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Abstract: This paper is to derive the bias & variance covariance matrix of Feasible Seemingly Unrelated Regression Model
Estimator by using the methodology of Nagar's expansion for the moment of estimator, derivation consider the order of
magnitude criteria, derived biased estimators to order Ox(T"') “that refer to big (O) in probability where (T) being the number
of observations”, the Covariance matrix of the Feasible (SURE) estimator to order Op(T"?). This approximation in view of

Nagar's procedure.
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1. Introduction

We study Approximation Properties of Seemingly
Unrelated Unrestricted Regression Equation Model, then we
derive the bias to order (T '1), derive covariance matrix of the

Feasible SUR Model Estimator to order (T '2) under general

condition

The organization of the present paper is the following
In Section (2) we present Model and Assumptions with some
required notation that will be used throughout this paper, in

section (3) we derive the bias to order (T _1), and in Section
(4) we derive covariance matrix of the Feasible Seemingly
Unrelated Regression Model Estimator to order (T _2) by

using Nagar's expansion for the moment of econometric.

2. Model and Assumptions

In (1962) Zellner suggested a system of equations
regression model and proposed the model contain two
equations as a multi. regression

The basic model we are concerned is the following system
of two-equation of (SURE) model proposed by Zellner
(1962, 1963)

Yi:Xz’ﬁi+”i, i=1,2 (1)

(Txl)  (Tky) (Kix1) - (Tx1)

Where

This can be written as

I C AR C O
b (2Tx1) 0 ;Xz (2TxK) P (Kx1) 2 (2Tx1)

Where

¥, isa (Tx1) vector of observations on the i dependent

variable (the variable to be explained by the ;7

regression
equation).
X, is a (Ixk;) block diagonal matrix of observations on

(K;) nonstochastic independent variables, each column of
which consists of 7 observation on a regressor ‘explanatory

variables’ in the i equation of the model, with rank (K;)

that (%) , (x,) are the matrices of fixed elements.
B is a (kxl) vector of regression coefficients with

unknown parameters in the i" equation of the model.
u; is the corresponding (Tx1) vector of random
disturbances terms in the ;# regression equation.

Throughout this paper the following assumptions on the
system of equations (2) are displayed
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The disturbance terms have zero mean vectors

) 0o
Uy 0 (Tx1)

And variance covariance matrix

E(ulu;):E[Z‘](u; u;):["“’ “”’]=(EDI)(”)

2 Oyl 0yl
g, g,
Z:{ 11 12] @)
05 0Oy

2-1 0;; is scalar and represents the variance of the random

disturbance in the i”" equation for each observation in the
sample,
[, is (T'T) identity or unit matrix of order 7, and E()

denotes the usual expectation operation, Z=(Ui‘,-), i,j=12

represents the covariance between the disturbances of ;%

h

equations and ;” equation for each observation in the

sample, (Z) is known as variance covariance matrix,

(O) is the usual kronecker product.
2-2. The contemporaneous disturbances of the two
equations are not linearly dependent, so (Z) is positive

definite matrix
2-3 Contemporaneous elements of (u;,u j), i,j=1,2 have

a normal distribution with zero mean and variance covariance
matrix (Z ar )

2-4. Orthogonal condition

xx, =0, X%, =0 (5)

3. Bias Estimators to Order O/(T")

The order of magnitude of function is the big (O) which is
Order of magnitude or order of convergence it is important
investigating limiting behavior of random variables.

Big (O) notation with a capital letter (O) also called
Landau's symbol, or big Omicron. It is a symbolism used in
complexity theories, to describe the asymptotic behavior of
functions and explain that how fast a function grows or
declines.

Then we can say that big (O) notation represent the
description of limiting behavior of a function.

Refer to the basic model and its assumptions in (1), (2),
applying Aitken generalized least square approach to
estimate the seemingly unrelated unrestricted regression
(SUUR) model which contains two regression equations,

Then we have the Aitken (GLS) estimator as ,8

GLS

»
- 1 4 1 ©
_ " _
GLS (%5) " Xy, = o (%) X
1

1 =1 s 0, ' =1 s
_ (bl] () x1y1_712(x1x1) XY

When replacing o;; by it's estimator S;; in (5.1), we have
feasible Aitken (GLS) estimator of 3

—~

ﬁ =(xX'(S'onx)'x($ ' ony

FGLS
Then
-1
— 22 1 A2 22 0 _ 2
ﬁ :[bljz s7xx 5 XX, STXN TS TN,
12 1 11 _r 21 1 11
FGLS by =S TXX S XX =T ts Xy,

Estimated of (S,-,-) dependence on residuals obtained by the

application of Aitken least square method, this procedure
yield “Unrestricted Residuals”., Then the Feasible Aitken

(GLS) estimator ,3 is

FGLS

-1 S12 -1
[ ] (xx) ™ X0 _T(xl’xl) X2
S22

-1 S12 -1
(x3%) ™ X3, _97 (xx) " x50
S11

We are going to derive the bias estimators to order
0p(T™)

Theorem (1)

The bias of order 0,(T™") is zero under the assumptions of
the disturbance term that follow normal distribution

Proof:

We have feasible generalized least square estimator [ IB J
FGLS

~ Ky ~
(bl) =4 _Jﬁz
S22
Then
(b)) = () i -jfz(x{xl)'lxl'yz, Where ¥ =xB+u
22
Then we get

_ -1 -1
(bl) =(ax) X B +(xx)

S12 -1 S12 -1
=== (x) 0B ——=(x(x) XU,
S22 S22

Using orthogonal condition
xnx, =0,x5% =0

Then we have
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_ ’ =1 _r § ’ =11
(b =B) = (xix) " Xy _Sl_z(xlxl) XUy (7 El4,-22p
22 5 On 5 O(T%')
Thus +E ‘712‘922[; _i[;
Let o2 ! Oy 0 o
22 2 2 or
1
512 = (&2 +012)0(T7) (®) EnEp 01265
E(b-R)=| +E B P B =
Lt 2 2 22 2 oT?)
¢ 0,6 £,
. +E 2422 B - 1;322 B
A =) Ky O ?) ©) 2oz T2 2o
5 3
Enén
+E . ,3_1] .
Let 22 2 O(T?)
i
— ' -1
B =(X{x) Xyyeeenn o(T?) (10) Let C_ :{A_1 —&,ﬁ_l]
i i i -1
2 2 2 92 5 )oqm

From the above results we get

(b =B)) =4 ~ (& +01) (&2 +C’22)_1 B Op 3 92 7

_| 912én 2y
Let D, —(2 B -S2p,
orT™

2 2
-1 £nE 01,65
£ ~ £ Let F_3 = 1222 IB—I _ 712922 ,8_1
=A, —0,| 22 +1 |0y, | 2 +1| B S o 5 oy ) 2
71 12(0_12 J 22 0_22 1 2 22 2 22 2 or?)
3 2
0, E,E
Then Let H, :[ 12422 B - 12322 ,8_1]
4 92 2 92 3 or
(b-B)=d, -Jz1+ 82 |14 52 | p
5 Oxn oy, Oy Then
Expand the second brackets
(b =B)=| Cy |+(Dy)*+| Fs |+(H2)
2 3 2 2
2 9» V) Oy 0y Op B To derive the bias estimator to order of magnitude in
Th probability O, ( T"l) , take the expectation of the values
en
Then
o,
[A—l‘ P -/3—1] B} _
200 o, Bn=B)=E| C.y [+E (D, )+ P [+£(2) )
2 2
O1265 b
+ L —_——
0%, ﬂ_jl On IB_;] - g,
o™ E|Cy |=E| Ay -6, | |
- €126 Tén 2 EERCEE o)
(b-5)=|+ 7,3—1‘ e Ba|
P2 2 2o Then
+ 01255 B, ) B 1}
4 P l
022 2 0‘2‘;2 2 O(Tiz) E(C_l]:() (12)
3 2
€126
+ ——=B
4 -1 =5
(2p)} 2] )
oT) E(D_l) = 7012522 E((x{xl)_lx;uz) —iE((x{xl)_lx;uz)
O» 45 o

Take the expectation then we get

E(D)=0 (13)
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2
EHE - 0,& -
E[F_3J:[12222 E(() ™ oy ) = 222 B (v lx'zuz)]
a.

EX O 2 o™

Then we get

E[F_J:o (14)
2

3 2
E(H—z) = (Jgan((xl'xl)_lx;uz) - 82512 E((xl'xl)_lxéuz )J

22 22 o™

Then we get

E(H,)=0 (15)

E(n)=(4).

(bl) is an unbiased estimator of (ﬂl)

4. Covariance Matrix of the Feasible
(SUR) Estimators to Order (T?)

We are going to drive the moment matrix of Feasible

Seemingly Unrelated Regression Estimator (blF) of order
o)
We have

Then

E(b-B)(5-8) :[C_1 +D+F, +H_2][C_1 +D+F4 +H_2]

2

Then we have

E(bl_ﬂl)(bl_lgl) = +(CF'+FC’+DD') +0(T7)

: ((CC’)+(CD'+DC')J =

Where the order of magnitude of these values are

(cc) (co'+DC), 3

o) (CF'+FC'+DD')

or™y>» o)

Take the expectation of all (6) values we get
First term

Using orthogonal condition, then we get

2

E(cC') :[a“ +%](x{xl)_l (16)

22

Second term

1

E(cD') = E[A_l —%.ﬁ_l][a‘zf”ﬁ_l —51213’-1]

2 92 7 »n 3 92

2

2 2

E(pC') = E[%fn B _512,3_1}[/1_1 _le_ﬁ_l]

05 2 22 2 22 2

2 3

2

& & _ _

E(DC'): O0001é1 0501y (x{xl) l(xéxz)(x{xl) 1 (18)
) O»

Following the previous steps we get
2

E(cc)= [011 +%J (x1x)"

22

N [ -0te, O,& Loty Lo
E(CD):(—;2 2 +—; 21 (xx) l(x2x2)(x1xl) l
2 2

2
g, €& _ _
_MJ()@"Q) l(xéxz)(xllxl) !

2

N _| 01L& O1,&€& roNTL 1oyl

E(CF)— —222 127127 122 22 1 (xx;) (xzxz)(xlxl)
75 O

2 2

_| _9énén | Onén -1 -1
e R e o R eI
2 2

N[ Gogn _ThEn | iy . OLE 06,6, & 4 4
E(CD')= - ()™ (b)) (7 popy=| D282 o Pffn L B (i) () ()

(25} 0?2

Third Term

032 2 On

Then
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’ (CC')U(T,.)+(CD’+DC')U(T’73)
E(b-B)(b-8) = -5

+(CF'+FC'+DD') , 2 +O(T 2 )

2

22

2
20,6, t &)
I 022

E(-B)b-£4) =

4V -1
ot J(xfxl) +

2
O

30ie
+[ 123 22
02

5. Result

We proof that the bias of order Op(T™") is zero under the
assumptions of the disturbance term that follow normal
distribution, Then

E(n)=(4).

And found the Covariance matrix of the Feasible (SUR)
estimators to order Op (T _2) is presented in (19)

6. Conclusion

We study Approximation Properties of Seemingly
Unrelated Unrestricted Regression Equation Model and using
Nagar's expansion for the moment of econometric to derive
the bias & variance covariance matrix of Feasible SUR
Model Estimator this derivation consider the order of
magnitude criteria, derived biased estimators to order

0,(T™") and derive the Covariance matrix of the Feasible

(SURE) estimator to order 0p(T _2) under general condition

by using Nagar's expansion and orthogonal condition of
Zellner model.
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