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igital topology aims to transfer concepts from classical topology (such as connectivity of objects, properties of their 

boundary and their neighborhood, as well as continuity) to digital spaces (such as Ζ
2
), which are used to model 

computer images. It has two main approaches graph theoretic and topological. Graph theoretic approach depends on 4 and 8 

adjacencies which imply connectivity paradoxes. Our goal is to construct supra topological structure using 4 and 8 adjacencies 

to define connectivity to help in solving connectivity paradoxes. We construct 4 and 8 supra topologies. Properties of closure 

and interior operators are given. Examples and counter examples are obtained.  

 

Introduction 
 

Digital topology was first studied in the late 1960s by the computer image analysis researcher Azriel Rosenfeld (1931–2004) [9], 

whose publications on the subject played a major role in establishing and developing the field. The term "digital topology" was itself 

invented by Rosenfeld, who used it in a 1973 publication for the first time. A related work called the grid cell topology appeared in 

Alexandrov-Hopf's book Topologie I (1935) [7] can be considered as a link to classic combinatorial topology. Rosenfeld et al. 

proposed digital connectivity such as 4-connectivity and 8-connectivity in two dimensions as well as 6-connectivity and 26-

connectivity in three dimensions. The labeling method for inferring a connected component was studied in the 1970s. T. Pavlidis 

(1982) [8] suggested the use of graph-theoretic algorithms such as the depth-first search method for finding connected components. 

V. Kovalevsky (1989) [10] extended Alexandrov-Hopf's 2D grid cell topology to three and higher dimensions. He also proposed 

(2008) [11] a more general axiomatic theory of locally finite topological spaces and abstract cell complexes formerly suggested by 

Steinitz (1908). The book of 2008 contains new definitions of topological balls and spheres independent of a metric and numerous 

applications to digital image analysis. In the early 1980s, digital surfaces were studied. Morgenthaler and Rosenfeld (1981) gave a 

mathematical definition of surfaces in three-dimensional digital space. This definition contains a total of nine types of digital surfaces. 

The digital manifold was studied in the 1990s. A recursive definition of the digital k-manifold was proposed intuitively by Chen and 

Zhang in 1993. Many applications were found in image processing and computer vision. Here, we use the concept of ''supra 

topology'' introduced by A.S. Mashhour et al [1]. In contrast to other concepts of digital topologies, the main advantage of this 

concept is that we can directly transfer many concepts from classical topology to digital topology. The purpose of the work is to find 

a link between graph theoretic approach and topological are by constructing a supratopology. This paper is organized as follows: In 

Section 3 we introduce the supratopology using 4 and 8 adjacencies. In Section 4 we introduce 4and 8 Supra topologies, gives 

examples of open set and not open sets and define connectedness based on 4-adjacency. 

 

Preliminaries 
 

The purpose of this article is to present basic definitions and facts used in the paper 

D 
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4-Adjacency [3] 

Two grid points �, �	 ∈ �� are called 4-adjacent or proper 4-neighbors  

Iff �	 ≠ 	� and �	 ∈ 	
��	�. 

Where,	 

N
�p� = 	 ��x, y�, �x + 	1, y�, �x − 	1, y�, �x, y + 	1�, �x, y − 	1�� = �
�x, y�, 

� = �x, y�		 

8-Adjacency [3] 

Two grid points �, �	 ∈ �� are called 8-adjacent or proper 8-neighbors  

Iff �	 ≠ 	� and �	 ∈ 	���	�. 

Where, 

N��p� = N
�p�U	��x	 + 	1, y	 + 	1�, �x	 + 	1, y − 	1�, �x − 	1, y + 	1�, �x − 	1, y	 − 	1�� = ���x, y�. 

Digital spaces [6] 

A digital space is a pair ��, ��	where � is a non-empty set and � is a binary, symmetric relation on V such that for any two 

elements	� and � of	� there is a finite sequence ���, …… . , �!� of elements in � such that �	 = 	 ��, �	 = 	 �! and ��", �"#$� ∈
� for %	 = 	0, 1, . . . , '	 − 	1. 

The relation �  is often called an adjacency relation, and that ��, �� ∈ �  means that �  and �  are connected. The last 

requirement of the definition is that the space is connected under the given relation; that � is �-connected. 

 

Supra-Topology 
 

The concept of topological structures has been widely applied in many theoretical and application fields, but it depends on 

three conditions which limit its applications. The concept of supra topology is a general and reflexable structure, each topology 

is a supratopology. 

Definition1 [1]: 

A supra-topology on a set X is a system (	 of subsets of X, which meets the following conditions: 

1.	∅, * ∈ (, 

2. The union of every subfamily of O is a member of O. 

Example: 

If * = �+, ,, -�	.ℎ0'	( = 1*, ∅, �,�, �+, ,�2	is a supratopology. 

Clearly, this a more general definition than the definition of a topology, because the axiom about the intersection of two open 

sets is omitted. This concept was first introduced by A.S. Mashhour et al. Here we refrain from reviewing the results of A.S. 

Mashhour et al. Instead, we deal with two special supra topologies, the 8- and 4-supra-topology. What makes these supra-

topologies important to image processing is that the 8- and 4-connected sets in the corresponding supra-topology are exactly 

the 8- and 4-connected sets in the common graph-theoretical interpretation. 

 

Results 
 

A two dimensional digital picture is as usual a tuple 	���, 3� where			3 ⊆ 	��. The elements of ��	are called points of the 

digital picture, and the elements of 3 are called the black points of the picture, and the points in �� ∖ 3 are called the white 

points of the picture. Now, we define the 4- and 8-Supratopologies by their "point bases" �
�	��	 and 	���	��, respectively, for 

	6 = �6$, 6�� ∈ ��: 
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• 4-Supra topology 

If	P = �p$, p��	then	 

			U
�P$, P�� � ��P$, P� � 1�, �P$ � 1, P��, �P$ � 1, P��, �P$, P� � 1� � U
�p�.	

Proposition 1: 

The class (
 �∪ ��
�6�｜P ∈ ��� is as 4-supratopology on ��. 

Proof 

1) ��,∅	 ∈ 	(
. 

2) Let �, � ∈ ��, �
���, �
��� ∈ (
	./0'	�
��� ∪ �
��� 	∈ 	(
. 

So from (1) and (2) (
 is a 4-supratopology. 

���, (
� is a 4-supratopological space, the members of (
 are called 4-supra open sets .The following is an example for a 4-

supra open set. 

Example 1: 
 

 

 
Figure 1. 4-supra open set. 

 A is 4- supra open set 

A=��9,3�, �10,3�, �11,3�, �8,4�, �9,4�, �10,4�, �11,4�, �12,4�, �10,5�, �11,5�, �12,5�� 

A � U
�p� ∪ U
�q� ∪ U
�r� 
 

The following is an example for a non 4-supra open set 

Example 2: 

 
Figure 2. Non 4-supra open set. 
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 B isn’t a 4-supra open set 

	Since	B ≠ 	U
�p� ∪ U
�q� ∪ U
�r� 

• 8-Supratopology 

	If	P � �p$, p��then 

	U��P$, P�� � ��q$, q�� ∈ Z�｜max�|q$ � p$|, |q� � p�| P 1� � U��p�. 
 

Proposition 2 

The class (� �∪ ����6�｜P ∈ ��� is a 8-supratopology on ��. 

Proof 

1) ��,∅	 ∈ 	(�. 

2) Let �, � ∈ ��, �����, ����� ∈ (�	./0'	����� ∪ ����� 	∈ 	(�. 

So from (1) and (2) (� is a 8-supratopology. 

���, (�� is a 8-supratopological space ,the members of (� are called 8-supra open sets and the following is an example for a 

8-supra open set 
 

Example 3: 

 
Figure 3. 8-supra open set. 

 

 C is a 8-supra open set 

C � ��7,3�, �8,3�, �9,3�, �10,3�, �11,3�, �7,4�, �8,4�, �9,4�, �10,4�, �11,4�, �7,5� 

�8,5�, �9,5�, �10,5�, �11,5�� � U��p� ∪ U��q� ∪ U��r� 

The following is an example for a non 8-supra open set 

Example 4: 
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Figure 4. Non 8-supra open set. 

 D isn’t a 8-supra open set 

	Since	D ≠ 	U��p� ∪ U��q� ∪ U��r� 

Definition 2: 

If (*, T� is a supra topological space, 3 ⊂ *	then among the topological properties and operators we consider the interior 

operator: 

Int(B) =	�	� ∈ ��｜∃	y ∈ ��	WX./	� ∈ ���� ⊆ 3� 

OR Int�B� �∪ �U
YZ	��y�:	U
YZ	��y� ⊂ B� 

Properties of interior operator of topology 

1. Xnt	�B� ⊂ B. 

2. X\	] ⊂ 3	./0'	X'.	�]� ⊂ X'.�3�. 

3. X'.	��� � 3� � �� � -^�3�. 

4. X'.	�]� ∪ X'.�3� ⊂ X'.	�] ∪ 3�. 

5. X'.	�]� ∩ X'.�3� � X'.	�] ∩ 3�. 

6. X'.`X'.�3�a � X'.�3�. 

Definition 3 

If (*, T� is a supra topological space, 3 ⊂ *	then among the topological properties and operators we consider the closure 

operator: 

Cl(B) =	�	� ∈ ��｜∃	y ∈ ��	WX./	� ∈ ����	\b^^bWc	���� ∩ 3 � d�. 

OR cl�B� �∪ �U
YZ	��y�:	U
YZ	��y� ∩ B � ∅�. 

Properties of closure operator of topology 

1. B ⊂ cl�B�. 

2. X\	] ⊂ 3	./0'	-^	�]� ⊂ -^�3�. 

3. -^	��� � 3� � �� � X'.�3�. 

4. -^�] ∪ 3� � -^	�]� ∪ -^�3�. 
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5. -^	�]� ∩ -^�3� ⊃ -^	�] ∩ 3�. 

6. -^`-^�3�a � -^�3�. 
 

The following is an example for 4-supra interior and closure  

Example 5: 

 
Figure 5. 4-supra interior and closure. 

 Set (B) 

 4-Supra Interior (B) = U
�p� ∪ U
�q� ∪ U
�r� ∪ U
�s� ∪ U
�t� ∪ U
�v� ∪ U
�w� 

 4-Supra Closure (B). 

Note 

Interior is equal to set because it is an open set 

The following is an example for 8-supra interior and closure  

Example 6: 

 
Figure 6. 8-supra interior and closure. 

 Set (B) 

 8-Supra Interior (B) =	U��p� ∪ U��q� ∪ U��r� ∪ U��s� 

 8-Supra Closure(B) 
 

 

Definition 4 

If (*, T� is a supra topological space, 	3 ⊂ *	then Center of interior is defined as: 
C�B∘� � �	x ∈ B ∶ U�x� ⊆ B� 
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The following are examples for 4 and 8 center for interior 

Example 7: 

 
Figure 7. 4-center for interior. 

 Set (B) 

 4-center interior (B) =	p ∪ q ∪ r ∪ s ∪ t ∪ v ∪ w, since U
 of each point is contained in B 

Example 8: 

 
Figure 8. 8-center for interior. 

 Set (B) 

 8-center interior (B) = p ∪ q ∪ r ∪ s, since U� of each point is contained in B. 

Proposition 3: 

Any subset B from �� is a preopen and its closure is open ( int	�Bl� � Bl). 
 

Proof: 

Since 3 ⊂ 	3m � 3m∘ 

∴ 3 ⊂ 3m∘ So	3 is preopen 

∵ 	3m � 3m∘ So 3m	is open 
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The following is an example for 4-interior closure 

Example 9: 

 
Figure 9. 4-interior closure. 

int	�Bl� = Bl 

Proposition 4: 

In general closure operator isn’t unitary (3	p ≠ 3m�. 
 

The following is an example to show that (3	p ≠ 3m�. 

Example 10: 

 
Figure 10. Shows that (3	p ≠ 3m�. 

 

 Set (B) 

 4-Supra Closure (B) = (3m�. 

 3	p . 
 

Definition 5: 

1. X is connected if � = ] ∪ 3, ], 3	+q0	rXc%bX'.	b�0'	c0.c. 
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2. If �*, T�Xc	+	c�+-0 and ] ⊂ *, ]	Xc	-b''0-.0r	X\	�], Ts�Xc	-b''0-.0r. 

3. wo points �, �	will be connected if 	T�t,u� is connected. 

The following is an example for connected points 

Example 11: 

 
Figure 11. Connected points. 

X � 	 �p, q�	

τ � �X, ϕ, �q�� 

Since τ contains �q� only. 

The following is an example for not connected points 

Example 12: 

 
Figure 12. Not connected points. 

* � 	 ��, �� 

T � �*	, d, ���, ���� , since T contains ���, ���. 

 

Conclusions 

Supra topological structures is initiated in this work, is an attempt to solve connectivity paradoxes resulted from 4 and 8 

connectivity. This is to the last of our knowledge is the first construction to solve the problem via topological structures. ■ 
 



10  2016; 3(1): 1-10 

 

 

A. M. Kozae 

akozae55@yahoo.com 

He graduated at Faculty of Science at 1978. Now, he is a professor of Mathematics at Faculty of 

Science. 

 

M. Shokry 

mohnayel@yahoo.com 

He graduated at faculty of Science. Now, he is a doctor at Faculty of Engineering. 

 
 

References 
 

[1] A. S. Mashhour, A. A. Allam, F. S. Mahmoud and F. H. Khedr, On supra topological spaces, Indian J. Pure and Appl. Math. no.4, 
14(1983), 502- 510. 

[2] A. Rosenfeld, ed., Adjacency in digital pictures, Information and Control, 26 (1974) 24-33. 

[3] A. Rosenfeld and J.L. Pfaltz. Sequential operations in digital picture processing. J. ACM, 13:471-494, 1966. 

[4] Azriel Rosenfeld, ''Digital topology,'' American Mathematical Monthly, Vol. 86, pp.621-630, 1979. 

[5] Efim Khalimsky, Ralph Kopperman, and Paul R. Meyer: "Computer graphics and connected topologies on finite ordered sets,'' 
Topology and its Applications, Vol. 36, No.1, pp. 1-17, 1990. 

[6] Herman, Gabor T. Geometry of Digital Spaces Birkauser (1998) x +216 pp. 2, 3, 6. 

[7] Paul Alexandroff und Heinz Hopf. Topologie, Erster Band: Grundbegriffe der mengentheoretischen Topologie. Topologie der 
Komplexe.Topologische Invarianzstze und anschliebende Begriffsbildungen _ Verschlingungen im m-dimensionalen euklidischen 
Raum. Stetige Abbildungen von Polyedern, (Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen, Band XLV), 
Verlag von Julius Springer, Berlin, 1935. 

[8] Pavlidis, T., Algorithms for Graphics and Image Processing. Berlin-Heidelberg-New York, Springer-Verlag 1982. XVII, 447 S., DM 
74, ISBN 3-540-11338-X. 

[9] R. Klette and A. Rosenfeld. Digital Geometry: Geometric Methods for Digital Picture Analysis. Morgan Kaufmann, San Francisco, 
2004. 

[10] V.A Kovalevsky. Finite topology as applied to image analysis. Comput. Vision Graphics Image Process, 46 (1989), pp. 141–161. [SD-
008]. 2. G.T Herman, D Webster. 

[11] V. Kovalevsky Geometry of Locally Finite Spaces. Publishing House Dr. Baerbel Kovalevski, Berlin. ISBN 978-3-9812252-0-4, 2008. 

 


