontiers. A. E. B. Lim, X. Zhou [18] 

and W. Guo [19] studies the investment decision making 

problems in the random market parameters, respectively, 

considering the stock prices have two kinds of situations of 

jumped and continuous, also using the stochastic LQ optimal 

control and backward stochastic differential equation method, 

getting the analytical form of effective investment strategies 

and efficient frontiers. X. Li, X. Zhou, A. E. B. Lim [20] 

studies the mean - variance optimal combination problem In 

case of not allow short-selling. For the continuous-time 

portfolio selection optimization problem in the case of 

liabilities, S. Xie [21] gives the corresponding research 

results. L. Liu [22] considering the optimal portfolio selection 

problem in case of liabilities and not allow short-selling 

restrictions. In addition, R. Bielecki [23] and X. Zhou [24] 

respectively studied continuous time mean - variance optimal 

combination problem in case of not allowed to fail on the 

complete market and the market under the state transition. 

Yunhui Xu, zhongfei Li [25] takes a different approach to 
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study the conclusions that got by solving the model in case of 

yield sequence related. Since the mean-variance model only 

considering the investors' investment behavior, without 

considering the consumption behavior of investors and the 

influence of consumption to investment, it's inspired 

researchers through the utility function combined investors' 

investment behavior and consumer behavior. The purpose of 

the investors is pursuit of consumer utility and eventually the 

expected utility of wealth is the largest. Merton [28] [29] 

studied the optimal consumption investment strategy in the 

case of continuous time, investment spending under 

stochastic interest rate environment, investment spending 

under stochastic volatility model systematically, such as 

specific see S. H. Wang [26], etc. 

At present, the research of time-delay stochastic LQ optimal 

control problem has made great progress and gets some 

effective method. For example, L. Chen, Z. Wu [27] gave 

maximum principle and its application of time-delay stochastic 

optimal control problem. X. Song, H. Zhang, L. Xie [28] 

studied for a class of discrete-time stochastic systems with 

input delay and satisfy the conditions of the optimal controller 

is given, and got the result of the linear quadratic control, 

Juanjuan Xu [29] studied continuous-time linear systems with 

input time-delay optimal control problem systematically. She 

get the necessary and sufficient condition for existence and 

uniqueness of the optimal solution and the display solution of 

the optimal controller based on the stochastic maximum 

principle. H. Zhang, L. Li [30] studied LQ optimal control 

problem with multiplicative noise and Input delay discrete 

time stochastic systems and get the display solution of the 

optimal controller based on the discrete stochastic maximum 

principle. More research about stochastic control are S. Chen, 

X. Li, X. Zhou [31], C. Li [32], etc. 

Due to the Complexity variability of financial sector and 

financial event, the releasing and spread of policies and 

message need a certain amount of time, which makes a time 

lag when investors adjust the investment strategy. In order to 

better reflect the actual situation, in this paper, we study 

portfolio model with time delay in order to realize the expected 

utility maximization goals. In theory, research mean - variance 

portfolio problem with time-delay with the help of LQ optimal 

control method with input delay in control theory. On the one 

hand, adding time delay widen the depth of the mean - 

variance portfolio problem, which makes the model more close 

to the actual situation and improves the theoretical model 

applied in the real problems. On the other hand, using the 

control theory research results to solve the problem of financial 

theory, which makes control theory having a new place and 

also inspires further research. On the basis of existing research, 

this paper presents continuous time mean-variance model 

without time delay, through establishing of auxiliary problem, 

the original problem is transformed into LQ control problem, 

and then use stochastic LQ optimal control method to get the 

analytic solution of the optimal portfolio strategy. According to 

multi-phase mean-variance portfolio model, established 

continuous time variance model with time-delay, gave the 

solution of general form continuous LQ optimal control 

problem with time delay, obtained the optimal portfolio 

strategy applying the maximum principle. 

2. Continuous Time Variance Model 

with Time Delay 

Front part of the study is discrete systems mean-variance 

portfolio model with time-delay, this part considers that the 

market is continuous changes over time, investors can adjust 

the investment strategy at any point in time. The next we 

study continuous systems mean-variance optimal portfolio 

problem time-delay by the continuous linear quadratic 

optimal control with time delay. 

2.1. Description of Model 

Then consider continuous systems mean-variance portfolio 

model with time-delay, the wealth ( )x t  of investors at t  

time: 

( ) ( ) ( ) [ ( ) ( )] ( )

1

( ) ( ) ( )

1 1

(0) 00 ≻

m
dx t r t x t t r t t h dtb ui i

i

m m
jt t h d tu wij i

j i

x x

σ

   
 = + − −∑ 
  = 

 + −∑ ∑
 = =
 =



    (1) 

Modeled on the front part of the structure of auxiliary 

problem method, make that 

, ( ) ( )
2

y t x t
λγ γ
µ

= = −              (2) 

The continuous mean-variance model with input time 

delay can be represented as: 

1 2min [ ]( )
2

( ) [ ( ) ( ) ( ( ) ( )) ( ) ( )] ( ) ( ) ( )
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(0) 0

E y T

m m
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y x
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 = =
 = −


                 (3) 
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2.2. Continuous System Stochastic Maximum Principle with Time-Delay 

Consider stochastic systems with time-delay: 

( ) [ ( ) ( ) ( ) ( ) ) [ ( ) ( ) ( ) ] ( )dx t A t x t B t u t h f dt A t x t Bu t h f dw t= + − + + + − +                     (4) 

(0) , ( ) ( ), [ , 0)0x u hx τ µ τ τ= = ∈ −  

( ) nx t R∈ is the state, ( ) mu t R∈  is control, ( )w t  is a one-dimensional standard Brownian motion, 0≻h  represents the 

input delay, T is the constant matrix of appropriate dimension. Remember { }, 0 s twF t s= ≤ ≤  is no less σ - algebra 

generated by Brownian motion, then , 1 21 2 t tF Ft t⊆ ≤ . 

The corresponding quadratic value function is: 

1 ' ' '( (.)) [ [ ( ) ( ) ( ) ( )] ( ) ( )( ) ( ) ( )02

T Tu E Q t x t R t u t h dt P T x Tx t u t h x TJT h
= + − +−∫ ∫                  (5) 

This problem can be described as: the controller ( )u t h−  of Ft h− measurable, make the minimum of JT . 

Lemma 2.1 the problem of the optimal controller satisfy that: 

''0 [ ( ) ( ) ] ( )E p t h q t h Ru tB FB t= + + + +                               (6) 

The [. ]E Ft  said about conditional expectation of Ft , ( ( ), ( ))p t q t  is the solution of following backward stochastic 

differential equations: 

''( ) [ ( ) ( ) ( )] ( ) ( )

( ) ( ) ( )

dp t p t q t Qx t dt q t dw tA A

p T P T x T

 = − + + +


=
                           (7) 

Proof: Assume that feasible control field is convex, make that ( ), ( )u t u t Uδ ∈ , then take [0,1]ε ∈ , we can get

( ) ( )u t u t Uuε εδ= + ∈ , ,x Jε ε  are corresponding state and performance index; ,x J  are the corresponding status indicators 

of ( )u t . Y = 1, then xδ  satisfy stochastic differential equations as follows: 

( ) ( ( ) ( )) ( ( ) ( ))

(0) 0

d x t A x t B u t ds C x t D u t d wt

x

δ δ εδ δ εδ
δ

= + + +
 =

                      (8) 

The solution of (8) can be expressed as 

1 1( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
0 0
t tx t t B CD u d t D u dwδ εδ τ τ εδ τ ττ τ− −= Φ − + ΦΦ Φ∫ ∫                 (9) 

The following equation for ( )tΦ : 

( ) ( ) ( ) ( )

(0)

d t A t dt C t dw tΦ = Φ + Φ
 Φ = Ι

                                (10) 

The following equation for 1 ( )( ) tt − = ΨΦ : 

2( ) ( )( ) ( ) ( )

(0)

d t t A dt t Cdw tC Ψ = Ψ − + − Ψ


Ψ = Ι
                            (11) 

Using the Taylor expansion, we can get that 

2 2

' ' ' 2[ ( ) ( ) ( ) ( )] ( )( ) ( ) ( )0 0

J JTT

T TE Q x t dt R u t dt P T x T Ox t u t x T

ε

δ εδ δ ε

−

= + + +∫ ∫
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{ ' 1[ ( ) ( )( ) ( )( )0 0
T tE Q t B CD u dx t τ εδ τ τ−= Φ −Φ∫ ∫ 1 '( ) ( ) ( )] ( )( ) ( )00

t Tt D u dw dt R u t dtu tεδ τ τ εδτ −+Φ +Φ∫ ∫  

' 1( )[ ( ) ( )( ) ( )( ) 0
TP T T B CD u dx T τ εδ τ τ−+ Φ −Φ∫ }1 2( ) ( ) ( ) ] ( )( )

0
tT D u dw Oεδ τ ττ ε−+Φ +Φ∫  

' '1( ) ( )( ) ( )[ ( )0
T TE Q t dt B CD u Rx t τ ττ

 −= Φ − +Φ∫ ∫


' 1( )[ ( ) ( )( ) ( )( ) P T T B CD u dx T τ εδ τ τ−+ Φ −Φ  

' 1( ) ( ) ( )( ) ( )0 0
T TQ t dt D u dwx t εδ τ ττ −+ Φ Φ∫ ∫ }' 21( ) ( ) ( ) ( ) ( ) ( )( ) 0

TP T T D u dw Ox T τ εδ τ τ ε−+ Φ +Φ∫  

' '' ( ) ( ) ( )]( )( [ ( )( )0
T TE Q t dt P T Tx TR x tu τ τ

= Φ + Φ+∫ ∫


'1( )( ) ( ) [ ( )( )0
TB CD u d Q t dtx tτ εδ τ τ−+ − + ΦΦ ∫  

}' 21( ) ( )] ( ) ( ) ( ) ( )( ) 0
TP T T D u dw Ox T τ εδ τ τ ε−+ Φ +Φ∫                                        (12) 

Make that ' '( ) ( ) ( )( ) ( )0
T Q t dt P T Tx t x Tζ = Φ + Φ∫ , [ ]E Fζ τ  is a martingale about the time variable τ  apparently, therefore, 

by the expression of martingale theorem, existing only Ft  measurable process tη  satisfy that: 

'[ ] [ ] ( )( )
0

E E dw ttF
τζ ζ ητ = + ∫  

In particular, when Tτ = , there are 

'[ ] [ ] ( )( )0
TE E dw ttFTζ ζ ζ η= = + ∫                                  (13) 

Put (13) into (12), we can get that: 

{
' ''2 2 ( ) ( ) ( )]( )[ ( )( )0

T TE Q t dt P T Tx TJ J u R x tTT
ε τ τ

− = Φ + Φ+∫ ∫


}1( )( ) ( )B CD u dτ εδ τ τ−× −Φ  

}' 1 21[ ] ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )0 0 0
T T TE D u dw dw t D u dw Otζ τ εδ τ τ εδ τ τη τ ε−−+ + +ΦΦ∫ ∫ ∫  

{
' '' ( ) ( ) ( )]( )[ ( )( )0

T TE Q t dt P T Tx Tu R x tτ τ
= Φ + Φ+∫ ∫


} }' 1 21( )( ) ( ) ( ) ( )( ) ( )0
TB CD u d D u d Oτ εδ τ τ εδ τ τη τ τ ε−−× − + +ΦΦ ∫  

{
' ' 1' ( ) ( ) ( )] ( )( ) ( )[ ( )( )0

T TE Q t dt P T T B CDx Tu R x t ττ τ
 −= Φ + Φ − +Φ+∫ ∫


} }' 1 2) ( ) ( )( ) ( ) D u d Oεδ τ τη τ τ ε− +Φ     (14) 

Denote 

' ' ' ' 1[ ( ) ( ) ( )] ( )( ) ( ) ( ) ( ) ( )TR Q t dt P T T B CDG u x t x Tτ τ ττ
−= + Φ + Φ − +Φ∫ ' 1( ) ( ) Dη τ τ −Φ  

(14) can be represented as: 

' 22 2 ( ) ( )( )0
TE u d OGJ JTT

ε εδ τ ττ ε− = +∫
' 2] ( ) ( )[ ( )0

TE u d OE G F εδ τ ττ ετ= +∫                (15) 

Due to ( )uδ τ  is an arbitrary, the necessary conditions of value function JT  is: 

'[ ] 0( )E G Fτ τ =  

That is 

' ' 1 '0 ( ) [( [ ( )) ( ) ( )TRu E B CD Qx t dttτ τ τ
−= + − Φ Φ∫ ' 1 ' ' 1'( ) ( )] ( ) ]( ) ( ) ( )P T x TT D Fη ττ τ τ− −+ +Φ Φ Φ        (16) 
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Denote 

' 1 ' ' 1 '( ) [ [ ( ) ( ) ( )] ]( ) ( ) ( ) ( )Tp E Qx t dt P T x Tt T Fτ τ τ ττ
− −= +Φ Φ Φ Φ∫  

' 1( ) ( ) ( )( )q Cpτ τ η ττ −= − + Φ  

By the formula ɵIto , ( ( ), ( ))p qτ τ  satisfy backward differential equation, so the (16) can be written as: 

' '0 ( ) [ ( ) ( ) ]Ru E p qB D Fτ τ τ τ= + +                                  (17) 

That is lemma 2.1 is tenable. □  

2.3. Solution of the General Continuous LQ Problem with Time Delay 

Review the situation without delay, that is 0h = , assume that ( ) ( ) ( ) ( )p t P t x t n t= + , ( )P t  satisfies a stochastic Riccati 

equation, ( )n t  satisfies the equation. Based on the ( )P t , we can get the analytical solution of the optimal control. Because of 

time lag, this relationship was not established, we need to establish a new relationship in this section. 

Define the coupled Riccati equations as follows: 

''( ) ( ) ( ) ( ) ( , )t P t P t Q P t A t t hP A A
⋅

− = + + + − Π +                              (18) 

' '' 1( ) ( ) ( ) ( ) [ ( ) ( ) ( ) ] ( ) ( )t P t f n t P t f P t B t P t B t H tn A A A

⋅ −− = + + − + Ω                      (19) 

Have the following relations 

'( ) ( )( , ) ( , ) , [ , ]s t A s tAt s s s s t t he e− −Π = Π ∈ +                               (20) 

'( ) ( )t R P t BBΩ = +                                       (21) 

'1 ' '( ) ( )[ ( ) ( ) ( , ) ]t hK t t P t P t A t s dsB BB t
+−= − + − ΠΩ ∫                           (22) 

'( , ) ( ) ( ) ( )t t t t K tKΠ = Ω                                      (23) 

''( ) ( ) ( )H t n t P t fB B= +                                       (24) 

Terminal value ( , ) 0T T θΠ + = , ( )P T was given earlier and ( ) 0n T = . 

Based on the above equation, assuming ( )p t  and ( )x t  satisfy the following relations: 

ɵ( ) ( ) ( ) ( , ) ( ) ( ),
0
hp t P t x t t t h x t t h d n t t hθ θ= − Π + + − + ≥∫                        (25) 

Among them ɵ( )x t s  satisfies the following relations 

ɵ ( ) ( )( ) ( ( ) ) ( ) ( ) ,tA t s A tx t s E x t x s Bu h d t h s te eF s s
θ θ θ− −= = + − − ≤ ≤∫  

Hypothesis 2. Any , 0≻h t T t≤ ≤ Ω  

Theorem 2.1 in view of the above problem, that is researching the Ft h− measurable controller ( )u t h− , makes the value 

function JT  is minimum, under the premise of satisfies the assumption 2, the optimal controller is 

ɵ 1( ) ( ) ( ) ( ) ( )u t h K t x t t h t H t−− = − − Ω                                   (26) 

Among them 
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ɵ ( )( ) ( ) ( )tAh A tx t t h x t h Bu h de et h
θ θ θ−− = − + −∫ −                              (27) 

And ( ), ( ), ( )t K t H tΩ  are given by (21), (22) and (24) respectively. 

Proof: make that ɵ( , ) ( )
0
h t t h x t t h dt θ θ= − Π + + −Θ ∫ then 

{ '' 1 '( , ) ( ) [ ( ) ( ) ] ( )[ ( )d t t h x t P t B P t B t P tA BAt t
−= − + Π + − +Θ Θ Ω  

ɵ }' ' 1 '( ) ] ( ) [ ( ) ( ) ] ( ) [ ]P t A x t t h P t B P t B t E dtB FB A t ht
−+ − − + ΘΩ − ≜ dtΛ                    (28) 

To (25), using the formula ɵIto , we can get that: 

ɵ( ) ( ( ) ( )) ( ( , ) ( ) ) ( )
0
hdp t d P t x t d t t h x t t h d t dtnθ θ

⋅
= + − Π + + − +∫  

( ) ( ) ( ) ( ) ( )t x t dt P t dx t dt t dtnP
⋅⋅

= + + Λ +  

}( ) ( ) ( )[ ( ) ( ) ( )] ( )t x t P t Ax t Bu t h f t t dtnP
⋅⋅= + + − + + Λ +


( )[ ( ) ( ) ] ( )P t Ax t Bu t h f dw t+ + − +            (29) 

By (7) and (16), comparing the corresponding coefficient is equal on both sides, we can get that: 

( ) ( )[ ( ) ( ) ]q t P t Ax t Bu t h f= + − +                                     (30) 

Notice (7) and using the Riccati equation (18), also can get the following relations: 

{'' '[ ( ) ( ) ( ) [ ( ) ( ) ( )]p t q t Qx t P t x t n tA AA t− + + = − + + +Θ }' ( )[ ( ) ( ) ] ( )P t Ax t Bu t h f Qx tA + − + +  

( ) ( ) ( )[ ( ) ( ) ] ( )t x t P t Ax t Bu t h f tnP
⋅⋅

= + + − + + Λ +                              (31) 

By the equilibrium condition (6) of stochastic maximum principle, we can get that: 

''0 ( ) [ ( ) ( ) ]Ru t h E p t q tB FB t h= − + + −  

{ }''( ) [ ( ) ( ) ( )] ( )[ ( ) ( ) ]Ru t h E P t x t n t p t Ax t Bu t h fB FB t ht= − + + + + + − +Θ −  

ɵ ɵ'' ' '( ) ( ) ( ) [ ] ( ) ( ) ( )Ru t h P t x t t h E n t p t Ax t t hB B B Bt t h= − + − + + + −Θ − ' '( ) ( ) ( )P t Bu t h P t fB B+ − +  

ɵ' ' '' ' '[ ( ) ] ( ) [ ( ) ( ) ] ( ) [ ] ( ) ( )R P t B u t h P t P t A x t t h E n t P t fB B BB B Bt t h= + − + + − + + +Θ −  

ɵ' ''[ ( ) ] ( ) [ ( ) ( ) ] ( )R P t B u t h P t P t A x t t hBB B= + − + + − ɵ '' '( , ) ( ) ( ) ( )t h t s x t t h ds n t P t fB B Bt
+− Π − + +∫  

' ''[ ( ) ] ( ) [ ( ) ( )R P t B u t h P t P t ABB B= + − + + ɵ '' '( , ) ] ( ) ( ) ( )t h t s ds x t t h n t P t fB B Bt
+− Π − + +∫             (32) 

Let '( ) ( )t R P t BBΩ = + , ''( ) ( ) ( )H t n t P t fB B= + , 

'1 ' '( ) ( )[ ( ) ( ) ( , ) ]t hK t t P t P t A t s dsB BB t
+−= − + − ΠΩ ∫  

Easy to get ɵ 1( ) ( ) ( ) ( ) ( )u t h K t x t t h t h t−− = − − Ω                             (33) 



 International Journal of Investment Management and Financial Innovations 2017; 3(6): 58-66 65 

 

The following still need to verify the ( )P t , ( )n t  coupled Riccati equation (18), (19). 

In fact, we put ( )u t h−  into (11) and reduction, we can get that: 

ɵ'' '[ ( ) ( ) ] ( ) ( ) ( ) ( )P t P t A Q x t P t BK t x t t hA AA− − − − − ' '1 ' '( ) ( ) ( ) ( ) ( )P t B t H t n t P t fA AA At
−+ − − −ΘΩ  

ɵ 1( ( ) ( ) ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )t P t A x t P t BK t x t t h P t B t H t P t f tnP
⋅⋅ −= + + − − + +Ω                  (34) 

Due to the corresponding coefficient is equal, we can get that: 

''0 ( ) ( ) ( ) ( ) ( , )t P t A P t P t A Q t t hP A A
⋅

= + + + + − Π +                            (35) 

' '' 10 ( ) ( ) ( ) ( ) [ ( ) ( ) ( ) ] ( ) ( )t P t f n t P t f P t B t P t B t H tn A A A

⋅ −= + + + − + Ω                     (36) 

That is (18), (19) 

End of theorem proving □  

2.4. Model Solution 

We deal with the mean-variance model (1) - (3) by using 

theorem 2.1 in the following. 

It is easy to know that the model is a special case of the 

problem "research the controller ( )u t h−  of Ft h−
measurable to make the minimum JT ". For the system (4), 

(5), make that 

( ) ( ), ( ) ( ( ) ( )) ( ( ) ( ), ..., ( ) ( ))1A t r t B t b t r t t r t t r tb bm= = − = − − , 

( ) ( ), ( ) 0, ( ) ( ) ( ( ),..., ( ))1f t r t A t B t t t tj mjγ σ σ σ= = = = , 

0, ( ( ), ( )) (0,0), ( )f Q t R t P T µ= = = . 

Using theorem 2.1 we can get that the optimal portfolio 

strategy of problem is: 

ɵ 1( ) ( ) ( ) ( ) ( )t h K t x t t h t H tu∗ −− = − − Ω        (37) 

Among them 

ɵ ( ) ( )( )( ) ( ) ( ( ) ( )) ( )tr t h r t tx t t h x t h b t r t u h de et h
θ θ θ−− = − + − −∫ −  

'( ) ( ( ) ( ) ( ))H t b t r t n t= − , 

'( ) ( )( )t u tt σσΩ = , 

' '1( ) ( )[ ( , ) ]( ( ) ( )) ( ( ) ( )) t hK t t u t s dsb t r t b t r t t
+−= − − Π− −Ω ∫  

'( ) ( ) ( ) ( ) ( , )( )t P t r t P t t t hr tP
⋅

− = + − Π + , ( )P T µ= , 

' 1( ) ( ) ( ) ( ) [ ( )( ( ) ( ))] ( ) ( )( )t P t r t n t P t b t r t t H tr tn γ
⋅ −− = + − − Ω , 

( ) 0.n T =  

Obviously, from theorem 2.1, when 0h = , that is degrade 

to the front part three without delay; When 0≻h , by 

theorem 2.1, in order to solve the optimal controller, we need 

to solve the ( )P t  and ( )n t  firstly, then solving Riccati 

equation. The mean - variance model analytical solution of 

the corresponding Riccati equation generally difficult to 

solve, often we can use numerical algorithm to get ( )P t  

and ( )n t  by programming, then calculate the ( )K t , ( )H t

and optimal ( ), [ , ]t t h Tu∗ ∈ . 

3. Conclusion 

With the rapid development of economy in our country, the 

capital market gradually perfect, the financial product is 

increasing, especially some risks such as balance of treasure of 

wealth management products, make the broad masses of 

investors will not put money only one basket, will be carried 

out in a certain portfolio investment, in order to obtain greater 

benefits. The mean - variance model is one of the basic 

calculation model of portfolio strategy, previous researchers 

did not consider delay problems, on the basis of existing 

research. In this paper it established the delay discrete mean - 

variance model, stochastic optimal control with the aid of LQ 

problem, to get the analytical solution of the optimal portfolio. 

Although the significance of this research is more important, 

the result is satisfactory, but its research conclusion and the 

actual still has a gap, there are still many aspects need further 

research, such as: 

1) on the basis of solving the optimal strategy, to further 

study the effective frontier of portfolio, analysis the relationship 

between the expected return and risk; 2) Considering it contains 

transaction fees and consumption in the model; 3) considering 

investing object contains options, etc. 

Thank you to the review expert and the editor for your 

Suggestions. 

References 

[1] H. Markowitz. Portfolio Selection [J]. Journal of Finance, 1952, 
7 (1): 77-91. 



66 Yuquan Cui et al.:  Continuous Mean - Variance Portfolio Problem Is Studied with Time Delay  

Using Stochastic LQ Control Theory 

[2] R. C. Merton. An Analytic Derivation of the Efficient Portfolio 
Frontier [J]. Journal of Finance& Quantitative Analysis, 1972, 
7 (4): 1851-1872. 

[3] G. P. Szego. Portfolio. Theory: with Application to Bank Asset 
Management [M]. Academic Press, 1980. 

[4] Ye Zhongxing. Mathematical Finance [M]. Science Press, 
2010. 

[5] Wen-jing Guo. Dynamic Portfolio Investment Decision Model 
and Methods [M]. China Financial Publishing House, 2012. 

[6] Dequan Yang, Deli Yang, Kelu Shi, etc. To Solve are Not 
Allowed to Sell Short the Interval of The Portfolio Frontier 
Search Method [J]. Journal of Management Science, 2001 (1): 
33-37. 

[7] Zhuwu wu. Based on The Mean-Variance Framework of 
Portfolio Selection Model Research [D]. China Mining 
University, 2011. 

[8] H. M. Markowitz. Portfolio Selection: Efficient Diversification 
of Investment [J]. Monograph. 1959. 

[9] O. L. V. Costa, R. D. B. Nabholz. A Linear Matrix Inequalities 
Approach to Robust Mean semi-variance Portfolio 
Optimization [J]. Applied Optimization, 2002, 74: 89-107. 

[10] Enrique Ballestero. Mean semi-variance Efficient Frontier: A 
Downside Risk Model for Portfolio Selection [J]. Applied 
Mathematical Finance, 2005, 12 (1): 1-15. 

[11] F. C. Jen, S. Zionts. The Optimal Portfolio Revision Policy [J]. 
Journal of Business, 1971, 44 (1): 51-61. 

[12] D. Li, Wan. Optimal Dynamic Portfolio Selection: 
Multi-Period Mean-variance Formulation [J]. Social Science 
Electronic Publishing, 1998, 10 (3): 387-406. 

[13] Yao Haiyang, Ginger Sensitive, Ma Qinghua etc. Serial 
Correlation Risk Assets Income Multi-stage Mean-Variance 
Portfolio Selection [J]. Control and Decision, 2014 (7): 
1226-1231. 

[14] M. V. Araujo, V. C. O. L. Do. Discrete-time Mean-variance 
Optimization with Markov Switching Parameters [C]. 
Proceedings of the American Control Conference, 2006, 
2487-2497. 

[15] G. Yin, X. Zhou. Markowitz’s Mean-variance Portfolio 
Selection with Regime Switching: From Discrete-Time Models 
to Their Continuous-Time Limits [J]. Automatic Control, IEEE 
Transaction on, 2004, 49 (3): 349-360. 

[16] X. Zhou, D. Li. Continuous-Time Mean-Variance Portfolio 
Selection: A Stochastic LQ Framework [J]. Applied 
Mathematics &Optimization, 2000, 42 (1): 19-33. 

[17] X. Zhou, D. Li. Explicit Efficient Frontier of a 
Continuous-Time Mean-variance Portfolio Selection Problem 
[J]. Ifip Advances in Information &Communication 
Technology, 1998, 13: 323-330. 

[18] A. E. B. Lim, X. Zhou. Mean-variance Portfolio with Random 
Parameters [J]. Mathematical of Operations Research, 2002, 27 
(1): 101-120. 

[19] W. Guo. H. Yan. M. Lei. Mean-variance Optimal Portfolio 
Selection with Random Parameters and Discontinuous Stock 
Prices [J]. Applied Mathematical A Journal of Chinese 
Universities, 2007, 3 (3): 263-269. 

[20] X. Li, X. Zhou, A. E. B. Lim. Dynamic Mean-variance Optimal 
Portfolio Selection with No-Shorting Constraints [J], Siam 
Journal on Control & Optimization, 2002, 40 (5): 1540-1555. 

[21] S. Xie, Z. Li, S. Wang. Continuous-Time Portfolio Selection 
with Liability: Mean-variance Model and Stochastic LQ 
Approach [J]. Insurance Mathematics &Economics, 2008, 42 
(3): 943-953. 

[22] L. Liu, P. Zhang. Dynamic Mean-variance Portfolio Selection 
with Liability No-Shorting Constraints [J]. Applied 
Mathematics Science, 2012, 40 (57-60): 2843-2849. 

[23] T. R. Bielecki, H. Jin, S. R. Pliska, et al. Continuous-Time 
Mean-variance Portfolio Selection with Bankruptcy 
Prohibition [J]. Mathematics Finance, 2005, 15 (2): 213-214. 

[24] X. Zhou, G. Yin. Continuous-Time Mean-variance Portfolio 
Selection with Regime Switching [C]. Proceedings of the IEEE 
Conference on Decision and Control. 2003: 383-388 vol. 1. 

[25] Yunhui Xu, Zhongfei Li. Dynamic Portfolio Choice-Based on 
Income Sequence Related Dynamic Mean-variance model [J]. 
Journal of Systems Engineering Theory and Practice, 2008, 28 
(8): 123-131. 

[26] S. H. Wang. Application of Mean-variance Utility Function 
under the Portfolio Selection Decision [J]. Operations Research 
& Management Science, 2003. 

[27] L. Chen, Z. Wu. Maximum Principle for the Stochastic Optimal 
Control Problem with Delay and Application [J]. Automatic, 
2010, 46 (6): 1074-1080. 

[28] X. Song, H. Zhang, L. Xie. Linear Quadratic Regulation for 
Discrete-Time Stochastic System with Input Delay [C]. The 
27th Session of the Chinese Control Conference Proceedings, 
2008: 2008-436. 

[29] Juanjuan Xu, Several Control Problem of Time-delay Systems 
Research [D], Shandong University, 2013. 

[30] H. Zhang, L. Li, J. Xu, et al. Linear Quadratic Regulation and 
Stabilization of Discrete-Time System [J]. Automatic Control 
IEEE Transactions on. 2015, 60 (10): 1. 

[31] S. Chen, X. Li, X. Zhou. Stochastic Linear Quadratic 
Regulation with Indefinite Control Weight Costs [J]. Siam 
Journal on Control & Optimization, 2000, 39 (4): 1065-1081. 

[32] C. Li, Z. Wu. The Quadratic Problem for Stochastic Linear 
Control Systems with Delay [C]. Proceedings of the Chinese 
Control Conference, 2011, 1344-1349. 

 


