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n this paper, we have deduced an analytic expression for the adiabatic compressibility Sβ
 
for a Chaplygin gas which is a 

function of the pressure P and temperature T. We have considered the work of Panigrahi (2015) for variable Chaplygin gas, 

exotic matter used in some cosmological theories whose equation of state is of the form 
B

P
ρ

= −  with 3
0

n

B B V
−

=  and n is a 

constant. The expression obtained for Sβ  was used for the determination of the value of the thermal capacity at constant 

pressure PC  for variable Chaplygin gas. It is predicted in this research the behaviour of the adiabatic compressibility Sβ  of 

Chaplygin gas in the limit of high and low pressure. We have found that the adiabatic compressibility Sβ  is function of the 

pressure and Sβ → ∞
 
when 0P →  and 0Sβ →

 
if P → ∞  as in the ideal gas and PC

 
is always positive with n <0. 

 

Introduction 
 

Recent observational evidences suggest that the present universe is accelerating [1, 2, 3] and the cosmological model of 

Chaplygin gas (CG) is one of the most reasonable explanations of recent phenomena [4, 5, 6, 7]. The form of the CG equation 

of state is the following 
B

P
ρ

= −  where P  is the pressure of the fluid, ρ  is the energy density of the fluid andB is a constant. 

The thermodynamic behaviour of the CG model was studied by Santos et al. [8],Guo and Zhang [9], Myung [10] and Panigrahi 

[11]. Santos et. al [8] have studied the thermodynamical stability in generalized Chaplygin gas model and determined that for 

an equation of state that depends only on the temperature the fluid presents thermodynamic stability during any expansion 

process. Guo and Zhang [9] proposed a new generalized Chaplygin gas model that includes the original Chaplygin gas model 

as a special case and found that the background evolution for the model is equivalent to that for a coupled dark energy model 

with dark matter. Myung [10] found a new general equation of state that describes the Chaplygin gas completely and confirms 

that the Chaplygin gas could shows a unified picture of dark energy and energy which cools down through the universe 

expansion without any critical point. Panigrahi [11] analyzed the thermodynamical behaviour of the Variable Chaplygin gas 

and found that the third law of thermodynamics is satisfied in this model and that the volume increases when temperature falls 

during adiabatic expansions, which also is observed in an gas ideal [12]. 

Considering the cosmological constant as a pressure, several authors [13, 14, 15, 16] have researched the thermodynamic 

behaviour of the black holes. Wang et. al [13] studied the first law of thermodynamics in black holes and Kerr-de Sitter 

spacetimes and found that by assuming the cosmological constant as a variable state parameter the mass formulas of the first 

law of black hole thermodynamics in the asymptotic flat spacetimes can be directly extended to rotating black holes. Sekiwa 

[14] analyzed the thermodynamic properties and the cosmological horizon for black holes solutions and showed that 

cosmological constant must decrease when takes into account the quantum effect. Larrañaga [15] found that using the 

cosmological constant as a new thermodynamic state variable, the differential and integral mass formulas of the first law of 

thermodynamics for asymptotic flat spacetimes can be extended to be used in black holes. Dolan [16] has investigated the 

behaviour of the adiabatic compressibility and the speed of sound 
s
v  of the black hole and obtain that 

S
β  vanishes for non-

rotating black holes but it increases when the angular momentum reaches a maximum value. Dolan [16] also found that 
s
v is 

I 
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equal to c for a non-rotating black hole and decreases when the angular momentum is increased. 

An ideal gas is a gas composed of a group of randomly moving, non-interacting point particles. The ideal gas approximation 

is useful because it obeys the gases laws and represent the vapor phases of fluids at high temperatures for which the heat 

engines is constructed [17]. A heat engine that can work with an ideal gas as working substance is the Carnot cycle. Malaver 

[18] found that the thermodynamic efficiency of Carnot cycle for CG model only depend on the limits of maximum and 

minimal temperature as in case of the ideal gas and the photons gas. 

In this paper an expression is deduced for the adiabatic compressibility of the variable Chaplygin gas from the thermal 

equation of state for the pressure given for Panigrahi [11]. With the equation obtained for the adiabatic compressibility we have 

deduced an expression for the thermal capacity at constant pressure in a Chaplygin gas. We have found that the adiabatic 

compressibility for CG model only will depend on the pressure as in case of the ideal gas and 
P
C  is always positive. The 

article is organized as follows: in Section 2, it presents the deduction of the compressibility for an ideal gas; in Section 3, we 

show the deduction for the adiabatic compressibility for a Chaplygin gas; in Section 4, we conclude. 

 

Adiabatic Compressibility in an Ideal Gas 
 

Following Dickerson [19] and Nash [20] an adiabatic process is one in which is no heat flow is or out of the system. In this 

case Q=0 and in agreement with the first law ∆U=W. This implies that 

V
dU C dT PdV= =−                                                                          (1) 

and for an ideal gas, 

0
V

PdV C dT+ =                                                                             (2) 

Where 
V
C

 
is the thermal capacity at constant volume. 

In a reversible expansion of an ideal gas 
int

/
ext
P P RT V= = . Substituting this equality in (2) and dividing by T, we obtain 

0
V

dV dT
R C
V T
+ =                                                                            (3) 

Integrating (3) 

2 2

1 1

ln ln 0V

V T
R C

V T
+ =                                                                            (4) 

Converting to the exponential form 

2 1

1 2

VR C

V T

V T

   
=   

   
                                                                          (5) 

Substituting 
1 1 1

2 2 2

T P V

T P V
=   in (5) 

2 1

1 2

V PC C

P V

P V

   
=   

   
                                                                          (6) 

and for a reversible adiabatic process with a ideal gas we have 

PV constγ =                                                                           (7) 

where 
P

V

C

C
γ =  
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P
C is the thermal capacity at constant pressure. The adiabatic compressibility is defined as [20, 21] 

1 1
S

S

S

V

PV P
V

V

β ∂ = − = −  ∂∂   
 ∂ 

                                                                            (8) 

According Zemansky and Dittman [21] of the eq.(7) we obtain 

1

S

P P
c o n s tV

V V

γγ γ− −∂  = − = − ∂ 
                                                                             (9) 

Replacing (9) in (8) we have that for an ideal gas 

1
S

P
β

γ
=                                                                         (10) 

 

Adiabatic Compressibility in an Chaplygin Gas 
 

For a Chaplygin gas, the thermal equation of state for the pressure [11] is given by 

11
2 22

0 6
2

1
2

nB N T
P V

τ
−   = − −  

   
                                                                            (11) 

where 
0
B  is a positive universal constant, n is a constant, 

6

3

n
N

−= and τ is a universal constant with dimension of 

temperature. 

Following Zemansky and Dittman [21], the adiabatic compressibility (8) can be written as 

( )
( )

1 1 S

S

S S S
S

V
V V T T

PV P V T P V
T

β
∂

∂ ∂ ∂      ∂= − = − = −      ∂∂ ∂ ∂      ∂
                                                (12) 

For a reversible adiabatic process in a Chaplygin gas [18] 

1
2

2
1

N

V
const

T

τ
=

 
− 

 

                                                                                          (13) 

The eq.(13), we obtain 

1
2 2

2 3

2
1

N

N

S

V co n s t

T N T T

τ τ
−

 ∂  = −  ∂   
                                                                     (14) 

In this paper, we have deduced an expression for an adiabatic reversible process in terms of P and T (see Appendix): 

2

1
2

2
1

N

N

N

N

P T
c o n s t

T

τ

−

− =
 

− 
 

                                                                             (15) 

With the eq.(15), 
S

P

T

∂ 
 ∂ 

takes the form 
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1
22 2

2 2 2

1 2 1
1 2 1

NN
N

S

P T N T N T
c o n s t T

T N N Tτ τ τ

− −     ∂ − −     = − − −         ∂         
                 (16) 

Replacing (15) in (16) and rearranging terms 

( ) ( )2 2

2 2

2

2

2 1 2
1

1
S

N NT T
P

N NP

T T
T

τ τ

τ

 − −  
+ −  

∂    = ∂    − 
 

                                           (17) 

Substituting (14) and (17) in eq.(12), we have 

( ) ( )

2

22

2 2 2 2

2 2 2

1
2

1 2 1 2 1

S

T

P T T T
N N

T

ττβ
τ

τ τ

 
− 

 =
    

− − + − −    
    

                                          (18) 

The expression for adiabatic compressibility (18) is an explicit function of the temperature and the pressure. 

The equation (18) can be used to calculate the thermal capacity at constant pressure in a Chaplygin gas from the following 

expression [21] 

P T

V S

C

C

β
β

=                                                                                         (19) 

where 
Tβ is the isothermal compressibility defined as [20, 21] 

( )
1 1

T

T
T

V

PV P V
V

β ∂ = − = −  ∂∂  ∂
                                                       (20) 

with (11), for a Chaplygin gas we have 

11
2 2 22 1

0 2
2

2
1

2 2

N

T

B NP N T
V

V τ

− −  ∂ −     = − −      ∂       
                                                 (21) 

Substituting (11) in (21), we obtain 

2

2T

P N P

V V

∂ −   =   ∂   
                                                                                (22) 

Replacing (22) in (20), 
Tβ can be written as 

( )
2

2
T

N P
β = −

−                                                                                       (23) 

and from the equations (18) and (23), we obtain 

2 2 2

2 2 22

2 2

2

1 2 ( 1) ( 2 ) 1

( 2 )
1

T

S

T T
N N

TT

N T

τ
τ τβ

β τ
τ

    
− − + − −    

    =
−  

− 
 

                             (24) 

The thermal capacity at constant volume for a Chaplygin gas is given by [11] 

1 / 2

0 2
2 3

2 2

2

2 1

1

N

V

B T
C V

N
T

τ

τ

 =  
   

− 
 

                                                     (25) 

with eq.(24) and eq.(25) 
P
C can be written as 
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( ) ( )

( )

2 2 2
3

1 / 2 2 2 2

0 2
5

2 2
4

2

1 2 1 2 1
2

2 1

N

P

T T
T N N

TB
C V

N
T

N

τ
τ τ

τ
τ

    
− − + − −    

      =  
   

− − 
 

                                (26) 

PC > 0, this implies that n < 0 and τ > T . Form the thermodynamic stability considerations should n always have negative 

value [11].
 

 

Conclusions 
 

We have deduced an expression for the adiabatic compressibility 
Sβ of a Chaplygin gas, which is a function of the pressure 

and the temperature. Is predicted for 
Sβ

 
that ∞→Sβ

 
when 0→P and 0→Sβ

 
if ∞→P  as in the ideal gas. 

Furthermore, with the equation for 
Sβ

 
we found a new formula for the thermal capacity at constant pressure 

P
C

 
for CG 

model that depends only the temperature and that always is positive for n < 0 and 0 < T < τ . 

The study of Chaplygin gas can enrich the courses of thermodynamics, which contributes to a better compression of the 

thermal phenomena. The thermodynamic equations that describe the behavior of the Chaplygin gas are tractable 

mathematically and offer a wide comprehension of the accelerated universe expansion and of the basic ideas of the modern 

cosmology. 

 

Appendix 
 

In this Appendix, we have deduced an expression for a reversible adiabatic process in terms of P and T in a Chaplygin gas. 

With the eq. (11) we obtain 

11
2 22

0 16
1 1 2

1
2

nB N T
P V

τ
−   = − −  

   
                                                                      A.1 

and 

11
2 22

0 26
2 2 2

1
2

nB N T
P V

τ
−   = − −  

   
                                                                       A.2 

Dividing A.1 with A.2, we have 

2
2 22

1 1 1

2 2

2 2 2

N

P V T

P V T

τ
τ

−

  −
=   − 

                                                                                 A.3 

Following Malaver [18], for a reversible adiabatic process in terms of V and T 

1
2

2
1

N

V
c o n s t

T

τ
=

 
− 

 

                                                                                   A.4 

This implies that 

2

2 2

2 11

2 2
2 1 2

N
T TV

V T T

τ

τ

 −
 =
 − 

                                                                             A.5 

Substituting A.5 in A.3 
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12
2 2

1 2 1

2 2

2 1 2

NN

NNP T T

P T T

τ
τ

−−

   −
=    −   

                                                                            A.6 

rearranging A.6 we have 

2 2

1 1 2 2

1 1
2 2

1 2

2 2
1 1

N N

N N

N N

N N

P T P T

T T

τ τ

− −

− −=
   

− −   
   

                                                                         A.7 

2

1
2

2
1

N

N

N

N

P T
c o n s t

T

τ

−

− =
 

− 
 

                                                                          A.8 
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