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Abstract

This paper presents the fast Fourier transform method for the valuation of European style
options in-the-money, at-the-money and out-of-the-money. The fast Fourier transform
method utilizes the characteristic function of the underlying instrument’s price process. A
fast and accurate numerical solution by means of the Fourier transform method was
developed. The fast Fourier transform method is useful for empirical analysis of the
underlying asset price. This method can also be used for pricing contingent claims when
the characteristic function of the return is known analytically.

1. Introduction

The Black-Scholes model and its extensions constitute the major developments in
modern finance. Much of the recent literature on option valuation has successfully
applied Fourier analysis to determine option prices such as [1],[3], [5], just to mention a
few. These authors numerically solved for the delta and the risk-neutral probability of
finishing in-the-money, which can be combined easily with the underlying asset price
and the strike price to generate the option value. Unfortunately, this approach is unable to
harness the considerable computational power of the fast Fourier transform [7], which
represents one of the most fundamental advances in scientific computing. Furthermore,
though the decomposition of an option price into probability elements is theoretically
attractive as explained in [2], it is numerically undesirable due to discontinuity of the
payoffs [4]. For more literature see ([8], [9], [10]) just to mention a few.

2. Fast Fourier Transform Method

The fast Fourier transform is an efficient algorithm for computing the discrete Fourier
transform of the form,;

N-1 o
m(p)zZexp[ 7 pj},- ()

j=1

where N is typically a power of two. (1) reduces the number of multiplications in the
required N summations from an order of N° to that of Nln,(N), a very considerable

reduction.
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Let p and j be written as binary numbers i.e. p =2p, + p,
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and j =2j, + j, with j, j,, p;, p, 0{0,1}, then (1) becomes

The fast Fourier transform can be described by the following three steps as

1 1
1 N 200: 2 o . ' 0
m (py, o) = ZX(_/OJI)A Pos s (py, jo) = Zm (POajo)A'/O( P1+Po)’

J1=0
m(py, py) =m*(po. py)

The basic idea of the fast Fourier transform is to develop
an analytic expression for the Fourier transform of the option
price and to get the price by means of Fourier inversion.

2.1. The Fast Fourier Transform Method for
the Valuation of European Call Option

The Fast Fourier transform method is a numerical
approach for pricing options which utilizes the characteristic
function of the underlying instrument’s price process. This
approach was introduced by [4]. The Fast Fourier transform
method assumes that the characteristic function of the log-
price is given analytically.

Consider the valuation of European call option. Let the
risk neutral density of §=log Sy be £(S;) - The

characteristic function of this density is given by
6,0 = [ ™ £(S)dS )

The price of a European call option with maturity 7" and
exercise price K denoted by C, (k) is given by

Cr(p) = [exp(=rT)(e* = K) f(S)dS 5)

where
K=e" (6)

00

Cr(p)=e™™ %T [ e, ey = e llT [emrz, tan

—00

(2)
Jo=0 ;=0
=0 (3)
Substituting (6) into (5) yields
Cr(p) = [exp(=rT)(e* =€) f(S)dS (7)

)

Jlim G, (p) = lim [ j exp(—rT)(e* —e?) f(S)dS |=S, (8)

V4

From (8), it is clearly seen that European call price given
by (7) is not square integrable function. We consider a
modified version of (7) derived by [4] given by

e (p)=e™Cr(p), a>0 (9)

Equation (9) is square integrable in p over the entire real
line. Using the definitions of the Fourier transform and its
inversion, we have that

Fle(p) =& (k)= [ 7™ ¢, (p)dp (10)

©

Frem)=a(p)=o [ &™&w0d

—00

Substituting (11) into (10) and solving further, then the
new call value is obtained as

[oe]

(12)
0

(13) is a direct Fourier transform and lends itself to an application of fast Fourier transform method. (10) is computed as

follows:
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Taking the limit for [jm 9*?™» =Qwithg >0, then the

p——o

last equation in (13) becomes

exp(a@ +1+27ik)S _exp(a +1+27ik)S Js
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Taking the Fourier transform for
[ rSyexp((a+1+27ak)S) = [ f(S)expi((k~(a+1)+27k)S)

we get the characteristic function for the risk neutral price
process @ (k)2 —(a +1)i).
Finally we have

"¢, (2 —(a +1)i)

¢, (k)= 14
G a4k 2k e+ D (4
Setting v =277 , then (2.57) becomes
-rT _ + .
ET(V) — e ¢T (V (a l)l) (15)

a’+a-v +vQa+1)i

The corresponding put values can be obtained by defining
p(p)=e ]3T( p), v =271k, a >0 with Fourier transform

e g (v—(-a+D))
a’—a-v+v(=2a +1)i

pr(v)= (16)
where @, is the Fourier transform of 7(S). A sufficient
condition for ¢, (p)to be square-integrable is given by ¢,(0)
being finite. This is equivalent to £¢(S7") < 0.

Substituting (15) into (13) withy =277k, we have

( <74, (v=(@+Di) ] an
a +a-v +vQ2a+1)i

~ = 1°° =i
CT(V):e a";je ?

0

= j e’ f(S)T(e”” (¢5 —e"))e ™ dSdp
j T £(S) T(e”” (e —ep))e_zmkpdp S
p

= ]2 e_rTf(S)(L (e(a+2mk)p)s

(13)
e (e(a+27Tik)p ) § S
-0 @ +27k +1 -0
Similarly, for the price of put option we have that:
_ © ) —T i + R
CT (V) — e—ap lJ’e—lvp Ze ¢T (vz ( a l)l) - dv (18)
Ty a’ —a-v +v(=2a+1)i

For the put formula to be well defined, is suffices to
choose an appropriate @ >0in a way that £9(S;7) <o (see
[6]).

The European call values are calculated using (17). Carr
and Madan [4] established that if ¢ =0 the denominator of
(17) vanishes when v=0, inducing a singularity in the
integrand. Since the fast Fourier transform evaluates the
integrand atv =0, the use of the factore™ .

Now, we get the desired option price in terms of 5T using

Fourier inversion of the form:

C,(p)=e llT j e e (v)dy

0

(19)

Using basic trapezoidal rule, (19) can be computed
numerically as:

~ I e
Crip)=e™ 2 &y @
77-]‘:
where
Vj :lljbj:0919293""N_1’,7>0’ (21)

Since we are interested in (at the money call values)
C,(p), the case where the strikes near the underlying spot
price of the asset. This type of options is traded most
frequently. The fast Fourier transforms method returns N
values of p and we then consider a uniform spacing of size
p>0for the log-strikes around the log-spot price S, of the

form:
p=k,=a+pu,u=0,1,2,.,N-1 (22)

Equation (22) gives us log-strike levels ranging from —a to
a, where
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(23)

Substituting (22) and (23) into (20), we have

ér(ku) = exp(a’[]\;’o —pu)]]l_[jlz_;exp(—iv[_];/’o

Now, the fast Fourier transforms method can be applied to

+ﬁm)]5TOQY7(24)

X, in (1) provided that p = E Hence the integration (19) is
nN

@T(ku) =exp(a[]\;p_pu]}71_[gexp[—2mu +iavjj5T(vj)Z(3+(—1)/’ ‘5,~-1)

where k, =a+ pu,u=0,1,2,..,N—1 and 5/. is called the

Kronecker delta function expressed as:

5[0 %0
7, i =0

2.2. The Fast Fourier Transform for the
Valuation of Options in-the-Money (ITM),
at-the-Money (ATM) and out-of-the-Money
(OTM)

(26)

For in-the-money and at-the-money options prices, call
values are calculated by an exponential function to obtain
square integrable function whose Fourier transform is an
analytic function of the characteristic function of the log-
price. Unfortunately, for very short maturities, the call value
approaches to its non-analytic intrinsic value causing the

©

0= [ (& =& Nnsiaaf (S)dS +e™ [ (€8 =€ Y s o/ (S)dS

—00

Where

an application of the summation (1).
For an accurate integration with larger values of /] we

apply basic Simpson’s ! rule weightings into (24) with the
3

2
nN
exact application of the fast Fourier transform method is
obtained as:

condition p= , then the accurate call price which is the

N (25)

integrand in the inversion formula of Fourier transforms to
vary above and below a mean value and therefore remains
tedious to be integrated numerically. We introduce an
alternative approach called the “Time Value Method”
proposed by [4] to mitigate this numerical inconvenience.
This approach works with time values only, which is quite
similar to the previous approach. But in this context the call
price is obtained by means of the Fourier transform of a
modified time value, where the modification involves a
hyperbolic sine function instead of exponential function.

Let z, (k) represent the time value of out-of -the-money
(OTM), that is, for § < k we have the call price for z,(k)and
for § >k we have the put option forz, (k). Scaling S, =1
for simplicity, z, (k) is defined by

@7

—00

£(S)is the risk-neutral density of the log-price S and | denotes the indicator function. Let the Fourier transform of z,(k)

be defined by

The prices of OTM options can be obtained by the inversion formula of the Fourier transform of (28) of the form

By substituting (27) into (228) and writing in terms of characteristic functions then (28) becomes

00

%00=Te“(éﬂj@s—ﬁyb”wfwyﬁ+é”7Gf—J)K”wfwyﬁ}%

—00

%@FTWQW& (28)
z, (k)= T e ™u,(v)dv (29)
(30)

— e’ _ e_rT¢T(_i) _ e_rT¢T (v—i)

14y iv iv(1+iv)
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There are no issues regarding the integral of this function
in (29) ask — —oo or o0, the time value at K tends to zero can

get rather steep as 7tends to zero and this can make the
Fourier transform to be wide and oscillatory. By considering
the damping function sinh(ak) , the time value follows a

Fourier inversion:

1%
h=——[e™¢,(vd 31
0 i MEWdv 6D
where
(0= [ e sinh(ak)z, (k)dk (32)

Solving (2.72) further and replace sinh(ak) byﬂ,
2

then we have

éf(ku)=exp(‘a/€,)m

where ku=a+,0u=[%—puj,u:0,l,2,...,N—l and 4 is

called the Kronecker delta as given by (26).

3. Numerical Experiment and
Discussion of Results

This section presents numerical experiment and discussion
of results as follows:

Numerical Example

We consider the pricing of “in-the-money (ITM) and at-
the-money (ATM)” and “out-of-the-money (OTM)”
European call option with the following parameters given
below:

Kk =0.8,

8=0.5,

g=0.5,

v, =0.8,

0£={-0.5,0,0.5}, (35)
S, =60,

r=0.08,

T=0.75,

K =1{20,40,60,80,100}

We examine the effects of correlation coefficient, strike
price and volatility of volatility; on option values using the
fast Fourier transform method. The results generated are
shown in the Tables 1A and 1B for “in-the-money (ITM) and

Zexp[_fvm u +ia\{/.)ZT(v/)Z(3 +(-1)/ —5/_1)

L= [ e (%J ()dk

:_[UT(v+ia)_UT(v—ia))
2 2

(33)

The use of the fast Fourier transform for calculating out-
of-the-money option prices is similar to (25). The only
differences are that they replace the multiplication by

exp(—ak,) =exp(—a(a + pu)) = exp[a’ (NZ’O - puB with a

division by sinh(ak) and the function call to ¢ (v) be
replaced by a function g, (v). Hence the formula for out-of-

the-money option price is given by

(34)
at-the-money (ATM)” and “out-of-the-money (OTM)”
European call options respectively.

Table 14. The Effects of Correlation p and Exercise Price K on “in-the-
money (ITM) and at-the-money (ATM) European Options Values”

K p=-05 0=0 £=0.5
20 41.7372 41.4985 41,1620
40 27.7962 27.6276 27.4127
60 18.2136 18.4365 18.6684
80 11.9475 12.5720 13.1965
100 7.8495 8.7680 9.6557

Table 1B. The Effects of Correlation yox and Exercise Price K on “out-of-
the-money (OTM) European Options Values”

K p=-0.5 £=0 p=0.5
20 41.9377 41.7842 41.6060
40 27.8097 27.6654 27.4978
60 18.1999 18.4337 18.6880
80 11.9280 12.5585 13.1959
100 7.8289 8.7510 9.6468

3.1. Discussion of Results

Tables 1A and 1B show the effect of correlation coefficient
P and strike price K on ITM, ATM and OTM options values
using fast Fourier transform. The price of option and the time
value for Nine-month call options associated with volatility
of volatility 0 =0.5are relatively close as we can see from
the Tables 1A and 1B for ITM, ATM and OTM respectively.
The effect of correlation coefficient depends on the
relationship between the current underlying price of the asset
and strike price. For a positive correlation coefficient, the
price of out-the-money call option becomes lower. For
negative correlation coefficient, the price of in-the-money
and at-the-money call options becomes higher. When the
correlation coefficient is zero, the effect of volatility of
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volatility is negligible.

The fast Fourier transform method is useful for empirical
analysis of the underlying asset price. This method can also
be used for pricing contingent claims when the characteristic
function of the return is known analytically.

4. Conclusion

The fast Fourier transform method is used because of its
advantages when compared to the analytic solution. Using
the fast Fourier transform with risk neutral approach provides
simplicity in calculations.An analysis of the fast Fourier
transform method reveals that the volatility of volatility O
and the correlation coefficient 0 have significant impact on

option values, especially long-time option, stock returns and
negatively correlated with volatility and these negative
correlations are important for the valuation of European style
options.
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