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Abstract 
In this paper, we consider a non-autonomous stochastic SIR epidemic model. Some new 

sufficient conditions which guarantee the permanence of the stochastic epidemic model 

are obtained. The results in this paper imply that the intensity of white noise has no 

effect on the permanence of the infective and the removed class of system. 

1. Introduction 

Epidemiology is the branch of biology which deals with the mathematical modeling of 

spread of diseases, many problems arising in epidemiology may be described, in a first 

formulation, by means of differential equations, this means that the models are 

constructed by averaging some population and keeping only the time variable. To the 

best of our knowledge the first mathematical model of epidemiology was formulated and 

solved by Daniel Bernoulli in 1760. Since the time of Kermack and Mckendrick [5], the 

study of mathematical epidemiology has grown rapidly, with a large variety of models 

having been formulated and applied to infectious diseases[2, 3, 11]. Consider a 

population which remains constant and which is divide into three classes: the susceptible, 

denoted by S, who can catch the disease; the infective, denoted by I, who are infected 

and can transmit the disease to the susceptible, and the removed class, denoted by R, who 

had the disease and recovered or died or have developed immunity or have been removed 

from contact with the other classes. Since from the modeling perspective only the overall 

state of a person with respect to the disease is relevant, the progress of individuals is 

schematically described by  

These types of models are known as SIR models. In recent years, many scholars pay 

extensive attention to the dynamic behaviours of SIR epidemic models. We refer the 

readers to [1, 6, 9, 10, 12] In [1], Bai and Zhou formulated a non-autonomous SIR 

epidemic model with saturated incidence rate and constant removal rate by introducing 

the periodic transmission rate β(t) as follows:  

               (1.1) 

where α is the recruitment rate, µ is the natural death rate, γ is the recovery rate of the  

.S I R→ →

.

1 2

.

1 2

.

( ) ( ) ( )
( ) ,

( )

( ) ( ) ( )
( ) ( ) ( ), (1.1)

( )

( ) ( ) ( ),

t S t I t
S S t

k k I t

t S t I t
I I t h I

k k I t

R I t h I R t

βα µ

β µ γ

γ µ

 = − − +



= − + − +


= + −




394 Shaobin Rao and Xiaorong Gan:  Almost Sure Permanence of Stochastic SIR Epidemic Model  

 

 

infective, β(t) is the transmission rate at time t and h is a 

treatment function, which is a positive constant σ for I > 0, 

and zero for I = 0, and , , however, 

the growth rate in the biology species system should exhibit 

random fluctuation[8]. Assume that the growth rate r is 

perturbed by environmental noise with , as 

we all know, the recruitment rate, natural death rate and the 

recovery rate of the infective are not constant but vary with t 

by utilizing the case, system (1.1) have the reasonable and 

important stochastic model as follows: 

                       (1.2) 

Where , , are independent standard 

Brownian motions, , ,  are the intensity of white 

noise, β(t), α(t), µ(t) and γ(t) are bounded and continuous 

functions, β(t) > 0, α(t) > 0, µ(t) > 0 and γ(t) > 0 on

 It is well known that the permanence is a very 

important and interesting topic in mathematical ecology, 

which means that a biology species system will survive 

forever. In general, a deterministic species system is 

permanent, if system has the following properties 

 (1.3) 

Lots of results about permanence have been obtained for 

deterministic population models. As far as stochastic 

population models are concerned, it is natural and reasonable 

to consider their permanence. Throughout this paper, we set 

 

The remaining part of this paper is organized as follows: In 

Section 2, we will state several definitions and lemmas which 

will be useful in the proving of main results of this paper. In 

Section 3, we obtain some new sufficient conditions for the 

permanence of system (1.2). 

2. Preliminaries 

Definition 2.1. ([7]) A stochastic system is said to be 

almost surely stochastically permanent if for any initial value 

, the solution , satisfies 

 

Lemma 2.1. ([4]) Assume that X(t) and Y (t) are Itˆo 

process, then we have 

  

Lemma 2.2. Consider the linear stochastic differential 

equation 

 (2.1) 

where B(t) is a standard Brownian motion and  is the 

intensity of white noise, then 

 

Proof. Setting 

 

By lemma 2.1 we have 
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According to Eq. (2.1) we have 
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Namely 

 

Integrating both sides from  to t gives, we get 

1 0k >
2

0k >

.

( )
i

r r B tσ→ +

1 1

1 2

2 2

1 2

3 3

( ) ( ) ( )
( ) [ ( ) ( ) ( ) ] ( ) ( ),

( )

( ) ( ) ( )
( ) [ ( ( ) ( )) ( ) ( )] ( ) ( ), (1.2)

( )

( ) [ ( ) ( ) ( ) ( ) ( )] ( ) ( ),

t S t I t
dS t t t S t dt S t dB t

k k I t

t S t I t
dI t t t I t h I dt I t dB t

k k I t

dR t t I t h I t R t dt R t dB t

βα µ σ

β µ γ σ

γ µ σ

 = − − − +



= − + − − +
 = + − −



1
( )B t

2
( )B t

3
( )B t

2

1
σ 2

2
σ 2

3
σ

[ )t 0∈ + ∞，

0 liminf ( ) limsup ( ) , 1, 2,... . (1.3)i i
t t

N x t x t M i n
→∞ →∞

< ≤ ≤ ≤ < ∞ =

(0, ) (0, )(0, ) (0, )

(0, ) (0, )(0, ) (0, )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

sup supinf inf

sup supinf inf

t tt t

t tt t

t t t t

t t t t

µ µ µ µ α α α α

β β β β γ γ γ γ

+ − + −

∈ ∞ ∈ ∞∈ ∞ ∈ ∞

+ − + −

∈ ∞ ∈ ∞∈ ∞ ∈ ∞

= = = =

= = = =

n

0x R +∈
1 2( ) ( ( ), ( ),..., ( ), )

n
x t x t x t x t=

0 liminf ( ) limsup ( ) , . . 1, 2,...,i i
t t

N x t x t M a s i n
→∞ →∞

< < ≤ < < ∞ =

[ ( ) ( )] ( ) ( ) ( ) ( ) ( ). ( ).d X t Y t X t dY t Y t dX t dX t dY t= + +

0 0( ) ( ) ( ) ( ) ( ) ( ), ( ) (2.1)dx t r t x t dt x t dB t f t x t xσ+ + = =

2σ

2

0

2
0

0

1
( ) ( ) ( )

0 2
1

( ) ( )
2

( )
( ) ( ) .

s t

t

r u du B s t s tt

tr u du B t t

x t
x t f s e ds

e

σ σ

σ σ

−
+ − + −

+ +

∫= +
∫

∫

2

0

1
( ) ( )

2( ) .

t

r u du B t t

y t e
σ σ+ +∫=

[ ( ) ( )] ( ) ( ) ( ) ( ) ( ). ( ). (2.2)d x t y t x t dy t y t dx t dx t dy t= + +

2
( ) ( )[ ( ) ] ( ) ( ) (2.3)dy t y t r t dt y t dB tσ σ= + +

( ) ( ) ( ) ( ) ( ) ( ). (2.4)dx t f t dt r t x t dt x t dB tσ= − −

2( ). ( ) ( ) ( ) , (2.5)dx t dy t x t y t dtσ= −

( ) ( ) ( ) ( ) ( ) ( )[ ( ) ( )], (2.6)y t dx t y t f t dt x t y t r t dt dB tσ= − +

2
( ) ( ) ( ) ( )[( ( ) ) ( )]. (2.7)x t dy t x t y t r t dt dB tσ σ= + +

[ ( ) ( )] ( ) ( ) ( ) ( ) ( ). ( ) ( ) ( ) .d x t y t x t dy t y t dx t dx t dy t f t y t dt= + + =

2 2

0 0

1 1
( ) ( ) ( ) ( )

2 2[ ( ) ] ( ) ,

t t

r u du B t t r u du B t t

d x t e f t e dt
σ σ σ σ+ + + +∫ ∫=

0
t



 Computational and Applied Mathematics Journal 2015; 1(5): 393-400 395 

 

 

 which yields 

 

This completes the proof. 

Lemma 2.3. ([4]) The B(t) of the Brownian motion has the 

following properties: 

(i) (Continuity) The almost orbit of B(t) is continuous in 

 

(ii) (Asymptoticity) The Brownian motion of 

one-dimensional standard satisfy the law of the 

iterated logarithm, as following: 

 

(C1) According to Lemma 2.3 (i), for some , there 

must exist K > 0 such that 

 

(C2) From Lemma 2.3 (ii), we have . 

Hence for , there is T0 > 0 such that 

 

In view the (C1) and (C2), we have the following lemma: 

Lemma 2.4. Assume that the B(t) is the Brownian motion, 
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Here  and  are defined as that in system (1.2). 

3. Almost Sure Permanence 

Setting: 

 

Lemma 3.1. Assume that ( ) . Then the 

susceptible S(t) of system (1.2) is almost stochastically 

permanent, that is, 
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Proof. From the first equation of system (1.2), we obtain 
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                              (3.1) 

By Lemma 2.2, set  we obtain 

 

Which yields 
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Letting  we have 

 

We note that , letting , we get 
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(3.2) and (3.3) yields the required assertion. This completes the proof. 
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By Lemma 2.2, let  we obtain 

 

 

 

According to ( ), we have 
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We note that , letting , yields that 

                        (3.6) 

(3.5) and (3.6) yields the required assertion. This 

completes the proof. 

Lemma 3.3. The remove R(t) of system (1.2), is almost 

stochastically permanent, that is, 

 

Where 

 

Proof. According to (3.5), for , there exists 

 such that 

 for  

From the third equation of system (1.2), we have 

 

Then 

  (3.7) 

By Lemma 2.2, set   we have 

 

According to ( ) we get 

  

Letting , we have 

 

Taking  to satisfy , letting , then we have  

                         (3.8) 

On the other hand, according to (3.6), for  there exists  such that 

 for  

According to Eq. (3.7), we have 

 

µ σ− > t → ∞

2 22

2 2 2

liminf ( ) : 0 . .. (3.6)
1

(2 )
2

I
t K

I t m a s

e
σ

µ σ

µ γ σ ε σ

−

→∞ − −

−≥ = >
+ + +

0 liminf ( ) limsup ( ) , . .,
R R

t t

m R t R t M a s
→∞ →∞

< ≤ ≤ ≤ < ∞

3 3

3 32 2

3 3 3 3 3 3

( )
, .

1 1
( )

2 2

K

I I

R R
K

M e m
M m

e

σ

σ

γ σ γ

µ σ ε σ µ σ ε σ

+ −

+ −

+
= =

+ − + +

'

2
0ε∀ >

'

2
0T >

'

2
( )

I
I t M ε≤ + '

2
t T≥

3 3
( ) [ ( ) ( ) ( ) ( ) ( )] ( ) ( ).dR t t I t h I t R t dt R t dB tγ µ σ= + − −

3 3
( ) ( ) ( ) ( ) ( ) [ ( ) ( ) ( )] . (3.7)dR t t R t R t dB t t I t h I dtµ σ γ+ + = +

'

0 2
t T=

2
3 3 3

0

'2
23 3 3

0

1'
( ) ( ) ( )

2 2
1

( ) ( )
2

( )
( ) ( ( ) ( ) ( ))

s t

t

u du B s t s tt

Tu du B t t

R T
R t s I s h I e ds

e

µ σ σ

µ σ σ
γ

−
+ − + −

+ +

∫= + +
∫

∫

2
3 3 3

'2
23 3 3

1'
( )( ) | ( )|

'2 2
21

( ) | ( )|
2

( )
[ ( ) ] .

s t B s tt

I
Tt B t

R T
M e ds

e

µ σ σ

µ σ σ
γ ε σ

+

−

+ − + −+

+ −
≤ + + + ∫

3
L

2
3 3 3 3

'2
23 3 3 3

1'
( )( ) ( | |)

'2 2
21

( ) ( )
2

( )
( ) [ ( ) ]

s t K s tt

I
Tt K t

R T
R t M e ds

e

µ σ σ ε

µ σ σ ε
γ ε σ

+

−

+ − + + −+

+ − +
≤ + + + ∫

23 3
3 3 3

3 3

'2
23 3 3

1'
( )( )

'2 2
21

( )
2

( )
[ ( ) ]

K
s tt

K

I
Tt

R T e
M e e ds

e

σ µ σ ε σσ

µ σ ε σ
γ ε σ

+

−

+ − −+

+ −
≤ + + + ∫

3 3 3 3

2 2 '
3 3 3 3 3 3 2

' '

2 2

1 1
( ) ( )( )2

2 2
3 3 3

( ) [ ( ) ] 1
[1 ].

1

2

K K

I

t t T

R T e M e

e e

σ σ

µ σ ε σ µ σ ε σ

γ ε σ

µ σ ε σ
− +

+

+ − + − −+

+ +
≤ + −

+ −

'

2
0ε →

3 3 3 3

2 2 '
3 3 3 3 3 3 2

'

2

1 1
( ) ( )( )2

2 2
3 3 3

( ) ( ) 1
( ) [1 ].

1

2

K K

I

t t T

R T e M e
R t

e e

σ σ

µ σ ε σ µ σ ε σ

γ σ

µ σ ε σ
− +

+

+ − + − −+

+
≤ + −

+ −

3
0ε > 2

3 3 3

1
( ) 0

2
µ σ ε σ− + − > t → ∞

3 3

2

3 3 3

( )
limsup ( ) : . .. (3.8)

1

2

K

I

R
t

M e
R t M a s

σγ σ

µ σ ε σ

+

→∞ +

+
≤ = < ∞

+ −

'

3 0ε∀ > '

3 0T >

'

3( ) II t m ε≥ − '

3t T≥

3 3( ) ( ) ( ) ( ) ( ) [ ( ) ( ) ( )] .dR t t R t R t dB t t I t h I dtµ σ γ+ + = +



400 Shaobin Rao and Xiaorong Gan:  Almost Sure Permanence of Stochastic SIR Epidemic Model  

 

By lemma 2.2 set , we have 

 

According to ( ), we have 

  

 

Letting , we have  

 

Letting , then we have 

(3.9) 

(3.8) and (3.9) yields the required assertion. This 

completes the proof. 

According to Lemma 3.1, Lemma 3.2 and Lemma 3.3, we 

have the following theorem: 

Theorem 3.1. If (H1) and (H2) are hold, then system (1.2) 

is almost surely stochastically permanent. 

4. Conclusion 

This paper is concerned with the permanence of the 

non-autonomous stochastic SIR model. The results in this 

paper imply that the intensity of white noise (i.e., , i=2,3) 

has no effect on the permanence of the infective and the 

removed class of system (1.2). By Lemma 3.1, it is easy to 

see that the intensity of white noise (i.e., ) on the 

susceptible has some influence On the permanence of the 

susceptible of system (1.2). From Lemma 3.2, we observe 

that if the natural death rate µ exceeds the positive constant σ, 

the infective is permanent. Without any condition, the 

removed class of system (1.2) is always persistent. 
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