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Abstract

In this paper, we introduce a new distribution called transmuted Gompertz distribution
(TGD). Some properties of this distribution will be discussed. The " traditional
moments, TL-moments, L-moments are derived. The maximum likelihood estimation of
the unknown parameters is discussed. Real data are used to determine whether the TGD
is better than Gompertz distribution (GD) or not.

1. Introduction

Transmuted distributions can be obtained by adding a real number A (|/]| <1) to the

cumulative distribution function (CDF). i.e, if we have CDF G(x) of any random

variable X, then the function
F(x)=(1+2)G(x)=A[G(x)]". [ =1, M

is called a transmuted distribution. See Ref.[1].
The probability density function (PDF) is given by

7= 21 =[2)-246(1) e 2). ®

where g (x ) is the PDF of base distribution.

A random variable X is said to have a Gompertz distribution with two parameters &'
and @ ifits PDF is in the form

g(x)= age‘”"’(em‘l); x20, @ and 6>0. 3)

Then the CDF of g (x ) in (3) is given by

6(x)=1-¢ 47, x20, @ and 6>0. 0

Many transmuted distributions are proposed. Ref. [2] presented a new generalization
of Weibull distribution called the transmuted Weibull distribution. Ref. [3] proposed and
studied the various structural properties of the transmuted Rayleigh distribution. Ref.[4]
introduced the transmuted modified Weibull distribution. Transmuted Lomax distribution
is presented by Ref.[5]. Ref[6] introduce transmuted Pareto distribution. Transmuted
Generalized Linear Exponential Distribution introduced by Ref.[7] among other. In this
paper we present a new generalization of the Gompertz distribution called the transmuted
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Gompertz distribution. The rest of the paper is organized as
follows. In Section 2 we introduce transmuted Gompertz
distribution (TGD). The traditional moments for TGD are
given in Section 3. In Section 4 we discussed the parameters
estimators using maximum likelihood method. In Section 5
we demonstrate the order statistics for TGD. The +* TL-
moments with different trimmed are given in Section 6. The
#" L-moments was introduced In Section 7.

Finally, we use a real data set to show that the TGD can be
a better model than one based on the GD in Section 8.

2. Transmuted Gompertz Distribution

Using (1) and (4), we can define the CDF of transmuted
Gompertz distribution (TGD) as follows

o) o) T
F(x):(1+)l)[l—ee }—A[l—e e }
= [1 —e_g(em _l)}[l + Je o) };
xz0, |/1|S1,a'and9>0, (5)
The PDF of TGD is

S (x ) = O’Heaxe_g(em ) [1 - +2/]e_9(em _1)}
. (6)
x 20, |[A|<lLaand >0

Figure 1 and Figure 2 depict the behavior of the
distribution for some parameter values.
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Figure 1. plots of PDE, f(a,6,A,y).
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Figure 2. plots of CDF F(a, H,/Ly) .

The reliability function R(x) , the hazard rate function
(HRF) h, (x) and the reversed hazard rate function (RHRF)
h; (x) for TGD are in the following forms:

R(x)= {1 ~A+ Ae‘e(em‘l)}

(7
x=0, |/]|S1,a'and9>0,
h(x )[1 —A+20 ‘l)}
h/l (x): _9( ax_l) ;
[1—/1 +le ¢ ]
x 20, |A|<la and 6>0, 8)

and

e (x )Ae _g(ew _1) )
{1 a2 " _l)} ’ ©9)

x 20, |A|<La and 6>0,

Iy (x) =" (x)-

where A (x ) and h° (x )are the HRF and RHRF for the

Gompertz distribution respectively. Figure 3 depict the
behavior of HRF for some parameter values.
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Figure 3. plot of HRF h(a,6,,y).

Figure 3. show that A 2 (y ) is monotonically increasing

with y.
The median of TGD is
1 1. | A=1+41+ 22
Xg5s =—Iny—=In| ————— |+1;.
a g 2/

3. Traditional Moments for TGD

The moments generating function for TGD is
M(r)=E(e")

o) [1 a2 }dx

= aHJ' e“e™e
Let y = H(e‘” —1) =dy=abe™dx

1 _
x= a[ln(y+9) ln(H)] and 0 < y<oco,

= T[y;g}a e’ [l—/\ +2/\e_y]dy
0

y+6

Let z:T:dyZHdz, y=60z—0and 1< z<oo,

(10)

The first two moments about zero are

w4 =M'(0)
_ (1—2)69 im(ﬁ)—ﬁi%}
)

(l+1) (l+1)

AeZQ

M == " i(-6)-——Ei(-26),
where )/ is Euler constant and El —Z = —It e”
#l =M”(O)
_ 6
_{ ;Z)e {[ln(éi)]2 +2yIn(0)+—+y’
( 1)[ g" Ae?

(i) (i +1)’

+y - 22

(-1) 6™ ]+ e
(i) (i+1)°

[1n(26)] +2y1n(26) +%+ %
o (1) (20)”"
ST

—{—(1_’1)89 Ei(-6)+ 2k

a a

1

(12)

i(—ZH)T

4. Parameter Estimators

In this section, we consider maximum likelihood
estimators (MLE) of TGD. Let x,X ,,...
sample of size n from TGD, then the log-likelihood function

L (a, 9,/]) can be written as

,X , be a random

n

9) + 1n(a’)] - Hz (e‘”" - l)

i=l

+ aZn: x, + iln [l “A+22e }

i=1 i=1

InL(a,6,A)On|In(
(13)
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The normal equations become The PDF of min(X,,X,) is (a =1)
O0lnL _n .z z
:__0 ) ax; + ) _ _
da «a ,Z:l:x’e 2% fo(x)=2f (x )[l F(x ):I a7
2 2A0x.e™ e_g(em’ ) (14 .
- L ZER and the PDF of maX(Xl,Xz) (a=2)is
-8(e™i -1
= 1=A+2Ae
L _n fa (%) =2F (x) £ (). (18)
=—=) (™ -1
06 0 ‘I (17) and (18) can be obtained from (2), which A =1 and
n 27 (e‘”" —l)e_g(e ") (15) A =-1 respectively. This result means that if X ;,X, are
=o1=A +2/1e_9(em’ W) two iid random variables have DF F (x ) . Then the DF of
oL o 2. Inil’l(Xl,Xz) and max(Xl,Xz) are the corresponding
= . 16
04 T i-i1+24 8‘9(9‘”‘ -1 (16) transmuted distribution of £ (x ) at A=1 and A=-1
respectively.
The MLE of &, & and A can be obtain by solving the The first moment of order statistics are in the following
form
equations (14), (15), and (16) using —— Oln L =0, OlnL =0
oa 06 0l
dlnL ' =E(X )= :
and ¥ =0. M, ( : ) (a 1)!(n_a),
e a-1 n-a
s es x| Fx x ) 1-F(x dx
5. Order Statistics for TGD I [ ( )] /1 )[ ( )]

—00

In this section, we drive the single order statistics for TGD. To find the first moment of order statistics for TGD, we

Thi bability density functi f X _is:
© Probabitly density Tneton ot e, 18 use F(x) andf (x) in (5) and (6) as:

n!
: = F(x ) 1-F(x ) 1
fa.n(x) (a—l)!(l’l_a)![ :| f I: :| 'u"m :#a&j |:1 e ( ‘1):| 1
a
Special cases: o) 17 gy B(nmart)(e )
When n =2 , we get PDF of two iid random variables [1+/]e } e

X ,,X, as follows: . e
P2 [1—/1+2/leg( )}[1 A4l ﬂ dx

2 a-1
fu:z (X)ZW[F ] f |:1 F :| 'a:1,2
Let y = G(e‘” —1) =>dy=a6e"dx, x =é[ln(y+6’)—ln(6’)] and 0 < y<co.

., = mz[ln (y + 9) —1n(9)](1 —-e” )a_l (1 +Ae™” )a_l PR (1 A+24e™ )(1 -A +/1e_-'“)n_a dy

(Ul Y e S CCTe
I[ln(y"'@)—ln(ﬁ)]e (el (1= A 4207 ) dy 19)

_ n! alalnalg—1\(a-1\(n—a (_1)i/‘j+[(1_/])n—a—l (/]_l)ee(n—a+[+/+1+1)
ala=1){(n-a)Zm=0 0 ) ! n—a+i+j+l+1

24
n—a+i+j+l+2

Ei -8(n-a+i+j+i+1)]- B -O(n—a+i+ j+1+2) ]},
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where Ei(-z)= —Jt'le_'dt )

6. Population TL-moments for TGD

In this section, we investigate the population TL-moment
of order r for TGD. TL-moments are more robust than
traditional moments and exist even if the distribution does
not have a mean, for example the TL-moments are existed for
Cauchy distribution. The " TL-moments is given in the
following formula Ref.[10]

(st)— Z( 1) ( ] (,+vkr+v+l)

¥ k=0

(20)

Transmuted Gompertz Distribution

Where 7 s and ¢ takes the values 1, 2, 3, .... We have note
that the /" L-moments can be obtained by taking t=s5=0.
Ref.[11] are introduced an important relation between the

first TL-moments L{"” and the " TL-moments L(rs’t) as

follows:

o =1 Z( 1)( ]L(””‘“*“ r=23.. @

Using formula (20) and the function (19), the TL-moment
of order » for TGD will be as follows

o0 =18 o (kN k) ek gy i (1= A (s o) (r4s—k=1)(r=1)(r+s—k-1\(1+k
_rk: i=0 j=0  1=0 a(t+k) (V+S_k_1)! I k j /
( ) O(s+i+i+j+I+1) 2 O(s+r+i+j+1+2) (22)
{ s+tt+it+j+i+1 EZ[_H(SHﬂ+j+l+1)]_s+t+i+j+l+2EZ[_H(SHﬂ+]+l+2)]}’
Wherer, s, t=1,2,3,....ands + ¢t <n.
The first three TL-moments can be obtained by taking # =1 in (22) and using (21) as follows
+1+1 - e
LEEE e oM W W S PRI
th S\ 23)
(/1—1)6 (s+e+i+j+1+1) - o 2l O(s+i+it j+1+2) - o
{S+t+i+j+l+l El[ H(SHJ”-UHHH s+t+i+j+l+2El[ H(S+t+l+j+l+2)] ’
1 (s+e+2)1[ 1 SE G s+ s+1)(t D o
L(s,t):_ L(s+l,t)_L(s,t+l) - - _l /1‘/+l l_/l
: 2[1 ] 2ast! {s+1i_0;§[i j( J ][1]( yAm (=)
b t+1 iy i+l s+t=l+1
,HZZZ i ( 1) A (1‘/‘) (24)
i=0 j=01=0
(/] _1)6 (s+e+i+j+1+2) ‘ o 2/]eg(x+l+i+j+l+3) ‘ o
{S+t+i+j+l+2 El[_e(ﬁtﬂ+J+l+2)}s+t+i+j+l+3El[_e(swwﬂﬂ+l+3)J ’
and
L(;’t) zé[ll(lwz,r) _ 2L(1s+1,t+1) +L(1s,r+2):|
(S+l+3)! 2 542 s+ s+2 i sH=I+2 3 iy
= -1) (1-4 A’
3as!t! (s+2)s+1 Z;, = ( ) (1=4)
stlstl 4l fo b1\ g+ t+1 4 SHi—142
e ) j( ] VA= 2s)

i=0 j=0 /=0

sy o O SRV

_ (s+t+i+j+1+3)
{(/] ! Ei[-0(s+t+i+j+1+3)]-

S+t+i+ j+1+3

2Aeﬂ(x+z+i+j+l+4) . . .
—S+t+i+j+l+4El[—0(s+t+l+]+l+4)]},
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Special cases:
Symmetric trimmed (S = t) :
In this case the 7" and the first three TL-moments are in the forms:

l)kﬂ (1 - )2v-l

r+s—k— 1 r+v k- 1

1 r=1 s+k(
L(:V,S) - 7
' r; = ;‘ ,Z(:‘ a(r+s—k-1)!
A (r+2s) (=1 rs—k=1)_(r+s—k=1\(s+k\[(A=1)e "
xZ L x (26)
(s+k) (k& i j l 2s+i+ j+1+1

(2s+i+j+1+2)

24¢°

x Ei[ —6(2s +i+j+1+1)]—mei[—e(2s+i+j+l+2)]},

| s s s ) _ O(2s+i+ j+1+1)
L ):(2”,12) > m{s.Jm(—l)’Af*’ (1-2)"" {—(/; i).i g
perter b d ¥
a’(s.) 0 j=01=0 J sTLT ] @7)

s+i+j++2)

-0 . 227
Ei[ - (2S+l+]+l+1)]_—2s+i+j+l+2

L(zs,s) :%[Dlm,s) _L(ls,s+l):| — (2S + 2)! {Liii(s‘: lj[s;lj[;’j(_l)f P

in[—e(zs+i+j+l+2)]},

S+110,010

<(1-2)" —#iii[j]{jj[s,”j(—nfw‘”(H)”f”} es)

(A =1)Csrit+2) 2 ) o
{ El|: 9(2S+l+]+l+2):| mEZ[_9(2S+I+]+Z+3)] 5

2s+i+ j+1+2

and

1
(5,8) — (s+2,58) _ (s+l,s+1) (s,5+2)
L9 =2 [ 2L 4 )]

) 3a((isg)+(: Z-!l)!{[(s
) et (st

s+1)[s+1 Py g q\2s-I*2
( ]{l ](-1) 2 (1-2) .

(S + 1) i=0 ;=0 1=0 J

1SS P

Ne—

i

) i=0 j=0 /=0
A _1)e (25+i+j+1+3) . o 2A69(2S+[+j+/+4) . o
El[—9(2s+1 +j +l+3)]_mEl|:_0(2S+l +j +l+4):| .

{ 2s+i+ j+[+3

Lower trimmed (Z = 0) :
In this case the /" and the first three TL-moments are as follows:

160 _lH (rﬂ_k_l)(ﬁxz_/i_l) k (‘Dkﬁ (1—/])‘?_/ /1‘f+l(r+s)! r=1\(r+s—k-1\r+s—k-1\(k
a5 Galr+s-k-1) (k) Lk i j !
2/]ee(x+i+j+l+2)

(A=1)trm) T L _
{—s+i+j+l+1 Ei[ =6(s+i+j+1+1)] PrerYTY

(30)

E{—H(s+i+j+l+2ﬂ},
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o =Bl ey av-ay

/]_1 9(A‘+i+j+l) [ . . _ 2A H(.\'+i+j+2) - . .
{—s+i+j+le Ez[ 6(s+z+j+1)] —s+i+j+Ze Ez[ 6(S+l+]+2)] ,

(s+2)!
2as!

v ona W AN PR wopa o (4 ST

_ O(s+i+j++2) O(s+i+j+1+3)
{—(/‘ 1)e Ei[—@(s+i+j+l+2)]—2)le /

s 1 s+l S, —
L(Z,O) =E|:L(1 10)_L(1 1)]_

SHi+j+I+2 s+i+j+1+3

Ei[—@(s+i+j+l+3)]},

and

e

, 1 ) (S+3)! i=0 j=0\ !
60 = L[ J6+20) o G+ g ps2) = J
3 3|: 1 1 + 4 :| 3as! (S+2)(S+1)
2?{4 s+ i(s%l](s*rl](_l)[ LA (1 _/])x—1+2 1 i )
55500 Jj +1 CE S| S -1 i/]j+/ 1= s=1+2
T s e

1) B(s+i+j+1+3) O(s+i+j+1+4)
{—(/‘ 1)e Ei[—e(s+i+j+l+3)]—2/]e :

s+i+ j+I+3 E{_H(S+i+j+l+4ﬂ}’

s+i+j+l+4

Upper trimmed (s = 0) :

In this case the " and the first three TL-moments are as follows:

1 @ ENCLEN ek (=) A (1=A) " (r o) (P =1\ (r=k=1)(r—k=1\(t+k
0.0 = 2
EEEIPID s S S I

1 J

2 ea(t+i+j+l+2)

Ei[—e(t+i+j+1+2)]},

t+i+jH1+2

(A-p)efterm _
{—t+i+j+l+1 Ei[-0(t+i+j+1+1)]

c A (1= -
L§°">=z’1 (1=4) (Hl)ﬁ{ A leg(’*’“)Ei[—e(Hzn)]— 2 eg(’+'+2)Ei[—6(t+l+2)}},

= a L) t+1+1 t+1+2
1 (r+2)!
0,0) — = (Lt) _ 7(0,t+1) =
L= R 2at!

1 1+1

{Liiim(‘l)i A (=A™ ——Z(tjl]ﬂ (1—/1)””}

_ O(1+i+j+1+2) O(t+i+j+1+3)
{—(A 1)e Ei[—e(t+i+j+l+2)]—2/1€ :

i+ j+1+2 tHi+ j+I+3

and

Ei[—H(t+i+j+l+3)]},

(€2))

(32

(33)

(34

(35)

(36)
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t+3)!

Lgo,z) - %[L(lz,r) _2L(11,z+1) +L(10,r+2):| — (

_ O(t+i+j+1+3)
{&1_95_____5{_50+i+j+1+3ﬂ_

t+i+ 143

7. Population L-Moments for TGD

In this section, we discuss the population L-moment of

order r for the TGD as a special case of formula (22). Taking

(:1) ZZ Cj@(l ) l]("l)i (1=A) A +2)1(t ) Z(t . 2)” . "”)m}

S5

J

€0

2/166(t+1‘+j+1+4)

t+i+j+l+4Ei[_5(t+i+j+l+4)}}’

s =t =0 in (22), the population L-moment of order r for the
TGD:

T RS E Sall-A) (r—k-1)(k) K i Jo N
. . (38)
(/1 _1)6‘9('*'1”+l 2/169(1+j+l+2)
A FEi|-Q(i+ j++1) |- ————FEi| -O(i+ j+]+2
e oo o) 2 ol 4142
The first three L-moments can be obtained by taking
=1, 2, 3 in(46) as foll ¢’ o
r =1, 2, 5 in(46) as follows L :;[(/1 ~1)Ei(~6) - AEi(-26) ], (39)
g
L, ={(A-1) Ei(-6) +(1* =34 +1)¢ Ei(-26) =2 (A ~1)*Ei (-36) +1°¢* Ei (-46)} (40)
a
and
o A-2)(51-3 S -16A°
L= e—{(l -A)Ei(-6) +M6‘9Ei(—20) 9 16/‘3 *10A+2 5
8A° =154 +174 42° +141° +8A 24*(1-2) 40
Ei(-36) ~~ AR e i (~40) + 2 0 Ei(-56) ——e”Ei(—69)}
8. Application of TGD Table 1. Estimated parameters of the TGD and GD.
In this section, we use a real data set to show that the TGD _Model Parameters Estimates -L
can be a better model than one based on the GD. We consider TGD ¢=0.1879, §=1.1480 , A=0.8191 64.25
a data set of the life of fatigue fracture of Kevlar 373/epoxy  GD G=0.1216, 6=3.3853 87.203

that are subject to constant pressure at the 90% stress level
until all had failed, so we have complete data with the exact
times of failure. For previous studies with the data sets see
Ref.[8] and Ref.[9]. These data are:

0.0251, 0.0886, 0.0891, 0.2501, 0.3113, 0.3451, 0.4763,
0.5650, 0.5671, 0.6566, 0.6748, 0.6751, 0.6753, 0.7696,
0.8375, 0.8391, 0.8425, 0.8645, 0.8851, 0.9113, 0.9120,
0.9836, 1.0483, 1.0596, 1.0773, 1.1733, 1.2570, 1.2766,
1.2985, 1.3211, 1.3503, 1.3551, 1.4595, 1.4880, 1.5728,
1.5733, 1.7083, 1.7263, 1.7460, 1.7630, 1.7746, 1.8275,
1.8375, 1.8503, 1.8808, 1.8878, 1.8881, 1.9316, 1.9558,
2.0048, 2.0408, 2.0903, 2.1093, 2.1330, 2.2100, 2.2460,
2.2878, 2.3203, 2.3470, 2.3513, 2.4951, 2.5260, 2.9911,
3.0256, 3.2678, 3.4045, 3.4846, 3.7433, 3.7455, 3.9143,
4.8073, 5.4005, 5.4435, 5.5295, 6.5541, 9.0960.

The LR statistics to test the hypotheses H,: A =0 versus
H :A#0: w=45906>6.635= x; (a =0.01), so we reject
the null hypotheses.

9. Conclusion

In this article, we introduce a new generalization of the
Gompertz  distribution  called transmuted Gompertz
distribution and presented its theoretical properties. The
estimation of parameters is approached by the method of
maximum likelihood. We consider the likelihood ratio
statistic to compare the model with its baseline model. An
application of the transmuted Gompertz distribution to real
data show that the new distribution can be used quite
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effectively to provide better than the Gompertz distribution.
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