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Abstract

The purpose of this paper is to introduce and investigate several new classes of functions
called, e-open, e-closed, quasi e-open, quasi e-closed, strongly e-open and strongly
e-closed functions in topological spaces by using the concept of e-open sets. Several new
characterizations and fundamental properties concerning of these new types of functions
are obtained. Furthermore, these kinds of functions have strong application in the area of
image processing and have very important applications in quantum particle physics, high
energy physics and superstring theory.

1. Introduction

Several generalized forms of open and closed functions, strongly functions and quasi
functions in topological spaces have been introduced and investigated over the course of
years. Certainly, it is hard to say whether one form is more or less important than another.
Functions and of course open and closed functions, strongly functions and quasi functions
stand among the most important and most researched points in the whole of mathematical
science. Various interesting problems arise when one considers openness and closeness.
Its importance is significant in various areas of mathematics and related sciences. In 2008,
Erdal Ekici [1] introduced a new class of generalized open sets called e-open sets and
studied several fundamental and interesting properties of e-open sets and introduced a new
class of continuous functions called e-continuous functions into the field of topology. In
this paper, we will continue the study of related functions by involving e-open sets. The
aim of this paper is to introduce and investigate several new types of open and closed
functions, strongly functions and quasi functions in topological spaces via e-open sets.
Some characterizations and several interesting properties of these functions are discussed.
Additionally, these kinds of functions have strong application in the area of Image
Processing and have very important applications in quantum particle physics, high energy
physics and superstring theory.

2. Preliminaries

Throughout the present paper, (X, T) and (Y, T") (or simply X and Y) mean topological
spaces on which no separation axioms are assumed unless explicitly stated. For any subset
A of X, The closure and interior of A are denoted by CI(A) and Int(A), respectively. We
recall the following definitions, which will be used often throughout this paper.

A subset A of a space (X, T) is called 8-open [2] if for each x L] A there exists a regular
open set V such that x[JV [ A. The d-interior of A is the union of all regular open sets
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Contained in A and is denoted by Ints(A). The subset A is
called 6-open [2] if A = Ints(A). A point x[1X is called a
3-cluster points of A [2] if A N Int(CI(V)) # @ for each open
set V containing X. The set of all 8-cluster points of A is called
the d-closure of A and is denoted by Cls(A). If A = Cl3(A)),
then A is said to be d-closed [2]. The complement of d-closed
set is said to be d-open set.

A subset A of a space X is called e-open [1] if A [J
Cl(Ints(A)) U Int(Cls (A)). The complement of an e-open set is
called e-closed. The intersection of all e-closed sets containing
A is called the e-closure of A [1] and is denoted by e-CI(A).
The union of all e-open sets of X contained in A is called the
e-interior [1] of A and is denoted by e-Int(A). The family of all
e-open (resp. e-closed) subsets of X containing a point x[1X is
denoted by EX(X, x) (resp. EC(X, x). The family of all e-open
(resp. e-closed) sets in X are denoted by EX(X, T) (resp. EC(X,
T).

3. Characterizations of e-Open and
e - Closed Functions

In this section, we obtain some characterizations and several
properties concerning e-open functions and e-closed functions
via e-open and e-closed sets.

Definition 3.1. A function £ (X, T) — (Y, T") is said to be
e-open if (U) U EX(Y, T*) for every open set U in X.

Theorem 3.1. A function £ (X, T) — (Y, T") is e-open if and
only if for each x X and each open set U in X with x[JU, there
exists a set VLIEZ(Y, T") containing f(x) such that VLI £ (U).

Proof: The proof is follows immediately from definition
@3.D).

Theorem 3.2. Let f: (X, T) — (Y, T") be e-open. If V L] Y and
M is a closed subset of X containing /~'(V), then there exists a
set F L1 EC(Y, T") containing V such that f~'(F) Ll M.

Proof: Let F =Y — £ (X — M). Then, FUEC(Y, T"), since f
Tv)UM, we have, f(X-M)L(Y-V)andso VLIF Also f
TE =X/ E-MIO X (X-M) =M.

Theorem 3.3. A function £ (X, T) — (Y, T") is e-open if and
only if fInt(A)] U e-Int[ £(A)], for every A Ll X,

Proof: Let ALl X and xUInt(A). Then there exists an open
set Uy in X such that x U, [0 A. Now f(x)J £(U) T f(A),
Since fis e-open, f(U) JEX(Y, T"). Then,

F(x)Ue-Int[ f(A)]. Thus f[Int(A)] U e-Int[ £(A)].

(Conversely), Let U be an open set in X. Then by assumption,
S )] Ue-Ing £ (U)]. Since e-Int] f (V)]s (U), f (U) =
e-Int[ £ (U)]. Thus f(U) U EX(Y, TY). So fis e-open.

Remark 3.1. The equality in the theorem (3.3) need not be
true as shown in the following example.

Example 3.1. Let X =Y = {1, 2}, and T be the indiscrete
topology on X and T~ be the discrete topology on Y. Then we
have EX(X, T) = {0, X, {1}, {2}} and EX(Y, T)=T", Let £ (X,
T) — (Y, T") be the identity function and A = {1}. Then f
[Int(A)] = @ and e-Int[ f(A)] = {1}.

Theorem 3.4. A function £ (X, T) — (Y, T") is e-open if and
only if Int[ £ '(B)] U f '[e-Int(B)] for every B LJ Y.

Proof: Let B be any subset of Y. Then f[Int( £ '(B))] Ll f[f

(B)]UB.

But fInt( ' (B))]UEX(Y, T") since Int[ £ (B)] is open in X
and f is e-open. Hence, f [Int(f "'(B))] U e-Int(B). Therefore
Int[ /7'(B)] U £ '[e-Int(B)].

(Conversely), Let A be any subset of X. Then f(A)LJY .
Hence by assumption, we have, Int(A) U Int[ £ 7'( f(A)] L £
“[e-Int( f(A))]. Thus, f[Int(A)] U e-Int[ f(A)], for every A LI X.
Hence, by Theorem (3.3), f'is e-open.

Theorem 3.5. A function f (X, T) — (Y, T") is e-open if and
only if f'[e-CI(B)] LU CI[ £ '(B)] for every BLI Y.

Proof: Suppose that f is e-open and B LY and let xU f
“[e-CI(B)] . Then, f'(x) Ije-Cl(B). Let U be an open subset in
X such that x YU. since f is e-open, then f (U) U EX(Y,
T") .Therefore B N /(U) # @. Then, U N £ '(B) # @.

Hence x UCI[ £ 7'(B)]. Therefore we have £ '[e-CI(B)] U
ClL /()]

(Conversely), Let B LY, then (Y-B) LI Y. By assumption, f
“e-Cl(Y- B)]LUCI[ £ 7'(Y — B)] this implies, X—CI[f (Y —
B)]UX — £ '[e-CI(Y — B)]. Hence X-CI[X-f'(B)]U f
[ (Y - e-CI(Y-B))] . Now X-CI[X- £ '(B)] = Int[X— (X- f
“(B)] =Int[ /'(B)].Then, we have Y — e-CI(Y — B) = e-Int[Y —
(Y — B)] = e-Int(B). Then Int[ f '(B)] Ul f '[e-Int(B)]. By
Theorem (3.4) we have fis e-open.

Now we introduce some characterizations concerning
e-closed functions.

Definition 3.2. A function £ (X, T) — (Y, T) is said to be
e-closed if /(M) L EC(Y, T") for every closed set M in X.

Theorem 3.6. A function £ (X, T) — (Y, T") is e-closed if and
only ife-CI[ f(A)] U f[CIl(A)] )] for every A LI X.

Proof: Let fbe e-closed function and let A be any subset of X.
Then f [CI(A)] LJEC(Y, T"). But £ (A) U £ [CI(A)]. Then
e-CILf(A)] U fIClA)].

(Conversely), Let A be a closed subset of X. Then by
assumption, e-CI[ (A)] U f[CI(A)] =f(A). This shows that
(A)JEC(Y, T%). Hence fis e-closed.

Corollary 3.1. Let £ (X, T) — (Y, T') be e-closed and let A

L) X. Then, e-Int[e-CI( £(A)] L F[ClL(A)].

Theorem 3.7. Let f (X, T) — (Y, T") be a surjective function.
Then fis e-closed if and only if for each subset B of Y and each
open set U in X containing f~'(B),there exists a set VLIEX(Y,
T") containing B such that /~'(V) L] U.

Proof: Let V=Y — f(X — U), Then VUEZ(Y, T"). Since f
“(B)U U, then we have f(X - U)LJ Y-Bso BLU V. Also, f
TV =X-ffX-UUxX-X-U)=U.

(Conversely), Let M be a closed set in X and yDY —f(M).

Then, /' (y) UX - (f(M))J X—-M and X — M is open
in X. Hence by assumption, there exists a set V, LIEX(Y, y) such
that £ ~'(V,) [0 X-M. This implies that y[IV, I Y- f (M).
Thus Y- /(M) =U {V,: yLY=f(M)}.

Hence Y— /(M) EZ(Y, T). Thus f(M)JEC(Y, T").

Definition 3.3. A function £ (X, T) — (Y, T) is said to be
e-continuous [1], if /'(V) is e-open in X for every open set V of
Y.

Theorem 3.8. Let f X — Y be a bijective. Then the
Following are equivalent:

(a) fis e-closed; (b) fis e- open; (c) £ is e-continuous.
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Proof: (a) = (b): Let U be an open subset of X. Then XU is
closed in X. By (a), /(X — U)DEC(Y, T"). But f(X-U) = £(X) —
f(U)=Y ~f(U). Thus f(U)DEX(Y, T").

(b) = (c): Let U be an open subset of X. Since fis e-open.
Then, £(U) = (/") '(U) OEX(Y, T)).

Hence /' is e-continuous.

()= (a): Let M be an arbitrary closed set in X. Then X—M is
open in X. Since f ! is e-continuous, then (f ") "'(X-M) U
EX(Y, T). But (f ") '(X-M) = f(X-M) = Y — (M), thus /(M)

EC(Y, T).

Definition 3.4. A space (X, T) is said to be:

a) e-T; [3] if for each pair of distinct points x and y of X,
there exist e-open sets_ A and B containing x and y,
respectively, such that x UB and y Ua.

b) e-T, [3] if for each pair of distinct points x and y in X, there
exist disjoint e-open sets A and B in X such that xJAand
y UB.

Theorem 3.9. If f: (X, T) — (Y, T") is e-open bijection. Then

the following hold:

() If X is Ty then Y is e-T. (b) If X is T, then Y is e-T».

Proof: (a) - Let y; and y, be any distinct points in Y. Then
there exist x; and x, in X such that f(x,) =y, and £ (X,) = y».
Since X is T, then, there exist two open sets U and V in X with
x,JU, x,[JU and x,[1V, x, [JV. Now £(U) and f (V) are e-open
in Y with y, Lf (U), y,LIf (U) and y, LU£ (V), y, Lf (V).

Proof: (b) - is similar to (a). Thus is omitted.

Definition 3.5. A space (X, T) is said to be:

a) e-compact [4] if every cover of X by e-open sets has a

finite sub cover.

b) e-Lindelof if every cover of X by e-open sets has a
countable subcover.

Theorem 3.10. If f: (X, T) — (Y, T") is e-open bijective. Then

the following properties are hold:

(a) If Y is e-compact, then X is compact. (b) If Y is
e-Lindelof, then X is Lindelof.

Proof: (a) - Let U; = {Uy: AU A} be an open cover of X. Then
Ki={f(Uy: AU A} isa cover of Y by e-open sets in Y. Since Y
is e-compact, Then K, has a finite subcover K, = {f (Uyy), f
(UM), ,f(Uym)} for Y. Then Uz = {UM, Uu, ceey U)m} is a
finite subcover of U for X.

Proof: (b): is similar to (a). Thus is omitted.

Definition 3.6. A space (X, T) is said to be e-connected [3] if
X cannot be written as the union of two nonempty disjoint
e-open sets.

Theorem 3.11. If a function £ (X, T) — (Y, T") is an e-open
surjective and Y is e-connected. Then X is connected.

Proof: Suppose that X is not connected. Then there exist two
non-empty disjoint open sets U and V in X such that X=UU V.
Then f'(U) and f (V) are non-empty disjoint e-open sets in Y
with Y = f(U) U f (V) which contradicts the fact that Y is
e-connected.

4. Characterizations of Quasi
e - Open Functions

In this section, we obtain some characterizations and
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several properties concerning quasi e-open functions via
e-open sets.

Definition 4.1. A function £ (X, T) — (Y, T") is said to be
quasi e-open if the image of every e-open set in X is open in Y.

Remark 4.1. (a) It is clear that, the concepts quasi
e-openness and e-continuity coincide if the function is a
bijection.

(b) It is obvious that, every quasi e-open function is open as
well as e-open. However, the converses of the implications are
not true in general as shown in the following example.

Example 4.1. Let X =Y = {1, 2, 3}, define a topology T=
{0, X, {1}, {2, 3}} Then the identity function f; (X, T) — (Y,
T") is e-open as well as open but not quasi e-open.

Definition 4.2. A subset A is called an e-neighborhood of a
point x in X if there exists an e-open set U such that x HulA.

Theorem 4.1. For a functions £ (X, T) — (Y, T") the
following properties are equivalent:

a) fis quasi e-open;

b) For each subset A of X, f[e-Int(A)] O Int[ f(A)];

¢) For each xUX and each e-neighborhood U of x in X,

there exists a neighborhood V of f(x) in Y such that V L
/().

Proof: (a) = (b). Let fbe quasi e-open and A 0 X. Now we
have Int(A) LJA and e—Int(A)DEZ(X, T). Hence we obtain
that f [e-Int(A)] O f (A). Since f [e-Int (A)] is open, then f
[e-Int(A)] U Int[  (A)]. (b)= (c). Let xUX and U be an
e-neighborhood of x in X. Then there exists V L EX(X, T) such
that xJV U U. Then by (b), we have, (V) = f[e-Int(V)] U
Int[ £ (V)] and hence £ (V) = Int[f (V)]. Therefore, it is follow
that £(V) is open in Y such that £(x)J £(v)U r(U).

(c)=(a). Let UDEE(X, T). Then for each ny (U), there
exists a neighborhood Vy of y in Y such that V, L f(U). Since
V, is a neighborhood of y, there exists an open set Wy in Y
such that yH'W, L v, Thus, f(U)= U {W,: yU £(U)} which
is an open set in Y. This implies that fis quasi e-open function.

Theorem 4.2. A function £ (X, T) — (Y, T") is quasi e-open
ifand only if e-Int[ / '(B)] L £ '[Int(B)] for every subset B
of Y.

Proof: Let B be any subset of Y. Then, e-Int[ £ '(B)] U
EX(X, T) and fis quasi e-open, then f[e-Int( /~(B))] U Int[ £ (f
'B))] U Int(B). Thus, e-Int] £ '(B)] L £ '[IntB)].
(Conversely), Let ULUEZ(X, T). Then by assumption e-Int[ f
] O (£ (U))] then, e-Ine(U) 0~ [Int( £(U))],
but e-Int(U) = U so UL £~ '[Int( £ (U))] and hence f (U)J
Int( £ (U) so fis quasi e-open.

Theorem 4.3. A function f: (X, T) — (Y, T") is quasi e-open
if and only if for any subset B of Y and for any set M DEC(X,
T) containing f “I(B), there exists a closed subset F of Y
containing B such that f “(F) LM

Proof: Let fbe quasi e-open and B Uy Letm U EC(X,T)
with £ 7'(B) L M. Now, put F = Y — /(X-M). It is clear that
since /~(B) Um, BUF. Since f'is quasi e-open, F is a closed
subset of Y. Also, we have f'(F) LM

(Conversely), Let ULUEZ(X, T) and put B = Y- f(U). Then
X-UUEC((X, T) with £ (B) Ll X-U. By assumption, there
exists a closed set F of Y such that B F and f'(F) U X - U.
Hence, we obtain £ (U) L Y-F. On the other hand, it follows
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that BUF, Y-FU Y-B = £(U). Thus, we have f (U) = Y-F
which is open and hence f'is a quasi e-open function.

Theorem 4.4. A function £ (X, T) — (Y, T") is quasi e-open
if and only if f'[CI(B)] U e-CI[ £ "'(B)] for every subset B of
Y.

Proof: Suppose that f is quasi e-open function. For any
subset B of Y, '(B) U e-Cl[ £ ~'(B)]. Therefore by Theorem
(4.3), there exists a closed set F in Y such that B L F and f~'(F)

U e-CI[ £ 7'(B)]. Therefore, we obtain, f '[CI(B)] U f~(F)
Ue-Cl[ £7'(B)]. (Conversely), Let B be any subset of Y and
MUEC(X, T) with £ '(B) LI M. Put F = CI(B), then we have B
U F and F is closed and f'(F) U e-CI[ f'(B)] L M. Then by
Theorem (4.3), the function f'is quasi e-open.

Lemma4.1. Letf (X, T)— (Y, T)andg (Y, T)— (Z, T")
be two functions and gof. (X, T) — (Z, T™) is quasi e-open. If
g is continuous injective, then fis quasi e-open.

Proof: Let U be a e-open set in X, then (gof')(U) is open in
Z since gof'is quasi e-open. Again g is an injective continuous
function, £ (U) = gil(gof (U)) is open in Y. This shows that fis
quasi e-open.

Theorem 4.5. If £ (X, T) — (Y, T") is quasi e-open bijective.
Then the following properties are hold:

(a) If (X, T) is e-T; then (Y, T") is T. (b) If (X, T) is e-T»
then (Y, T) is T».

Theorem 4.6. If £ (X, T) — (Y, T") is quasi e-open bijective.
Then the following hold:

(a) If (Y, T") is compact, then (X, T) is e-compact. (b) If (Y,
T") is Lindelof, then (X, T) is e-Lindelof.

Theorem 4.7. If £ (X, T) — (Y, T') is quasi e-open
surjective and Y is Connected. Then X is e-connected.

Proof: The proofs of theorems {(4.5), (4.6), (4.7)} similar
to the proofs of theorems {(3.9), (3.10), (3.11)} respectively.

Definition 4.3. A function f:( X, T) — (Y, T7) is called
pre-e-open if the image of each e-open set of X is an e-open set
inY.

Definition 4.4. A topological space (X, T) is said to be a
T.-space [5] if every e-open subset of (X, T) is open in (X, T).

Remark 4. 2. Let £ :( X, T) — (Y, T") be a quasi e-open
function. If Y is a T.-space, then quasi e-openness coincide
with pre-e-openness.

Definition 4.5. A function f:( X, T) — (Y, T") is said to be
e-irresolute [3] if /~'(V) is e-open in X for every e-open set V
of Y.

Theorem 4.8. Let £ (X, T) — (Y, T and g:( Y, T) — (Z,
T™) be two functions such that gof. (X, T) — (Z, T™) is quasi
e-open.

a) If fis e-irresolute surjective, then g is open.

b) If g is e-continuous injective, then f'is pre-e-open.

Proof: (a) - Suppose that V L EX(Y, T"). Since f is
e-irresolute, then /~'(V) is e-open in (X, T). Since gof'is quasi
e-open and fis surjective, (gof (f (V) = g(V), which is open
in (Z, T™). This implies that g is an open function.

(b). Suppose that VDEZ(X, T). Since gof is quasi e-open,
(gof)(V) is openin (Z, ). Again g is a e-continuous injective
function, g ~'(gofAV)) =/ (V), which is e-open in (Y, T"). This
shows that f'is pre e-open.
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5. Characterizations of Quasi
e - Closed Functions

In this section, we obtain some characterizations and
several properties concerning quasi e-closed functions via
e-closed sets.

Definition 5.1. A function f: (X, T) — (Y, T) is said to be
quasi e-closed if the image of every e-closed set in X is closed
inY.

Remark 5.1. Clearly, every quasi e-closed function is
closed as well as e-closed, but the converses of the
implications are not true as shown in example (4.1).

Theorem 5.1. 1f a function f: (X, T) — (Y, T is quasi
e-closed. Then, £ '[Int(B)] U e-Int[f ~'(B)] for every subset B
of Y.

Proof: This proof is similar to the proof of theorem (4.2).

Theorem 5.2. A function f: (X, T) — (Y, T*) is quasi
e-closed if and only if for any subset B of Y and for any set U
LEX(X, T) containing /' (B), there exists an open subset V of
Y containing B such that / (V) L] U.

Proof: This proof is similar to the proof of theorem (4.3).

Definition 5.2. A function f:( X, T) — (Y, T*) is called
pre-e-closed if the image of each e-closed set of (X, T) is an
e-closed set in (Y, T").

Definition 5.3. A space X is said to be a C.-space if every
e-closed subset in X is closed in X.

Remark 5.2. Let f:( X, T) — (Y, T) bea quasi e-closed
function. If Y is C,-space, then quasi e-closedness coincides
with pre-e-closedness.

Theorem 5.3. Let f:( X, T) —» (Y, T)and g:( Y, T) — (Z,
T"") be any two functions. Then:

a) If f'is quasi e-closed and g is quasi e-closed, then gof'is

quasi e-closed;

b) If fis e-closed and g is quasi e-closed, then gof'is closed;

c) If f is quasi e-closed and g is e-closed, then gof is

pre-e-closed;

d) If f is pre-e-closed and g is quasi e-closed, then gof'is

quasi e-closed.

Proof: The proof is obvious thus omitted.

Theorem 5.4. Let (X, T) and (Y, T") be topological spaces.
Then the function f: (X, T) — (Y, T") is a quasi e-closed if and
only f(X) is closed in Y and £ (V)\ £ (X \V) is open in f (X)
whenever V is e-open in X.

Proof: Suppose f (X, T) — (Y, T") is a quasi e-closed
function. Since (X, T) is e-closed, /(X) is closed in (Y, T") and
SV (X\WV)=£(X)\f(X\V) is open in f(X) when V is e-open
in (X, T). (Conversely), suppose f (X) is closed in (Y, T") , f
(VI\f(X\V) is open in f(X) when V is e-open in X, and let M
be closed in X. Then, f(M) = f(X) \ (f (X\M) \ f(M)) is closed
in £(X) and hence, closed in (Y, T").

Corollary 5.1. Let (X, T) and (Y, T") be topological spaces.
Then a surjective function f: (X, T) — (Y, T") is quasi e-closed
if and only if £ (V)\ £ (X\V) is open in (Y, T") whenever U is
e-open in (X, T).

Corollary 5.2. Let (X, T) and (Y, T") be topological spaces
and let /£ (X, T) — (Y, T) be an e-continuous quasi e-closed
surjective function. Then the topology on Y is {f (V)\ f(X\V):
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V is e-open in X}.

Proof: Let Hbe openin Y. Then f “!(H) is e-open in X, and f
(f'(H)\f(X\f'(H)) = H. Hence, all open sets in Y are of the
form £ (V)\ £ (X\V), V is e-open in X. On the other hand, all
sets of the form f(V)\ f(X\V), V is e-open in X, are open in Y
from corollary (5.1).

Definition 5.4. A topological space (X, T) e-normal [3] if
for any pair of disjoint e-closed subsets F; and F, of X, There
exist disjoint open sets U and V such that F, JU and F, L1 V.

Theorem 5.5. Let (X, T) and (Y, T") be topological spaces
with X is e-normal and let £ (X, T) — (Y, T') be an
e-continuous quasi e-closed surjective function. Then Y is
normal.

Proof: Let M, and M, be disjoint closed subsets of Y. Then /'
“I(M)), f'(M,) are disjoint e-closed subsets of X. Since X is
e-normal, there exist disjoint open sets V,; and V, such that f
MUV, and £ '(M,) U V,, Then M, I £ (V) \ f(X\V,)
and M, U £(V,) \ f(X\V,). Further by Corollary (5.1), £ (V,)\
F(X\V)) and f(V,)\ f(X\V,) are open sets in Y and clearly (f
VOV XV )IN(CF (V) f(X\V,)) = Q. This shows that Y is
normal.

6. Characterizations of Strongly
e - Open Functions

In this section, we obtain some characterizations and
several properties concerning strongly e-open functions via
e-open sets.

Definition 6.1. A function f (X, T) — (Y, T") is said to be
strongly e-open if ' (U) DEZJ(Y, T") for each UDEZ(X, T).

Theorem 6.1. Let £ (X, T) — (Y, T and g:( Y, T) — (Z,
T"") be any two strongly e-open functions. Then gof (X, T) —
(Z, T is strongly e-open function.

Proof: The proof is obvious thus omitted.

Theorem 6.2. A function £ (X, T) — (Y, T") is strongly
e-open if and only if for each x[JX and for each ULUEZ(X, T)
with x[JU, there exists VUEZ(Y, T") such that £ (x) JV and V
Hr ).

Proof: 1t is obvious thus omitted.

Theorem 6.3. A function £ (X, T) — (Y, T") is strongly
e-open if and only if for each x U X and for each
e-neighborhood U of x in X, there exists an e-neighborhood V
of f(x) in Y such that V L £ (U).

Proof: Let x[ X and let U be an e-neighborhood of x. Then
there exists HUEX(X, T) such that xLUH U U. Then, £ (x)Uf
H)U £(U), since fis strongly e-open, Then f(H)LUEZ(Y, T").
Hence V = f(H) is an e-neighborhood of (x) and V LI £ (U).
(Conversely), Let ULUEX(X, T) and xU U, then U is an
e-neighborhood of x. So by assumption, there exists an
e-neighborhood V4, of f(x) such that,

F x)Uvy O f@). It follows that f (U) is an
e-neighborhood of each of its points. Therefore, f(U)L! EX(Y,
T"), hence fis strongly e-open.

Theorem 6.4. A function £ (X, T) — (Y, T") is strongly
e-open if and only if fe-Int(A)] U e-Int[ f(A)] for every A [
X.

Proof: Let A L1X and xUe-Int(A). Then there exists U, L]
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EX(X, T) such that xUU, LJ A. so f(x)U f(Uy) L £(A) and
by assumption, /(U,) JEX(Y, T"). Hence,

f(x)Ue-Int[ £(A)]. Thus f[e-Int(A)] L e-Int[ £ (A)].

(Conversely), Let ULEX(X, T). Then by assumption, f
[e-Int(U)] U e-Int[ f (U)]. Since e-Int(U) = U and e-Int[ £ (U)]
L £(U). Hence, £ (U) = e-Int[ f(U)]. Thus, £ (U)LJEZ(Y, T").

Theorem 6.5. A function £ (X, T) — (Y, T) is strongly
e-open if and only if e-Int[ / ~'(B)] U  '[e-Int(B)] for every
subset B of Y.

Proof: Let BLIY. Since e-Int[ £ /(B)]JLUEX(X, T) and f'is
strongly e-open, then f [e-Int( £ ~'(B))]LEX(Y, T"). Also we
have f [e-Int( £ '(B))] /[ £ '(B)] Ll B. Hence, f [e-Int( f
“'(B))] U e-Int(B). Therefore, e-Int[ f(B)] Ll f'[e-Int(B)].

(Conversely), Let A be any subset of X. Then £ (A)U Y.
Hence by assumption, we obtain, e-Int(A) U e-Int[ 7' £(A)]
U £ '[e-Int( £(A))].This implies that,

S le-Int(A)] U £ f(e-Int( £ (A)]U e-Int[ f (A)].Thus, f
[e-Int(A)] U e-Int[ f (A)], for all A L] X. Hence, by Theorem
(6.4), we obtain f'is strongly e-open.

Theorem 6.6. A function £ (X, T) — (Y, T") is strongly
e-open if and only if £ '[e-CI(B)] U e-CI[ £ (B)] for every
subset B of Y.

Proof: Let B be any subset of Y and x[I £ '[e-CI(B)]. Then
f (x)Ue-Cl(B). Let UUEZ(X, T) such that x 1 U, by
assumption, f(U)UEX(Y, T and f(x)J £(U), Thus f(U) N B
# @. Hence U N f'(B) # @. Therefore, xUe-Cl[ £'(B)]. So
we obtain, £ '[e-CI(B)] Ll e-CI[ £ '(B)].

(Conversely), Let BL'Y, then Y-B LJY, by assumption f
“e-Cl(Y-B)] U e-CI[ #7'(Y-B)].This implies that, X—e-CI[ f
“1(Y-B)] U X— f'[e-CI(Y-B)]. Hence,

X—e-CI[X- £ 'B)] U f '[Y—e-CI(Y-B)]. Then, e-Int[f
(B)]U £ '[e-Int(B)]. Now by Theorem (6.5), it follows that
[1s strongly e-open.

Theorem 6.7. Let f: (X, T) — (Y, T") be a function and g:( Y,
T") — (Z, T") be a strongly e-open injective. If gof: (X, T) —
(Z, T™) is e-irresolute, then f is e-irresolute.

Proof: Let UDEZ(Y, T%). Since g is strongly e-open. Then,
g(U) U EX(Z, T™). Also gof is e-irresolute, so we have
(goj)fl[g(U)] U EX(X, T). Since g is an injective, Therefore we
have (g0f) [e(U)] = (/" og Ig(W)] = f "[g "(e(U)] = f
“(U).Then, / '(U)UEZ(X, T). So fis e-irresolute.

Theorem 6.8. Let £ (X, T) — (Y, T') be strongly e-open
surjective and g:( Y, T") — (Z, T") be any function. If gof: (X,
T) — (Z,T") is e-irresolute, then g is e-irresolute.

Proof: Let VUEX(Z, T™). Since gof is e-irresolute. Then,
(gof) '(V)LEZ(X, T). Also fis strongly e-open, so we have f
[(gop) (V)ILUEX(Y, T"). Since f is an surjective, Then, f
[(gof) '] =[fo(gaf) 'I(V)=[fo(f " og HIV)=[(fof )
0g '(V)=g (V). Hence is g is e-irresolute.

Theorem 6.9. Let £ (X, T) — (Y, T) and g:( Y, T") — (Z,
T™) be two functions such that gof (X, T) — (Z, T") is a
strongly e-open function.

a) If f'is e-irresolute surjective. Then, g is strongly e-open.

b) If g is e-irresolute injective. Then, f'strongly e-open.

Proof: (a) - LetU DEE(Y, T"). Since fis e-irresolute, /~'(U)
U EX(X, T). Now since gof is strongly e-open and f is
surjective, then (gof) (f '(U)) = g(U)LUEZ(Z, T™). This
implies that g is strongly e-open.
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(b). Let vU EZ(X, T). Since gof'is strongly e-open, (gof)(V)
DEE(Z, T™). Now since g is e-irresolute and injection, so g
(goH(V)] =f (V)LEZ(Y, T). This shows that f'is strongly
e-open.

Theorem 6.10. Let f (X, T) — (Y, T) be a strongly e-open
bijective. Then the Following hold:

(a) If (X, T) is e-T; then (Y, T") is e-T;. (b) If (X, T) is e-T»
then (Y, T) is e-T».

Theorem 6.11. Let £ (X, T) — (Y, T) be a strongly e-open
bijective. Then the Following hold:

a) If (Y, T") is e-compact, then (X, T) is e-compact.

b) If (Y, T") is e-Lindelof, then (X, T) is e-Lindelof.

Theorem 6.12. f (X, T) — (Y, T") is a strongly e-open
surjective and Y is e-connected then X is e-connected:

Proof: The proofs of theorems {(6.10), (6.11), (6.12)}
similar to the proofs of theorems {(3.9), (3.10), (3.11)}
respectively.

7. Characterizations of Strongly
e - Closed Functions

In this section, we obtain some characterizations and
several properties concerning strongly e-closed functions via
e-closed sets.

Definition 7.1. A function f: (X, T) — (Y, T") is said to be
strongly e-closed if /(M)LJEC(Y, T") for each MUEC(X, T).

Theorem 7.1. Let £ (X, T) — (Y, T and g:( Y, T) — (Z,
T™) be any two functions. Then:

a) If f'is strongly e-closed and g is strongly e-closed, then

gofis strongly e-closed;

b) If f'is e-closed and g is strongly e-closed, then gof is

e-closed;

c) If f is quasi e-closed and g is e-closed, then gof is

strongly e-closed;

d) If fis strongly e-closed and g is quasi e-closed, then gof’

is quasi e-closed.

Proof: The proof is obvious thus omitted.

Theorem 7.2. A function /i X — Y is strongly e-closed if
and only ife-CI[ f(A)] U f[e-CI(A)] for every subset A of X.

Proof: Let fbe strongly e-closed function and A U X. Then
fTe-CI(A)]UEC(Y, T). Since £ (A) I f[e-Cl(A)], we obtain
e-CI[ £(A)] O f[e-CI(A)].

(Conversely), Let MUEC(X, T), by assumption, we obtain,
S Ue-ClLrM] U 7 [e-CIM)] = f(M). Hence f (M) =
e-CI[ £ (M)]. Thus, £ (M)LJEC(Y, T7). It follows that f is
strongly e-closed.

Theorem 7.3. Let £ (X, T) — (Y, T") be a strongly e-closed
function and B J Y. If UUEX(X, T).with f '(B) L U, then
there exists VLEX(Y, T*) with B [J V such that, /' (B) [ £
wvau.

Proof: Let V=Y—f(X-U). Then Y-V =f(X-U). Since f'is
strongly e-closed, VLJEX(Y, T%).Since /'(B) U U, Then Y-V
=fX-U)U £ (Y-B)]Ll Y-B. Hence, B L1 V. Also X-U
U I/ x-0) =,1(Y-V) =X=f=1(V). So (V)L U.

Theorem 7.4. Let £ (X, T) — (Y, T') be a surjective
strongly e-closed function and B, M U Y. Iff'(B) and f~'(M)
have disjoint e-neighborhoods, then so have B and M.

Proof: Let F, and F, be the disjoint e-neighborhood of f'
“(B) and f ~'(M) respectively. Then by theorem (7.3) There
exist two sets U, VLJEZ(Y, T). with BU U and M Ll V such
that £ '(B) LU £ '(U) U e-Int(F,) and f ‘M) (V)
e-Int(F,). Since F, and F, are disjoint, so are e-Int(F,) and
e-Int(F,), and hence so f~'(U) and f'(V) are disjoint as well.
Since f'is a surjective function. Then it follows that U and V
are disjoint too.

Theorem 7.5. A surjective function £ (X, T) — (Y, T") is
strongly e-closed if and only if for each subset B of Y and each
set UUEZ(X, T) containing f'(B), there exists a set VLEX(Y,
T") containing B, such that / (V) J U.

Proof: This follows from Theorem (7.3). (Conversely), Let
MUEC(X, T) and yLY—- £ (M), Then ' (y) LUX—f7'( £ (M))
UX-M and X-MUEX(X, T). Hence by assumption, there
exists a set V,LJEZ(Y, y). Such that f ~'(V,) Ll X-M. This
implies that ylIV, L1 Y= f(M). Thus, Y-/ (M) = U {V,: yU
Y- £ (M)}. Hence, Y- f (M)LUEX(Y, T").Therefore, £ (M)LJ
EC(Y, TY).

Theorem 7.6. Let f: (X, T) — (Y, T*) be a bijective. Then
the following properties are equivalent:

(a) fis strongly e-closed; (b) fis strongly e-open; (c) /' is
e-irresolute.

Proof: (a)= (b). Let UUEZ(X, T), Then X~-ULIEC(X, T).
Then By (a), f(X-U) UEC(Y, T%), but f (X-U) = £(X) — £ (U)
=Y-f(U). Thus f (U)LJEX(Y, T).

(b) = (c). Let AU X, since f is strongly e-open, so by
Theorem (6.6), £ '[e-C1( £(A))] U e-CI[ £7'( f(A))], It implies
that e-CI[ £ (A)]U f [e-Cl(A)]. Thus e-CI[(f ) '(AM)U(f
"D [e-CI(A)], for all A L X. Then, it follows that /' is
e-irresolute. (c) = (a). Let MUEC(X, T).Then X-MUEX(X,
T). Since f 'is e-irresolute, (f ') ' (X-M)UEZ(Y, T"). But (f
HX-M) = £ (X-M) =Y-f (M). Thus £ (M)LJEC(Y, T.

Theorem 7.7. Let f (X, T) — (Y, T) and g:( Y, T") — (Z,
T™) be two functions such that gof (X, T) — (Z, T") is a
strongly e-closed function. Then:

a)If f is e-irresolute and surjective. Then, g is strongly

e-closed.

b)If g is e-irresolute and injective. Then, f is strongly

e-closed.

Proof: Similar to the proof of theorem (6.9).

8. Conclusion

Generalized open and closed sets play a very a prominent
role in general Topology and it applications. And many
topologists worldwide are focusing their researches on these
topics and this mounted to many important and useful results.
Indeed a significant theme in General Topology, Real analysis
and many other branches of mathematics concerns the
variously modified forms of continuity, separation axioms etc
by utilizing generalized open and closed sets. One of the
well-known notions and that expected it will has a wide
applying in physics and Topology and their applications is the
notion of e-open sets. The importance of general topological
spaces rapidly increases in both the pure and applied
directions; it plays a significant role in data mining [6]. One
can observe the influence of general topological spaces also in
computer science and digital topology [7-9], computational
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topology for geometric and molecular design [10], particle
physics, high energy physics, quantum physics, and
Superstring theory [11-16,17]. In this paper we introduced
and investigated the notions of new classes of functions which
may have very important applications in quantum particle
physics, high energy physics and superstring theory.
Furthermore, the fuzzy topological version of the concepts
and results introduced in this paper are very important. Since
El-Naschie has shown that the notion of fuzzy topology has
very important applications in quantum particle physics
especially in related to both string theory and £ theory.

Acknowledgments

The authors are thankful to the referees for giving the
valuable comments to improve the paper, and I am thankful to
professor. Dr. E. Ekici (Turkey) for sending many of his
papers as soon as I had requested.

References

[1] E. Ekici, On e-open sets, DP"-sets and DPE’-sets and
decompositions of continuity. The Arabian J. for Sci. Eng, 33
(2A) (2008), 269 —282.

[2] N. V. Veli“cko, H-closed topological spaces. Amer. Math. Soc.
Transl, 78 (1968), 103—-118.

[3] E. Ekici, New forms of contra-continuity. Carpathian J. Math,
24 (1) (2008), 37— 45.

[4] E. Ekici, Some generalizations of almost

contra-super-continuity, Filomat. 21 (2) (2007), 31— 44.

[S] M. Caldas, S. Jafari, On strongly faint e-continuous functions,
Proyecciones J. Math. 30 (1) (2011), 29 —41.

[6] Z. Pawlak, Rough sets: theoretical aspects of reasoning about
data. System theory, knowledge engineering and problem
solving, vol. 9. Dordrecht, Kluwer, 1991.

(7]

(8]

9]

[10]

[13]

[14]

[15]

[16]

New Types of Strongly Functions and Quasi Functions in Topological Spaces Via E-Open Sets

E. D. Khalimsky, R. Kopperman, P.R. Meyer, Computer
graphics and connected topologies on finite ordered sets. Topol.
Appl, 36 (1990), 1-17.

T. Y. Kong, R. Kopperman, P.R. Meyer, A topological approach
to digital topology. Amer. Math. Monthly, 98 (1991), 901-17.

V. Kovalesky, R. Kopperman, Some topology-based imaged
processing algorithms. Ann. NY. Acad. Sci, 728 (1994), 174 —
82.

E.L.LF. Moore, T.J. Peters, Computational topology for
geometric design and molecular design, In: D.R. Ferguson, T.J.
Peters, editors, Mathematics in industry challenges and
frontiers, 2003, SIAM, 2005.

M.S. El-Naschie, O.E. Rossler, G. Oed, Information and
diffusion in quantum physics. Chaos, Solitons & Fractals, 7 (5)
(1996), [special issue].

M. S. El-Naschie, On the uncertainty of Cantorian geometry
and the two-slit experiment, Chaos, Solitons & Fractals, 9
(1998), 517-29.

M. S. El-Naschie, On the unification of heterotic strings, M
theory and & theory. Chaos, Solitons & Fractals, 11(2000),
2397-408.

M. S. El-Naschie, Quantum gravity from descriptive set theory,
Chaos, Solitons & Fractals, 19 (2004), 1339 —44.

M. S. El-Naschie, Quantum gravity, Clifford algebras, fuzzy set
theory and the fundamental constants of nature. Chaos,
Solitons & Fractals, 20 (2004), 437-50.

M.S. El-Naschie, The two slit experiment as the foundation of
E-infinity of high energy physics, Chaos, solitons & Fractals,
25 (2005), 509-14.

G. Landi, An introduction to noncommutative spaces and their
geometrics (lecture notes in physics), New York,
Springer-Verlag, 1997.



