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Abstract

In the present work, the Van Leer and the Liou and Steffen Jr. flux vector splitting schemes
are implemented to solve the three-dimensional Favre-averaged Navier-Stokes equations.
The Sparlat and Allmaras one-equation model, and the Menter and Rumsey and the
Gibson and Dafa’Alla two-equation models are used in order to close the problem. The
physical problem under study is the supersonic flow around a blunt body. The results have
demonstrated that the Van Leer scheme using the Menter and Rumsey turbulence model in
its SST variant has yielded the best value of the stagnation pressure and is the most
efficient scheme.

1. Introduction

Conventional non-upwind algorithms have been used extensively to solve a wide
variety of problems ([1]). Conventional algorithms are somewhat unreliable in the sense
that for every different problem (and sometimes, every different case in the same class of
problems) artificial dissipation terms must be specially tuned and judicially chosen for
convergence. Also, complex problems with shocks and steep compression and expansion
gradients may defy solution altogether.

Upwind schemes are in general more robust but are also more involved in their
derivation and application. Some upwind schemes that have been applied to the Euler
equations are: [2-3]. A description of these methods is found in [4].

In relation to turbulent flow simulations, [5] applied the Navier-Stokes equations to
transonic flows problems along a convergent-divergent nozzle and around the NACA
0012 airfoil. The [6] model was used to close the problem. Three algorithms were
implemented: the [7] explicit scheme, the [8] implicit scheme and the [9] explicit scheme.
The results have shown that, in general terms, the [7] and the [9] schemes have presented
better solutions.

For a more detailed description of the motivation of the present study, as well some
comments about different turbulence models the reader is encouraged to read [4].

In the present work, the [2-3] flux vector splittin g schemes are implemented, on a
finite-volume context. The three-dimensional Favre-averaged Navier-Stokes equations
are solved using an upwind discretization on a structured mesh. The [10] one-equation
model, and the [11] and [12] k-wand k"*- two-equation models, respectively, are used in
order to close the problem. The physical problem under study is the supersonic flow
around a blunt body configuration. The implemented schemes are first-order accurate in
space. The time integration uses a Runge-Kutta method of five stages and is second-order
accurate. The algorithms are accelerated to the steady state solution using a spatially
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variable time step. This technique has proved excellent gains
in terms of convergence rate as reported in [13-14]. The
results have demonstrated that the [2] scheme using the [11]
turbulence model in its SST variant has yielded the best value
of thestagnation pressure and is the most efficient
computational scheme.

2. Three-Dimensional Navier-Stokes
Equations

The three-dimensional flow is modeled by the
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Navier-Stokes equations, which express the conservation of
mass and energy as well as the momentum variation of a
viscous, heat conducting and compressible media, in the
absence of external forces. The Navier-Stokes equations are
presented in their two-equation turbulence model formulation.
The one-equation model considers only one additional
equation that is solved in place of the two-equation
formulation. The integral form of these equations may be
represented by:

0/0t[ QdV+[[(E, ~E,)n, +(F. ~F)n, +(G, ~G,)n, JdS+[ MdV =0, 1)

where Q is written for a Cartesian system, V is the cell volume,
ny, ny, and n, are components of the unity vector normal to the
cell boundary, S is the flux area, E.,, F. and G, are the
components of the convective, or Euler, flux vector, E,, F, and
G, are the components of the viscous, or diffusive, flux vector
and M is the source term of the two-equation models. The
vectors Q, E,, F., G, E,, F,, Gy, and M are, incorporating a k-s
formulation, represented by:

P pu pv pw
pu pu’ +p pvu pwu
pv puv pv: +p pWV
Q=<pw,E, =9 puw ,E =4 pw ;,G, = pw2+p ;5(2)
€ (e+p)u (e+p)v (e+p)w
pk pku pkv pkw
ps psu psv pswW
0 0 0
txx + TXX th + TXY tXZ + txZ
txY + TXY tyy + Tyy tyZ + Tyz
E =qt,t1, 0, =4t +1, ¢, G, =qt,*1, 5 (3
f, f, f,
GX ay GZ
B, By B,
M={o 0 0 0 0 M, M}, (4)

where the components of the viscous stress tensor are defined
as:

t, =[ 20, 0u/dx —2/3,, (u/dx +v/dy +0w/dz) | /Re;

t,, = Hy, (Ou/dy +0v/0x)/Re;

t,, = My (0u/0z +0w/0x)/Re;

t, = [ZUM (0v/y) —2/3,, (0u/ox +6V/6y+6w/62)}/Re; S
t,, =Hy (0v/0z +0w/dy)/Re;

t, = [2pM (0w/0z) =2/3p,, (Ou/0x +dv/dy + aw/az)]/Re.

)

The components of the turbulent stress tensor (Reynolds
stress tensor) are described by the following expressions:
T, =[ 21, 0u/0x ~2/3p1, (Ou/0x +0v/dy +0w/0z) |/Re -2/3pk;
T, = U, (Gu/dy +0v/0x)/Re;

T, =H, (0u/0z+0w/0x)/Re;
T, =[ 21, (0v/0y) ~2/3 1, (0u/0x +0v/dy +0w/0z) | /Re-2/3pk;
T, =, (0v/0z +0w/dy)/Re;
T, =[ 20, (0w/02) =2/3 11, (Ou/x +0v/dy +0w/0z) | /Re-2/3pk.

(6)

Expressions to f;, f, and f, are given below:

= (txx +Txx)u+(txy +Txy)V+(txz +sz)w_qx

(6 #1 Jusr (e, +, v (e, +1, )w=a, . @)
t

( Xz +sz)u+(tyz +Tyz)V+(tzz +Tzz)w_qz

fx
f)’
fz

where gy, qy and g, are the Fourier heat flux components and
are given by:
qx = _V/Re(p'M/PrL + HT/PrT)aei/aX;
a, == V/Re(ky /Pr +Hy /Pry ) de, /9y; @®)
q, = _V/Re(UM/PrL + UT/PI‘T)aei/OZ.

The diffusion terms related to the k-s equations are defined
as:

o, =1/Re(py, +H,/0,)0k/ox;
o, =1/Re(p,, +H, /0, )0k/dy; ©)
o, =1/Re(p,, +H,/0, )0k/0z;

B, =1/R9(HM +HT/OS)OS/OX;
B, =1/Re(uy +H;/0,)0s/dy;
B, =1/Re(p,, +H,/0,)0s/0z.

(10)

In the above equations, p is the fluid density; u, v and w are
Cartesian components of the velocity vector in the x, y and z
directions, respectively; e is the total energy per unit volume;
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p is the static pressure; k is the turbulence kinetic energy; s is
the second turbulent variable, which is the vorticity (k-w
model) or the rate of dissipation (k'*- model) for this work;
the t’s are viscous stress components; T’s are the Reynolds
stress components; the q’s are the Fourier heat flux
components; M, takes into account the production and the
dissipation terms of k; M takes into account the production
and the dissipation terms of's; [y and Uy are the molecular and
the turbulent viscosities, respectively; Prp and Pry are the
laminar and the turbulent Prandtl numbers, respectively; Oy
and o, are turbulence coefficients; y is the ratio of specific
heats; Re is the viscous Reynolds number, defined by:

(11)

where Vgygr is a characteristic flow velocity and Iggr is a
configuration characteristic length. The internal energy of the
fluid, e;, is defined as:

Re = pVigplrer/Mu »

e =e/p—05u? +v2 +w?). (12)

The molecular viscosity is estimated by the empiric
Sutherland formula:

by =TV /(1 +8/T), (13)
where T is the absolute temperature (K), b = 1.458x10°
Kg/(m.s.Kl/z) and S = 110.4 K, to the atmospheric air in the
standard atmospheric conditions ([15]).

The Navier-Stokes equations are dimensionless in relation
to the freestream density, P, the freestream speed of sound, a.,
and the freestream molecular viscosity, Uo. The system is
closed by the state equation for a perfect gas:

p:(y—l)e—O.Sp(u2+v2+w2)—ka, (14)
considering the ideal gas hypothesis. The total enthalpy is
givenby H=(e+p)/p.

The [2-3] flux vector splitting algorithms are described in
detail in [4] and the interested reader is encouraged to read this
work. The viscous implementation is also described in [4].
The three-dimensional configuration like: computational cell,
flux surface areas, normal vectors and cell volume are
described in [16]. The spatially variable time step is described
in [4; 17] and the interested reader can found in these
references the detailed implementation.

3. Turbulence Models
3.1. Sparlat and Allmaras Turbulence Model

The purpose of the [10] one-equation model was overcome
the algebraic model limitations and, at the same time, to avoid
the difficulties in the implementation of the two-equation
models or the Reynolds stress equations. This model employs
a transport turbulent viscosity to solve the turbulence scaling.
Such model takes naturally into account the turbulence and
diffusion histories, which improves its accuracy.

The transport equation to the work turbulent kinematic
viscosity is described by:

YA VY
By =aSve o9 el et 09

In this equation, the first term of the right-hand-side is the
production contribution to the work kinematic viscosity; the
second term is the viscosity diffusion; and the last term is the
destruction of the work kinematic viscosity. The turbulent
viscosity is defined by:

HT :prvl . (16)

With the purpose of assuring that ¥V becomes equal to
KXNX,/TXY,W / p,, in the logarithmic layer and in the

viscous sub-layer, the f; damping function is defined by:

fVl =

)\3
=33 (17)
S +cV13

as function of the A =V/v variable. The S function,

representing the deformation work of the mean flow, is
determined as follows:

a5 (2T e o

in which f,, has the following expression:

A
f,=1-
R T (19)

The destruction term should disappear at the external region
of the boundary layer. [17] purposes the following function to
reproduce such behavior:

6

/6
1+c¢ __ Vv
fﬂﬂ%%{ﬁ} , g:r’Lcwz(r6 —r), r= (kN)?

» (20)

wnl

where 1 is the argument and f, is a function reaching the
value 1.0 at the logarithmic layer and decreasing at the
external region. The g function is merely a limiter to prevent
f,, high values. The [10] model constants are:

cy =0,1355, ¢y, =0,622, ¢y =03, ¢y =71,

1+
0=2/3, cy3 =2,0, ¢y :C_b21+m.
K o

1)

The [10] model is marched in time using a LU-SGS
(“Lower-Upper Factorization — Symmetrical Gauss-Seidel”)
implicit method. Details of the implicit implementation in
two-dimensions are found in [10]. The extension to
three-dimensions is straightforward.
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In this work, the term referent to the diffusion of the work
kinematic viscosity was not implemented. The studied model
considers only the production and dissipation terms of the
work kinematic viscosity.
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3.2. Menter and Rumsey Turbulence Model

The [11] model presents four variants: k-wmodel of Wilcox,
k-€ of two layers, BSL model of [18], and SST (Shear Stress
Transport) model of [18]. They are defined as follows:

k-wmodel of Wilcox. Constants of the k-wmodel of [19]:

BT:0.09, gf:o.s, K, =041, y,=5/9, 0,=0.5 and Bl=(vl+01K12/\/EjBT;

Constants of the standard k-€ model of [20]:

- - =1.0,and g, = 1.17;
C, =009 C; =144> C,y =1.92>9% » and O ’

Constants of the equivalent k-€ model:

B;:Cpa o;:l/cka K2:041,Y2: CEl

Weighting function, Fi:
F1 = 10,
Turbulent viscosity:

Hr =Repk/w;

k-& model of two layers. Constants of the k-wymodel of [19]:

-1.0, 0, =1/0,,and B, :(Csz _1~0)Cu;

(22)

Bf:o.o9, of:O.S, K, =041, y,=5/9, 0,=04 and Bl=(v1+01K12/\/EjBT;

Constants of the equivalent k-€ model:

B5=0.09, 0} =1.0, K, =0.41,y, =044, 0, =0.857  and B, =(v2 va,k2 /4B )BZ;

Weighting function, F;:
I", parameter:

M =5000y /[n%0), 23)
with: Uy =Hp /P and n = normal distance from the wall

to the cell under study;
Coefficient CDk-x:

CD,_, = MAXKZsz /maka‘*’J /Re, 10‘20}; (24)
dy Oy

I", parameter:
r, =4po,k/[h2cD, ) (25)

"\, parameter:
My =MIN(M,,T,); (26)
F, = TANH( ); @7

Turbulent viscosity:

Hy =Repk/w; (28)

Menter s BSL model. Constants of the k-wmodel of [19]:
B =0.09, o] =0.5, K, =0.41, y; =5/9, 0,=0.5 and
B, :(Vl +01K12/\/EJBT;

Constants of the equivalent k-€ model:

B, =0.09, 0, =1.0, K, =0.41,y,=0.44, 0, =0.857  and
B, :(Vz +02K§/VB; jBZ;

Weighting function, F:
", parameter:

M =5000y /[n%0);

Coefficient CDy_,:

CD,_, = MAXlIZsz 10 a‘*’] /Re, 10‘20} :
Oy Oy

", parameter:

M= 4p02k/(n2CDk—w);
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I'; parameter:

ry =k /[B;wn); (29)
My parameter:
My =MIN[MAX(r,,5).1,]; (30)
F, = TANH( % );
Turbulent viscosity:
Mr =Repk/w; 31)

Menter s SST model. Constants of the k-omodel of [19]:

B =0.09, o} =0.5, K, =041, y;=5/9, 0,=0.5 and
B :(Vl +01K12/\/Ej[3;;

Constants of the equivalent k-€ model:

B, =0.09, 0, =1.0, K, =041, y2= 44, O, =0.857,

and B, :(Vz +02K§/\/E)B;;

Weighting function, F;:
I, parameter:

M =5000y /nw);

Coefficient CDy_,,
CDy_, = MAXKM2 s an /Re, 10‘20} :
dy Oy

I, parameter:
r, =4po,k/[h?cD,_,):
I3 parameter:
ry =i/ (Ban);
Mv parameter:
My =MIN[MAX(T,,15). 1]
F, = TANH("}, );

Weighting function, F»:
Iy parameter:
My =MIN(2M5. T, ); (32)

F, =TANH(Z ); (33)

Q= |6u/6y| +|6v/az| +|6w/6x| ; (34)
Turbulent viscosity:
Wy =pMIN[k/wa k /(QF, )|Re (35)

where a; = 0.31.
With these definitions, each model can determine the
following additional constants:

o =0/F +(1-F)o5; (36)
o=0,F +(1-F)o,; (37)

o, =1/¢" and 0,=1/0; (38)
Y=Y F +0-F)y,; (39)
B=BF +(1-F)B,; (40)
B"=BiF +(1-F)B;. (41)

The source term denoted by G in the governing equations
contains the production and dissipation terms of k and w. To
the [11] model, the Gx and G, terms have the following
expressions:

G, =-P, +Dy and G,=-P,+D,-Dif,, (42)
where:
a_v\ou au_dw)ow AL

P, =pp| — +— |— [Retpp| —+— | — /Retpy | — +— | /Re;
‘ “T(Oy ax]ay/ “T(az axjax/ “T(éz adez/ 5 &)
D, =B pkw/Re ; (44)
P, =YP, /Ur; D, =PBpw’ /Re; (45)

2
Dif, =(1-F,) 2P92 %K 00 fp (46)
dy Oy

with: Up = Mg /p.
3.3. Gibson and Dafa’Alla Turbulence Model

In the [12] turbulence model, k is replaced by q and s =,
where the equivalence between k and q is k = g°. This model
has two variants based on the works of [20] and [21]. Initially,
it is necessary to calculate the turbulent Reynolds number

R, =k2/[02¢). (47)
The function f, is estimated by [20-21] as
e
£, =qelIRIOFL gy, (48)

1_6(—0A0115N*), [21],
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where N7 = x/R_e /T"J N and N is the normal
p w v M,w
distance from the surface to the cell under study.
The turbulent viscosity is expressed in terms of q and ( as:

Mr =ReC,pf,q° /2C. (49)

To the [12] model, the G, and G terms have the following
expressions:

Gy =-Py+Dy; and G;=-P,+Dg, (50)
where:
P, =PYr Kau +6vj6u _{au +6w)6w _{6v +6WJ6V}/R6; (51
dy Ox)oy \dz oOx/dx \0z Ody)oz
D, =pl/Re; (52)

2
Pz :(%chllepk and Dy =p[zqczzfzz _Elj/Re ,(53)

where:

1-03¢ 7R, [20];

£, = (54)
. {1—0.22&“3/36, [21];

Q= {1 M, cosa M, sin0cos® M, sinasin®

where k is the freestream turbulent kinetic energy and (. is
the freestream turbulent dissipation rate. These parameters
ki? =0.05M,, and

assume the values:

ZOO :MOO'

following

4.2. Boundary Conditions

The boundary conditions are basically of four types: solid
wall, entrance, exit and lateral planes. These conditions are
implemented with the help of ghost cells.

(1) Wall condition: At a solid boundary the non-slip
condition is enforced. Therefore, the tangent velocity
component of the ghost volume at wall has the same
magnitude as the respective velocity component of its real
neighbor cell, but opposite signal. In the same way, the normal
velocity component of the ghost volume at wall is equal in
value, but opposite in signal, to the respective velocity
component of its real neighbor cell.

The normal pressure gradient of the fluid at the wall is
assumed to be equal to zero in a boundary-layer like condition.
The same hypothesis is applied for the normal temperature
gradient at the wall, assuming an adiabatic wall. The normal
gradient of the turbulence kinetic energy at the wall is also
assumed to be equal to zero.

Assessment of Several Turbulence Models Applied to Supersonic Flows in Three-Dimensions — Part I1I

y, =0.25C,f, q*/C; (55)
Cuf, =2Cyf, —1; C,f,, =2C,f, —1;  (56)
g = —2um(z/N2)e‘°-5N*. (57)

where the closure coefficients adopted for the [12] model are
defined in Tab. 1.

Table 1. Closure coefficients.

Constant [20] [21]
0q 1.0 1.0
o; 1.3 1.3
(oM 0.09 0.09
Cei 1.44 1.35
Ce 1.92 1.80
fe1 1.0 1.0

4. Initial and Boundary Conditions

The initial and boundary conditions to the [10] turbulence
model are the same of those found in [22-23]. To the [11]
turbulence model are the same of those found in [4; 24]. For
the k'>-Z, one has:

4.1. Initial Condition

Freestream values, at all grid cells, are adopted for all flow
properties as initial condition, as suggested by [25-26].
Therefore, the vector of conserved variables is defined as:

+0SMZK 7.}, (58)

yly-1

From the above considerations, density and pressure are
extrapolated from the respective values of its real neighbor
volume (zero order extrapolation). The total energy is
obtained by the state equation for a perfect gas. The turbulent
kinetic energy at the ghost volume is extrapolated from the
neighbor cell and the turbulent dissipation rate at the ghost
volume is determined by the following expression:

2
Zghost = O'Spghostcil/4 (pkl/2 )ghost /(041dn ) ’ (59)
where d, is the distance of the first cell to the wall. The wall
law is used to specify the u component of velocity. Details of
the wall law are found in [4].

(2) Entrance condition:

(2.1) Subsonic flow: Six properties are specified and one
extrapolated. This approach is based on information
propagation analysis along characteristic directions in the
calculation domain ([26]). In other words, for subsonic flow,
six characteristic propagate information pointing into the
computational domain. Thus six flow properties must be fixed
at the inlet plane. Just one characteristic line allows
information to travel upstream. So, one flow variable must be
extrapolated from the grid interior to the inlet boundary. The
pressure was the extrapolated variable from the real neighbor
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volumes, for the studied problem. Density and velocity
components adopted values of freestream flow. The squared
root of the turbulence kinetic energy is fixed with the value
0.05ugne and the turbulent dissipation rate was fixed with the

value: { ghoq :0'05u§host / (pkl/z)ghost . The total energy is

determined by the state equation of a perfect gas.

(2.2) Supersonic flow: In this case no information travels
upstream; therefore all variables are fixed with their of
freestream values.

(3) Exit condition:

(3.1) Subsonic flow: Six characteristic propagate
information outward the computational domain. Hence, the
associated variables should be extrapolated from interior
information. The characteristic direction associated to the
“(Qnorma-a)” velocity should be specified because it points
inward to the computational domain ([26]). In this case, the
ghost volume pressure is specified from its initial value.
Density, velocity components, the turbulence kinetic energy,
and the turbulent dissipation rate are extrapolated. The total
energy is obtained from the state equation of a perfect gas.

(3.2) Supersonic flow: All variables are extrapolated from
interior grid cells, as no flow information can make its way
upstream. In other words, nothing can be fixed.

(4) Lateral plane conditions: The flow tangency condition is
stipulated for these boundaries. An Euler boundary is set up.

5. Results

Tests were performed in an INTEL Core 17 processor of
2.10GHz and 8.0Gbytes of RAM microcomputer in a
Windows 7.0 environment. Three orders of reduction of the
maximum residual in the field were considered to obtain a
converged solution. The residual was defined as the value of
the discretized conservation equation. The entrance or attack

angle was adopted equal to zero, as well the longitudinal angle.

The ratio of specific heats, Y, assumed the value 1.4.

r=1.0m

™
1=5.0m

Figure 1. Blunt body configuration.

The initial data of the simulations is described in Tab. 2.

Table 2. Initial Conditions.

M., a 0 Altitude L. Re

3.0 0.0° 0.0° 40,000m 2.0m 4.75x10°

Figure 1 shows the blunt body configuration, whereas Fig. 2

shows the blunt body mesh. A mesh of 53x50x10 points or
composed of 22,932 hexahedron cells and 26,500 nodes was
generated, employing an exponential stretching of 5.0% in the
n direction.

Figure 2. Blunt body mesh.
5.1. Sparlat and Allmaras Results

Figures 3 and 4 present the pressure contours obtained by
the [2] and [3] schemes, respectively, as using the [10]
turbulence model in three-dimensions. Both fields are
homogeneous and the pressure contours generated by the [2]
scheme is more strength than the respective one generated by
the [3] scheme. Good symmetry properties are observed in
both figures. The shock wave is well captured by both
schemes as using the [10] turbulence model.

[ |
[ |
[ |
[ |
[ |
[
[ |
[ |
[ |
Ol

Figure 3. Pressure contours ([2]).

Figures 5 and 6 show the Mach number contours obtained
by the [2] and [3] numerical schemes, respectively, as using
the [10] turbulence model. Both Mach number fields are free
of pre-shock oscillations and are homogeneous. The
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differences between these fields are only in qualitative terms.

[ |
|
[ |
1
[ |
[
[ |
[ |
[
O
I

Figure 4. Pressure contours ([3]).

ENEENEEEEEE

Figure 5. Mach number contours ([2]).

ENEEEEEEEEE

Figure 6. Mach number contours ([3]).
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[
[ |
|
[
|
[
L]
L]
[
[ |
[

Figure 7. Temperature contours ([2]).

ENEEEEEEEEE

Figure 8. Temperature contours ([3]).

It is possible to see that the [2] solution develops a region of
low Mach number contours close to the wall, resulting from
the boundary layer formation.

Figures 7 and 8 exhibit the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [10] turbulence model. The temperature contours
generated by the [3] scheme is more intense than the
respective one of the [2] scheme. However, the [2] solution
presents a zone of high dissipation close to the wall, whereas
the [3] scheme does not. There are qualitative differences
between the two solutions, but both present homogeneous
contours, without oscillations. Some problems with the [3]
solution in the k = constant planes are observed, which
prejudices the solution repetition in these planes. The [2]
solution does not present such problems.

Figure 9 exhibits the -Cp distributions generated by the [2]
and [3] schemes as using the [10] turbulence model. The -Cp
plateau of the [2] scheme is higher than the -Cp plateau of the
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[3] scheme. The -Cp peak at the body nose is the same for both
schemes. Figure 10 presents the wall temperature distributions
generated by the [2] and [3] numerical schemes as using the
[10] turbulence model. The temperature distribution is
smoother for the [2] scheme. The temperature distribution of
the [3] scheme is more intense than the respective one of the [2]
scheme. The maximum temperature obtained by the [2]
scheme is about 708.0 K, whereas that obtained by the [3]
scheme is about 814.0 K.

-0.4

-0.6

-0.8

=T
o -Cp distribution - VL
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Figure 9. -Cp distributions.
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Figure 10. Wall temperature distributions.
5.2. Menter and Rumsey Results

The results of this model are divided in its four variants,
presented in the following order: Wilcox variant, k-€ variant,
BSL variant, and SST variant.

5.2.1. Wilcox Variant

Figure 11 and 12 present the pressure contours obtained by
the [2] and [3] schemes, respectively, as using the [11]
turbulence model in its Wilcox variant. Again, the pressure
contours generated by the [2] scheme is more strength than the

one generated by the [3] scheme. Good homogeneity is
observed in both solutions, as well good symmetry properties.
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Figure 11. Pressure contours ([2]).
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Figure 12. Pressure contours ([3]).
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Figure 13. Mach number contours ([2]).
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Figure 14. Mach number contours ([3]).

Figures 13 and 14 show the Mach number contours
generated by the [2] and [3] schemes, respectively, as using
the [11] turbulence model in its Wilcox variant. The [2]
solution is more intense than the [3] solution. The subsonic
region close to the body wall is again observed only in the [2]
solution. The subsonic region at the body nose is observed, as
resulting from the shock slowdown. No pre-shock oscillations
are observed in both solutions.

Figures 15 and 16 exhibit the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [11] turbulence model in its Wilcox variant. The [2]
solution presents higher temperatures in the field than the [3]
solution. Moreover, the [2] solution presents a zone of high
dissipation close to body wall, resulting from intense heat
energy exchange and boundary layer interaction.
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Figure 15. Temperature contours ([2]).

Figure 17 presents the —Cp distribution generated by the [2]
and [3] schemes as using the [11] turbulence model in its
Wilcox variant.
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Figure 18. Wall temperature distributions.
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As can be seen the —Cp plateau obtained by the [2] scheme
is higher than the respective one of the [3] scheme. The —Cp
peak is approximately the same for both solutions. Figure 18
shows the wall translational temperature distributions
originated by the [2] and [3] schemes as using the [11]
turbulence model in its Wilcox variant. The [2] temperature
distribution is smoother than the [3] one. The temperature at
the body nose is higher in the [2] solution. The [2] temperature
distribution increases along the body. The [2] temperature at
the body nose is 45.0 K higher than the [3] temperature one.

5.2.2. k-¢ Variant

Figures 19 and 20 exhibit the pressure contours generated
by the [2] and [3] schemes, respectively, as using the [11]
turbulence model in its k-€¢ variant. The pressure field
generated by the [2] scheme is higher than the respective one
generated by the [3] scheme. Both pressure fields present good
homogeneity properties, as well good symmetry properties.
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Figure 19. Pressure contours ([2]).
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Figure 20. Pressure contours ([3]).
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Figure 21. Mach number contours ([2]).
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Figure 22. Mach number contours ([3]).

Figures 21 and 22 show the Mach number contours
obtained by the [2] and [3] schemes, respectively, as using the
[11] turbulence model in its k-€ variant. The Mach number
field generated by the [2] scheme is more intense than the
respective one of the [3] scheme. Particularly, the zone of low
Mach number close to the body wall is only perceptible in the
[2] solution. The region of subsonic Mach number at the body
nose is well captured by both schemes.

Figures 23 and 24 exhibit the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [11] turbulence model in its k-g& variant. The
temperature field generated by the [2] scheme is again more
intense than the respective one of the [3] scheme. Good
homogeneous properties are observed in both figures. The
zone of intense energy exchange, close to the body wall, is
observed in the [2] solution. Moreover, the zone of intense
temperature is slightly observed at the body nose in both
solutions. Good symmetry properties are noted in both figures.
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Figure 23. Temperature contours ([2]).

Figure 24. Temperature contours ([3]).
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Figure 25. —Cp distributions.

Figure 25 presents the —Cp distribution obtained by the [2]
and [3] schemes as using the [11] turbulence model in its k-€
variant. In accordance to the observed in the ultimate solutions,
the [2] scheme presents higher —Cp plateau than the [3]
scheme; Moreover, both solutions present the same —Cp peak,
at the body nose. Figure 26 shows the wall temperature
distributions obtained by the [2] and [3] schemes as using the
[11] turbulence model in its k-€ variant. Both solutions present
different temperature peaks at the leading edge, the difference
around 45.0 K. Again the [2] solution presents an increase of
the temperature along the body, whereas the [3] solution
suffers an increase and posteriorly a reduction of temperature.
The maximum temperature reached by the [2] scheme is about
840.0 K, whereas by the [3] scheme is 816.0 K.
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Figure 26. Wall temperature distributions.

5.2.3. BSL Variant

Figures 27 and 28 exhibit the pressure contours generated
by the [2] and [3] schemes, respectively, as using the [11]
turbulence model in its BSL variant. The pressure field
generated by the [2] scheme is higher than the respective one
generated by the [3] scheme. Both pressure fields present good
homogeneity properties, as well good symmetry properties.
Some problems in the [3] solution are related with the no
repetition of the solution in all k planes. It was noted before
and it repeats now. It is important to note that the [2] solution
does not present such problem.

Figures 29 and 30 show the Mach number contours
obtained by the [2] and [3] schemes, respectively, as using the
[11] turbulence model in its BSL variant. The Mach number
field generated by the [2] scheme is more intense than the
respective one of the [3] scheme. Particularly, the zone of low
Mach number close to the body wall is only perceptible in the
[2] solution. The region of subsonic Mach number at the body
nose is well captured by both schemes. Not pre-shock
oscillations are observed in the solutions. Good symmetry and
homogenous properties are noted in both figures.
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Figure 27. Pressure contours ([2]).
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Figure 28. Pressure contours ([3]). Figure 31. Temperature contours ({2]).
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Figure 29. Mach number contours ([2]). Figure 32. Temperature contours ({3]).
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Figures 31 and 32 exhibit the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [11] turbulence model in its BSL variant. The
temperature field generated by the [2] scheme is again more
intense than the respective one of the [3] scheme. Good
homogeneous properties are observed in both figures. The
zone of intense energy exchange, close to the body wall, is
observed in the [2] solution. Moreover, the zone of intense
temperature is slightly observed at the body nose in both
solutions. Good symmetry properties are noted in both figures.
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Figure 33. —Cp distributions.

L meof

§ mol

o ;

o —

=3 =

E -

= : Temperature distribution - VL
735.0 |- Temperature distribution - LS
720.0 —
g, X - Y Y Y P P | 1 [P Y T

20 25 30 35 40 45 50

X (m)

00 05 1.0 15

Figure 34. Wall temperature distributions.

Figure 33 presents the —Cp distribution obtained by the [2]
and [3] schemes as using the [11] turbulence model in its BSL
variant. In accordance to the observed in the ultimate solutions,
the [2] scheme presents higher —Cp plateau than the [3]
scheme; Moreover, both solutions present the same —Cp peak,
at the body nose. Figure 34 shows the wall temperature
distributions obtained by the [2] and [3] schemes as using the
[11] turbulence model in its BSL variant. Both solutions

Assessment of Several Turbulence Models Applied to Supersonic Flows in Three-Dimensions — Part 111

present different temperature peaks at the leading edge, the
difference around 45.0 K. Again the [2] solution presents an
increase of the temperature along the body, whereas the [3]
solution suffers an increase and posteriorly a reduction of
temperature. The maximum temperature reached by the [2]
scheme is near 840.0 K, whereas by the [3] scheme is 816.0 K.

5.2.4. SST Variant

Figures 35 and 36 present the pressure contours obtained by
the [2] and [3] schemes, respectively, as using the [11]
turbulence model in its SST variant in three-dimensions. Both
fields are homogeneous and the pressure contours generated
by the [2] scheme is more strength than the respective one
generated by the [3] scheme. Good symmetry properties are
observed in both figures. The shock wave is well captured by
both schemes as using the [11] turbulence model in its SST
variant.

Figure 35. Pressure contours ([2]).

Figure 36. Pressure contours ([3]).
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Figure 37. Mach number contours ([2]).
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Figure 38. Mach number contours ([3]).

Figures 37 and 38 show the Mach number contours
obtained by the [2] and [3] numerical schemes, respectively,
as using the [11] turbulence model in its SST variant. Both
Mach number fields are free of pre-shock oscillations and are
homogeneous. The Mach number field generated by the [2]
scheme is slightly more intense than that of the [3] scheme. It
is possible to see that the [2] solution develops a region of low
Mach number contours close to the wall, resulting from the
boundary layer formation. On the contrary, the [3] solution
does not yields this region.

Figures 39 and 40 exhibit the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [11] turbulence model in its SST variant. The
temperature contours generated by the [2] scheme is again
more intense than the respective one of the [3] scheme. The [2]
solution presents a zone of high dissipation close to the wall,
whereas the [3] scheme does not. There are qualitative
differences between the two solutions, but both present

homogeneous contours, without oscillations. Some problems
with the [3] solution in the k = constant planes are observed,
which prejudices the solution repetition in these planes. The [2]
solution does not present such problems.

Figure 39. Temperature contours ([2]).
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Figure 40. Temperature contours ([3]).

Figure 41 exhibits the -Cp distributions generated by the [2]
and [3] schemes as using the [11] turbulence model in its SST
variant. The -Cp plateau of the [2] scheme is again higher than
the -Cp plateau of the [3] scheme. The -Cp peak at the body
nose is approximately the same for both schemes. Figure 42
presents the wall temperature distributions generated by the [2]
and [3] numerical schemes as using the [11] turbulence model
in its SST variant. The temperature distribution is smoother
for the [2] scheme. The temperature distribution of the [2]
scheme is more intense than the respective one of the [3]
scheme. The maximum temperature obtained by the [2]
scheme is about 840.0 K, whereas that obtained by the [3]
scheme is about 819.0 K.
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Figure 41. —Cp distributions.
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Figure 42. Wall temperature distributions.

5.3. Gibson and Dafa’Alla Results

These results are presented in the four variants of the [12]
turbulence models.

5.3.1. Launder and Sharma Option to
Constants and f,

Figures 43 and 44 exhibit the pressure contours generated
by the [2] and [3] schemes, respectively, as using the [12]
turbulence model in its LS-LS variant. The pressure field
generated by the [2] scheme is higher than the respective one
generated by the [3] scheme. Both pressure fields present good
homogeneity properties, as well good symmetry properties.

Figures 45 and 46 show the Mach number contours
obtained by the [2] and [3] schemes, respectively, as using the
[12] turbulence model in its LS-LS variant. The Mach number
field generated by the [2] scheme is the same in relation to the
respective one of the [3] scheme, in quantitative terms. The
differences are in qualitative terms. Particularly, the zone of
low Mach number close to the body wall is only perceptible in
the [2] solution. The region of subsonic Mach number at the
body nose is well captured by both schemes. No pre-shock

Assessment of Several Turbulence Models Applied to Supersonic Flows in Three-Dimensions — Part 111

oscillations are observed in both figures. The shock wave is
well captured in both solutions. Good homogeneous and
symmetry properties are observed in both solutions.

Figure 43. Pressure contours ([2]).
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Figure 44. Pressure contours ([3]).

Figures 47 and 48 exhibit the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [12] turbulence model in its LS-LS variant. The
temperature field generated by the [3] scheme is more intense
than the respective one of the [2] scheme. Good homogeneous
properties are observed in both figures. The zone of intense
energy exchange, close to the body wall, is observed only in
the [2] solution. Moreover, the zone of intense temperature is
slightly observed at the body nose in both solutions. Good
symmetry properties are noted in both solutions.

Figure 49 presents the —Cp distribution obtained by the [2]
and [3] schemes as using the [12] turbulence model in its
LS-LS variant.
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Figure 45. Mach number contours ([2]).

Figure 46. Mach number contours ([3]).

Figure 47. Temperature contours ([2]).
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Figure 49. —Cp distributions.
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Figure 50. Wall temperature distributions.
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Opposed to the observed in the ultimate solutions, the [3]
scheme presents higher —Cp plateau than the [2] scheme;
Moreover, both solutions present the same —Cp peak, at the
body’s nose.

Figure 50 shows the wall temperature distributions obtained
by the [2] and [3] schemes as using the [12] turbulence model
in its LS-LS variant. Both solutions present the same
temperature peaks at the leading edge. The [3] solution
presents a decrease of temperature along the body, whereas the
[2] solution suffers a reduction and an increase of temperature
along the body.

5.3.2. Launder and Sharma Option to
Constants and Chien to f,

Figures 51 and 52 show the pressure contours obtained by
the [2] and [3] schemes, respectively, as using the [12]
turbulence model in its LS-C variant. As can be observed, the
[2] scheme predicts again more severe pressure field than the
[3] scheme. The shock is well capture and good symmetry
characteristics are noted. Good homogeneity in both solutions
is also observed.
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Figure 51. Pressure contours ([2]).

Figures 53 and 54 present the Mach number contours
generated by the [2] and [3] schemes, respectively, as using
the [12] turbulence model in its LS-C variant. Good symmetry
properties are observed, without pre-shock oscillations. Good
homogeneity properties are noted. The Mach number fields
are identical in quantitative terms, although in qualitative
terms some discrepancies are observed. The zone of low Mach
number close to the body wall is only noted in the [2] solution.

Figures 55 and 56 show the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [12] turbulence model in its LS-C variant. As can be
observed, the [3] temperature field is more intense than the [2]
temperature field. The zone of intense energy exchange
observed close to the body wall is only captured by the [2]
scheme. Moreover, the intense temperature region at the body
nose is observed in both solutions.
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Figure 52. Pressure contours ([3]).

Figure 53. Mach number contours ([2]).

Figure 54. Mach number contours ([3]).
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Figure 57 exhibits the —Cp distributions at the wall obtained
by the [2] and [3] schemes as using the [12] turbulence model

T X in its LS-C variant. As observed in the [12] solutions, the [3]
669.99 scheme presents again a pressure plateau higher than the [2]
g?i 88 scheme does, although both —Cp peaks at the body nose are
586.03 approximately the same. Figure 58 shows the temperature
ffg 82 distributions at wall generated by the [2] and [3] schemes as
502 08 using the [12] turbulence model in its LS-C variant. The [3]
474.10 temperature distributions is smoother than the [2] one. The [2]
3‘1‘2:1; temperature distribution decreases and increases along the
390.14 body, whereas the [3] temperature distribution decreases until

: 3‘33 1‘; reach a constant value. The temperature values at the body end
306.19 are approximately 620.0 K to the [2] scheme and 470.0 K to
278.20 the [3] scheme. The maximum temperature value, at the body

leading edge, for both solutions is 700.0 K.
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Figure 58. Wall temperature distributions.

5.3.3. Chien Option to Constants and Launder
and Sharma to f,

Figures 59 and 60 show the pressure contours obtained by
Figure 56. Temperature contours ([3]). the [2] and [3] schemes, respectively, as using the [12]
turbulence model in its C-LS variant. As can be observed, the
[2] scheme predicts again more severe pressure field than the
[3] scheme. The shock is well capture and good symmetry
characteristics are noted. Good homogeneity in both solutions
is also observed.

Figures 61 and 62 present the Mach number contours
generated by the [2] and [3] schemes, respectively, as using

o 08 the [12] turbulence model in its C-LS variant. Good symmetry

< -Cp distributions - VL properties are observed, without pre-shock oscillations. Good

- -Cp distributions - LS homogeneity properties are noted. The Mach number fields

12 are identical in quantitative terms, although in qualitative

terms some discrepancies are observed. The zone of low Mach

-1.4 number close to the body wall is only noted in the [2] solution.

o The subsonic region located at the body nose is captured by
both schemes.

R S L L S L Lt Figures 63 and 64 show the translational temperature

X (m) contours obtained by the [2] and [3] schemes, respectively, as

using the [12] turbulence model in its C-LS variant.
Figure 57. —Cp distributions.
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Figure 60. Pressure contours ([3]). Figure 63. Temperature contours ([2]).
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Figure 61. Mach number contours ([2]). Figure 64. Temperature contours ([3]).
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As can be observed, the [3] temperature field is more
intense than the [2] temperature field. The zone of intense
energy exchange observed close to the body wall is again only
captured by the [2] scheme. Moreover, the intense temperature
region at the body nose is observed in both solutions. Good
symmetry properties are noted in both figures.
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Figure 65. —Cp distributions.
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Figure 66. Wall temperature distributions.

Figure 65 exhibits the —Cp distributions at the wall obtained
by the [2] and [3] schemes as using the [12] turbulence model
in its C-LS variant. As observed in the [12] solutions, the [3]
scheme presents again a pressure plateau higher than the [2]
scheme does, although both —Cp peaks at the body nose are
approximately the same. Figure 66 shows the temperature
distributions at wall generated by the [2] and [3] schemes as
using the [12] turbulence model in its C-LS variant. The [3]
temperature distributions is smoother than the [2] one. The [2]
temperature distribution decreases and increases along the
body, whereas the [3] temperature distribution decreases until
reach a constant value. The temperature values at the body end
are approximately 620.0 K to the [2] scheme and 470.0 K to

the [3] scheme. The maximum temperature value, at the body
leading edge, for both solutions is 700.0 K.

5.3.4. Chien Options to Constants and f,

Figures 67 and 68 show the pressure contours obtained by
the [2] and [3] schemes, respectively, as using the [12]
turbulence model in its C-C variant. As can be observed, the [2]
scheme predicts again more severe pressure field than the [3]
scheme. This behavior has occurred in all solutions in this
work. The shock is well capture and good symmetry
characteristics are noted. Good homogeneity in both solutions
is also observed.
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Figure 67. Pressure contours ([2]).

Figure 68. Pressure contours ([3]).

Figures 69 and 70 present the Mach number contours
generated by the [2] and [3] schemes, respectively, as using
the [12] turbulence model in its C-C variant. Good symmetry
properties are observed, without pre-shock oscillations. Good
homogeneity properties are noted. The Mach number fields
are identical in quantitative terms, although in qualitative
terms some discrepancies are observed.
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Figure 69. Mach number contours ([2]).

Figure 70. Mach number contours ([3]).

The zone of low Mach number close to the body wall is
only noted in the [2] solution. The subsonic region located at
the body nose is captured by both schemes.

Figures 71 and 72 show the translational temperature
contours obtained by the [2] and [3] schemes, respectively, as
using the [12] turbulence model in its C-C variant. As can be
observed, the [3] temperature field is again more intense than
the [2] temperature field. The zone of intense energy exchange
observed close to the body wall is again only captured by the
[2] scheme. Moreover, the intense temperature region at the
body nose is observed in both solutions. Good symmetry
properties are noted in both figures.

Figure 73 exhibits the —Cp distributions at the wall obtained
by the [2] and [3] schemes as using the [12] turbulence model
in its C-C variant. As observed in the [12] solutions, the [3]
scheme presents again a pressure plateau higher than the [2]
scheme does, although both —Cp peaks at the body nose are
approximately the same.
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Figure 72. Temperature contours ([3]).
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Figure 73. —Cp distributions.
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Figure 74. Wall temperature distributions.

Figure 74 shows the temperature distributions at wall
generated by the [2] and [3] schemes as using the [12]
turbulence model in its C-C variant. The [3] temperature
distribution is smoother than the [2] one. The [2] temperature
distribution decreases and increases along the body, whereas
the [3] temperature distribution decreases until reach a
constant value. The temperature values at the body end are
approximately 620.0 K to the [2] scheme and 470.0 K to the [3]
scheme. The maximum temperature value, at the body leading
edge, for both solutions is 700.0 K.

5.4. Quantitative Analysis

A possibility to quantitative comparison of the turbulent
cases is the determination of the stagnation pressure ahead of
the configuration. [27] presents a table of normal shock wave
properties in its B Appendix. This table permits the
determination of some shock wave properties as function of
the freestream Mach number. In front of the blunt body
configuration, the shock wave presents a normal shock
behavior, which permits the determination of the stagnation
pressure, behind the shock wave, from the tables
encountered in [27]. So it is possible to determine the ratio
pro/pr., from [27], where pr, is the stagnation pressure in

front of the configuration and pr,, is the freestream pressure
(equals to 1/y to the present dimensionless).
Hence, to this problem, My, = 3.0 corresponds to pr, /pr,, =

12.06 and remembering that pr.,, = 0.714, it is possible to
conclude that pry = 8.61. Values of the stagnation pressure to
the turbulent cases and respective percentage errors are shown
in Tab. 3. They are obtained from Figures 3, 4, 11, 12, 19, 20,
27, 28, 35, 36, 43, 44, 51, 52, 59, 60, 67, and 68. As can be
observed, the [2] scheme using the [11] turbulence model for
all variants has presented the best result, with a percentage
error of 0.81%. It is important to observe that, although first
order schemes were used, the percentage relative errors were
inferior to 7.50%.

Table 3. Values of the stagnation pressure and respective percentage errors.

Model: Scheme - Variant: pro: Error (%):
[10] [2] 9.23 7.20
[3] 8.47 1.63
[2] — Wilcox 8.68 0.81
[2] —k-& 8.68 0.81
[2]-BSL 8.68 0.81
[11] [2]-SST 8.68 0.81
[3] — Wilcox 8.17 5.11
[3]—k-& 8.17 5.11
[3]-BSL 8.17 5.11
[3]—-SST 8.17 5.11
[2]-LS-LS 8.35 3.02
[2]-LS-C 8.35 3.02
[2]-C-LS 8.35 3.02
[12] [2]-C-C 8.35 3.02
[3]-LS-LS 8.15 5.34
[3]-LS-C 8.15 5.34
[3]-C-LS 8.15 5.34
[3]-C-C 8.15 5.34

Finally, Table 4 exhibits the computational data of the
present simulations. It can be noted that the most efficient is
the [2] scheme using the [11] turbulence model in its SST
variant. All schemes used a CFL number of 0.10, not
necessarily being the maximum CFL number of each one.

Table 4. Computational data.

Model: Scheme — Variant: CFL: Iterations:
[10] [2] 0.10 3,463
[3] 0.10 3,403
[2] — Wilcox 0.10 731
[2] —k-& 0.10 731
[2] -BSL 0.10 731
[11] [2] - SST 0.10 730
[3] — Wilcox 0.10 2,531
[3]—k-¢ 0.10 2,474
[3]-BSL 0.10 2,349
[3]-SST 0.10 2,343
[2]-LS-LS 0.10 4,845
[2]-LS-C 0.10 4,849
[2]-C-LS 0.10 4,845
[12] [2]-C-C 0.10 4,849
[3]-LS-LS 0.10 5,748
[3]-LS-C 0.10 5,747
[3]-C-LS 0.10 5,747
[3]-C-C 0.10 5,746

As final conclusion of this study, the [11] turbulence model
in its SST variant was the best when comparing these three
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turbulence models: [10], [11], and [12]. This choice is based
on the best estimative of the stagnation pressure and in the
computational efficiency to reach steady state. In a next paper,
the present author will study more three different turbulent
models to this same problem trying to identify the best of each
group and to perform a final analysis to found the best one.

6. Conclusions

In the present work, the [2-3] flux vector splitting schemes
are implemented, on a finite-volume context. The
three-dimensional Favre-averaged Navier-Stokes equations
are solved using an upwind discretization on a structured mesh.
The [10] algebraic model, and the [11] and [12] k-wand k"*-Z
two-equation models, respectively, are used in order to close
the problem. The physical problem under study is the
supersonic flow around a blunt body configuration. The
implemented schemes are first-order accurate in space. The
time integration uses a Runge-Kutta method of five stages and
is second-order accurate. The algorithms are accelerated to the
steady state solution using a spatially variable time step. This
technique has proved excellent gains in terms of convergence
rate as reported in [13-14].

The results have demonstrated that the [2] scheme using the
[11] turbulence model in its SST variant has yielded the best
value of the stagnation pressure at the blunt body nose, is the
most efficient scheme in the simulations and is the best choice
for this study.
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